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Problem 1.1 


If k, is the effective stiffness, 
fy = ku 


Equilibrium of forces: f, = (k, + k)u 
Effective stiffness: k, = fsjfu=k +k, 
Equation of motion: mu + k,u = p(t) 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 1.2 
If k, is the effective stiffness, 


fy = kyu (a) 


If the elongations of the two springs are u, and u, 

u= uy + ly (b) 
Because the force in each spring is fy, 

Ss = kyu fs = ky, (c) 
Solving for u, and uw, and substituting in Eq. (b) gives 


pA Livia Aare ee Se eee ge 
k, k, k, k, k, k, 
y, = ae 

k +k, 


Equation of motion: mii + k,u = p(t) 
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Problem 1.3 


Fig. 1.3(a) 


Fig. 1.3(b) 


Fig. 1.3(c) 


This problem can be solved either by starting from the 
definition of stiffness or by using the results of Problems 
P1.1 and P1.2. We adopt the latter approach to illustrate 
the procedure of reducing a system with several springs to 
a single equivalent spring. 

First, using Problem 1.1, the parallel arrangement of k, 
and k, is replaced by a single spring, as shown in 
Fig. 1.3(b). Second, using the result of Problem 1.2, the 


series arrangement of springs in Fig. 1.3(b) is replaced by a 
single spring, as shown in Fig. 1.3(c): 
] ] ] 


= =———- Yt CO 
k k, + ky k; 


ée 
Therefore the effective stiffness is 


k= (k_+ ky) ks 
“ k+tiht+h 


The equation of motion is mu + ku = p(t). 
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Problem 1.4 


1. Draw a free body diagram of the mass. 


m mgsin® mgcos® 


2. Write equation of motion in tangential direction. 
Method 1: By Newton’s law. 
—mg sin @ = ma 
—mg sin@ = mL6 (a) 
mL6 +mg sin =0 


This nonlinear differential equation governs the motion for 
any rotation @. 


Method 2: Equilibrium of moments about O yields 
m126 = —mgL sin @ 

or 
mL6@ + mg sin 6 =0 

3. Linearize for small 6. 


For small 8, sin@ =6, and Eq. (a) becomes 


mLO +mg@ =0 


6 (Ep =0 "2 


4. Determine natural frequency. 
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Problem 1.5 


1. Find the moment of inertia about O. 


From Appendix 8, 
ee es 2 on 
Ip =—mL? +m =| ==mi? 
Yr n= a 


2. Draw a free body diagram of the body in an arbitrary 
displaced position. 


3. Write the equation of motion using Newton’s second law 
of motion. 


SY Mg = 18 
L mn 
snp anes wie 
y. 3 


Peg L 
ae 6+—8 


sin@ =0 (a) 


4. Specialize for small @ 


For small 0, sin@= @ and Eq. (a) becomes 


2 
Licey ls Lely 
3 2 
6+——=0 
i (b) 


5. Determine natural frequency. 


a, = 38 
V2L 
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Problem 1.6 


1. Find the moment of inertia about about O. 


L 
Ip = p[r?da 
0 


2. Draw a free body diagram of the body in an arbitrary 
displaced position. 


3. Write the equation of motion using Newton’s second law 
of motion. 


2L si 
ing an Mee 
3 2 


2 
pe 2mgL 


sin9 = 0 (a) 


4. Specialize for small 6. 


For small 6, sinO= 0, and Eq. (a) becomes 


2 
mL 64 2msk go 
2 
or 
- 42 
0+——=0 
aL (b) 


5. Determine natural frequency. 


ee 
3 


In each case the system is equivalent to the spring- 
mass system shown for which the equation of motion is 


= ut+ku=0 
g 


u 


The spring stiffness is determined from the deflection u 
under a vertical force f, applied at the location of the 


lumped weight: 


Babs 48 EI 
Simply-supported beam: u = ———- => k = 
= 48 EI v 
3 
Cantilever beam: u = fk => k= is 
3EI 
3 
Clamped beam: u = Ash => k= ws 
192 El L 
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Problem 1.7 


Draw a free body diagram of the mass: 


fs 


p(t) 


Write equation of dynamic equilibrium: 


mu + fs = p(t) (a) 
Write the force-displacement relation: 
AE 
fs = Gak (b) 
Substitute Eq. (b) into Eq. (a) to obtain the equation of 
motion: 


mu + Gak = p(t) 
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Problem 1.8 


Show forces on the disk: 


Write the equation of motion using Newton’s second 
law of motion: 


ae 2 
- fs = 198 where Ip = = (a) 
Write the torque-twist relation: 
GJ md* 
fs = (ye where J = b 
S L 39 (b) 
Substitute Eq. (b) into Eq. (a): 
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Problems 1.9 through 1.11 


In each case the system is equivalent to the spring- 
mass system shown for which the equation of motion is 


[#}a+ mu =o 
g 


The spring stiffness is determined from the deflection u 
under a vertical force f, applied at the location of the 


lumped weight: 


3 
Simply-supported beam: u = Ssh > k= aia 
48 EI L 
3 
Cantilever beam: u = 4 k = ob 
3EI B 
3 
Clamped beam: u = Sst a a clas 
192 EI L 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 1.12 2. Determine the effective stiffness. 
f si ku (d) 
ey 
where 
' u= O coring + Obeam (e) 
simply 
supported f s 7 KO spring = K bean Obeam (f) 
Substitute for the 5’s from Eq. (f) and for u from Eq. (d): 
Ci ae ke 
k, k K beam 
= RK beam 
"  k+Kpeam 
k 4821/23 
—— Undeformed position e= AR EI 
5 k+ 
Me + seta E 
rr ' ____ Static Equlibrium 
m tla ! 3. Determine the natural frequency. 
' ____ Deformed position k, 
plore ; ood a | ee 
m 
Fig. 1.12b 
1. Write the equation of motion. 
Equilibrium of forces in Fig. 1.12c gives 
mu+ f, =w+ p(t) (a) 
where 
fi =ku (b) 
The equation of motion is: 
mu +k,u=w+ P(t) (c) 


10 
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Problem 1.13 


Compute lateral stiffness: 


1 
3El, Mm? 
h 
kK =2 ™& Keon = 2 X =a = a 


Equation of motion: 


mu + ku = p(t) 


Base fixity increases k by a factor of 4. 


11 
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Problem 1.14 


1. Define degrees of freedom (DOF). 


2. Reduced stiffness coefficients. 


Since there are no external moments applied at the 


pinned supports, the following reduced _ stiffness 
coefficients are used for the columns. 
Joint rotation: 
3EI 
EI — 
3 or 
3EL es 3EI 
v ae: 
nee | 
L 
Joint translation: 
EI 
ea ees 3EI 
; 2) 
3EI L 
e | 3E1 
L L 
3. Form structural stiffness matrix. 
uy, =1, uw, =u, =0 
ky Ky 
7 7 
3EI. _ 6EI, 
ky, = = 
a 
3EI 
ka, = kz) = 72 
u,=1, uw =u, =0 


12 


kyo k3 
3EI. 4EI,  5EI, 
BN ee Se 
h = (2h) h 
2EI. EI, 
k32 = rae 
(2h) oh 
3EI 
ky = 52 
uz =1, u, =u, =0 
ky k33 
ky 
3EI, 4EI,  5EI 
Mg a ee 
h (2h) h 
_2EI, _ El, 
a Ony A 
3EI 
ky3 = 52 
Hence 
ee 6 3h 3h 
k= 3 3h Sh? hh? 
3h oh? Sh? 


4. Determine lateral stiffness. 


The lateral stiffness k of the frame can be obtained by 
static condensation since there is no force acting on DOF 2 
and 3: 


6 3h 3h lly ts 
EI, 2 2 
3 | 3h SAS hh” hu =4 0 
3h ih? Sh? Iu 0 
First partition k as 
py |Site ko 
2 2 tt 10 
k SiC 3h Sh” oh |. k | 
3h h? 5h? to 00 


where 
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EI 
tt ~ x) [6] 
EI 
ko = a [3h 3h] 


Then compute the lateral stiffness k from 


k=k, — kyo ko kfo 


Since 
1. AS -1 
°° 24EL,|-1 5 
we get 
6EI, E 5 -l 
k=—t- “< [3h 3h] E oe = 
h 24EI,|-1 5 | p3 | 3h 
EI 
een ae 
pa sEle 
h? 


5. Equation of motion. 


ied, Se 
mu+ foe 


13 
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Problem 1.15 oe 4EI. , SE, _ 4El, , Fl, _ SEL. 
h (2h) h h h 
_ 2El, _ El, 
i = Oh) ~ 2h 
6 EI, 
ki = h2 
Define degrees of freedom (DOF): Hence 
: or my [24 Sh 6h 
k = 7 6h Sh? +h? 
h | 6h th* 5h? 


The lateral stiffness k of the frame can be obtained by static 


Form structural stiffness matrix: condensation since there is no force acting on DOF 2 and 


3: 
ky, ke oi 24 6h 6h | lu, fs 
ky, x 6h 5h" 4h? u,+=40 
6h th? Sh? | [us 0 
First partition k as 
12 El 24EI 24; 6h 6h 
k, =2 — recs, «ome ee ee 
"i h° h° k = = 6h! Sh? Lp? |e a 
6El. Ml 6hi hn? 5h? OE cee 
ky, = ky = Re 
where 
=lu4=n,=0 El. 
"2 i 7 Ky, _ 3 [24] 
ky ky, El, 
ko ki = 7 [6h 6h] 
2 172 
Kap =Ele| SH oi 
3 | 4 
b, = 4B , 4B _ ABI , El _ SEL, he |gh” Sh 
—— = = 
h (24) h h h Then compute the lateral stiffness k from 
_ 2El, _ El ~1,T 
kg = (2h) = Bra k = Ky — Kyo Kog Kyo 
6 El. Since 
ky, 2 1 
°  99ET, |—+ 5 
u, = l, Wy = Wy = 0) 
we get 
ky, ks, 
k 
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2 —L 
p= 2Ele Ele 6p, gy). 4 5 | bal 


Pm “99EI,|— 5] A [6h 
EI, ,,, 144 
24-—— 
a 
= 120 El, 
ll pe 


This result can be checked against Eq. 1.3.5: 


1. = ZBL rae 


h? | 129+4 


Substituting p =1,/47. = 1/8 gives 


, — Z4EI.{ 12541 |_ 2487, ee 


n> [12t+4]} 93 (ats 11 23 


Equation of motion: 


vig  ( 120-Ble e 
———_- |y4 = 
ll 73 im 
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Problem 1.16 


1. Define degrees of freedom (DOF). 


2. Form the structural stiffness matrix. 


u=1, & =&=u,=u,=0 


1 4y=1 
ee od 
Gee geeet, 7 aaEt: 
h h 
6 EI 
ky = ky, = ky =k, ee 
Uy =1, m = =u, =Us = 
Uy=1 
med cord 
— 4EI, _ GET, 
2 ky he 
2EI. 
ky = h Ry = Key = 0 
u; = 1 » Uy = Un = Uy =u, =0 
oad and 


16 


4EI 4EI SEI 
kyy =—S + ee 


h 22h) A 


_ SEL _2EI 
13 h2 23 h 
2EI EI 
=o ee 
8" 2(2h) 2h ay 


u,=1, m& =u, =u, =u,=0 


ug=1 
aad ad 
, -tEle, Bl _ SEL, 
h 2(2h) h 
6EI 
ky, Taye ky, =0 
at 2 EI _ El, pos 2EI 
2(2h) 2h sh 
us=l1, m =u, =u,=u,=0 
ad ad 
pee 4 EI, pi 6EI, 
55 h 15 “72 
2 EI, 
kys = h kos =k35=0 


24 6h 6h 6h 6h 
6h 4h? 2h 0 O 
k=—+/6h 2h? 5h? 4h? 0 
6h O +h? 5h? 2h? 
6h 0 O 2h? 4h 


3. Determine the lateral stiffness of the frame. 


First partition k. 
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k= 6h | 2h? 5h? th? 0 “li a 
I 
6hi O 4h? Sh? 2n7) © 
6h; 0 O 2h? 4h? 


Compute the lateral stiffness. 


k= K,, ~K, kook), 
, -24El, _ 22EI, _ 2EI, 
h? h? h? 


4. Write the equation of motion. 


mu+ku = p(t) 


Bae ae 2) ae 
mu + 3 u= p(t) 
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Problem 1.17 


(a) Equation of motion in the x-direction. 


The lateral stiffness of each wire is the same as the 
lateral stiffness of a brace derived in Eq. (c) of Example 


2 
AE 
wo Gaak 
1 AE 


ig ee 
—— feos? 45° = ———— 
Mai 2V2 A 


Each of the four sides of the structure includes two wires. If 
they were not pretensioned, under lateral displacement, 
only the wire in tension will provide lateral resistance and 
the one in compression will go slack and will not contribute 
to the lateral stiffness. However, the wires are pretensioned 
to a high stress; therefore, under lateral displacement the 
tension will increase in one wire, but decrease in the other; 
and both wires will contribute to the lateral direction. 
Consequently, four wires contribute to the stiffness in the 
x-direction: 


k, = 4k, = v2 


ra 
! 


Then the equation of motion in the x-direction is 

mu, + ku, = 0 
(b) Equation of motion in the y-direction. 

The lateral stiffness in the y direction, k, = k,, and 
the same equation applies for motion in the y-direction: 


mu, + kyuy =O 
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Problem 1.18 


Is 


Fig. 1.18(a) Fig. 1.18(b) 


1. Set up equation of motion. 


The elastic resisting torque f; and inertia force f; are 


shown in Fig. 1.18(a). The equation of dynamic 
equilibrium is 


fi + fs = 90 or Ipitg + fe = 0 (a) 
where 
+h? — mh 
Lo =m SS b 
a 12 6 "2 
2. Determine torsional stiffness, kg. 
fs = Kee (c) 


Introduce ug = 1 in Fig. 1.18(b) and identify the 


resisting forces due to each wire. All the eight forces are 
the same; each is k, h/2, where, from Problem 1.17, 


1 AE 
‘y= OT A 
The torque required to equilibrate these resisting forces is 
2 AE 
2 ) hn 


hh 
ky = 8h — SOL SC 
33 2/2 hh 
AEh 


= oa (d) 


3. Set up equation of motion. 


Substituting Eq. (d) in (c) and then Egs. (c) and (b) in 
(a) gives the equation of motion: 


mh? .. AEh 
ee age 
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Problem 1.19 


Fig. 1.19(a) Fig. 1.19(b) 


Displacement u' is measured from the static 


equilibrium position under the weight mg. 


From the free-body diagram in Fig. 1.19(b) 


fi+fpo+ fs = 0 (a) 
where 

fr = mil’ 

fo = c(i — ty) (b) 


fo=ki - uy) 
Substituting Eqs. (b) in Eq. (a) gives 
mi’ + c(i — up) + k(uw’ — u,) = 0 


Noting that x = vt and transferring the excitation 
terms to the right side gives the equation of motion: 


mi’ + cu’ + ku’ = cu,(vt) + ku, (vt) 
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Problem 2.1 


Given: 


T, = 2m = 0.5 sec (a) 
T, = 2m] * 208 = 0.75 sec (b) 


1. Determine the weight of the table. 


Taking the ratio of Eq. (b) to Eq. (a) and squaring the 
result gives 


r\2 2 
T 
Tr | mts0/g 50 _( 0.75)"_, 95 
1. m mg \ 0.5 
or 
0 

pg eran 

1.25 


2. Determine the lateral stiffness of the table. 
Substitute for m in Eq. (a) and solve for k: 


k=160?m=16102| “0. =16.4lbs/in. 
386 
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Problem 2.2 


1. Determine the natural frequency. 


k = 100 lb/in. m = =. b- sec”/in. 


o, = fe = = 9.82 rads/sec 
ae 386 


2. Determine initial deflection. 


Static deflection due to weight of the iron scrap 


3. Determine free vibration. 


u(t) = u(O) cos @,t = 2 cos (9.82r) 
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Problem 2.3 


1. Set up equation of motion. 


kut+tmeg/2 


mii + ku = 22 
2 


2. Solve equation of motion. 
mgs 


u(t) = Acosa@,t + Bsina,t + a 


0,u(0) = 0 and u(0) = 0 


Att = 
SASS peo 
2k 
mg 
t) = —(l1 - cosw.t 
u(t) aE S ,t) 
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Problem 2.4 


10 


m = —— = 0.0259 Ib —sec?/in. 
386 
0.5 a4 2/. 
= — =13 x 10° |lb- : 
M 386 sec fin 
k = 100 lb/in. 


Conservation of momentum implies 


MyVo = (m + mp) u(0) 


—7o"0 _ = 2.857 ft/sec = 34.29 in/sec 
m+ Mp 


u(O) 


After the impact the system properties and _ initial 
conditions are 


Mass = m + mg = 0.0272 Ib —sec?/in. 
Stiffness = k = 100 lb/in. 


Natural frequency: 
k 
0, = .|——— = 60.63 rads/sec 
m+ m 


Initial conditions: u(0) = 0, u(O0) = 34.29 in/sec 
The resulting motion is 


u(t) = oe o,t = 0.565 sin (60.63t) in. 
0] 


n 
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Problem 2.5 


mg 


With u measured from the static equilibrium position 
of m, and k, the equation of motion after impact is 


(m + m,)u t+ ku = mg (a) 


The general solution is 


u(t) = Acos@,t + Bsina,t + is (b) 
k 
O, = .|——— (c) 
m + Mm, 


The initial conditions are 


u(0) = 0 us (0) =——2—. 28h (d) 


my, +m. 


The initial velocity in Eq.(d) was determined by 
conservation of momentum during impact: 


My, = (m, + m,)u(0) 
where 
lin = 28h 
Impose initial conditions to determine A and B: 


u(0) me (e) 


7 
\ 
> 
T 
| 
| 


(OL oh pS — ae 4 (f) 


Substituting Eqs. (e) and (f) in Eq. (b) gives 


u(t) = re ~ cos @,t) + emiones 


sin @,t 
n im + M, 
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Problem 2.6 
1. Determine deformation and velocity at impact. 
(0s he 200 in 
k  =650 


(0) = -4/2gh = —4/2(386)(36) = -166.7 in/sec 


2. Determine the natural frequency. 


i”) -|#- CYE86) _ 4393 rad/sec 
n w y 10 


3. Compute the maximum deformation. 


u(t) = u(0)cos@,t + uw) 
7) 


sing ,,t 
n 


= (0.2) cos316.8t — ioe sin 316.82 
43.93 


1s(0) } 


@ 


(02? + (-3.795)? =38 in. 


4. Compute the maximum acceleration. 


u, = 4{[u(0)]* +| 


ll 


ii, = @,°u, = (43.93)°(3.8) 
= 7334 in./sec” = 18.98¢ 
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Problem 2.7 


Given: 


200 


—— =6.211 lb-sec?/ft 
32.2 


f, = 2Hz 


Determine EI: 


3EI 3EI EI 
k= — = — = —)D/ft 
iby 33 9 / 


1 |[k 1 EI 
de =—|— => 2 = —,/— > 
2mzNm 22 Y 55.90 


EI = (42)* 55.90 = 8827 lb-ft? 
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Problem 2.8 
Equation of motion: 
mu+cu+ku=0O (a) 


Dividing Eq. (a) through by m gives 


i + 260,u + wu = 0 (b) 
where ¢ = 1. 

Equation (b) thus reads 

i+ 2,4 + wu = 0 (c) 


Assume a solution of the form u(t) = e*. Substituting this 
solution into Eq. (c) yields 


2 2, pst 
(s° + 2M,5 + we” = 0 


toe ’ “are 
Because e” is never zero, the quantity within parentheses 


must be zero: 
s* + 2,5 + w = 0 


or 


(double root) 
The general solution has the following form: 
u(t) = Aye ° + A, te” On (d) 


where the constants A, and A, are to be determined from 
the initial conditions: u(0) and u(0). 


Evaluate Eq. (d) att = 0: 

u(O) = A; => A,= u(0) (e) 
Differentiating Eq. (d) with respect to r gives 

u(t) = -@,A,e ° + A,(1- athe = (f) 
Evaluate Eq. (f) att = 0: 

u(0) = —@,A, +A,(1 - 0) 

A, = u(0) + @,A, = u(0) + @,u(0) (g) 
Substituting Eqs. (e) and (g) for A, and A, in Eq. (d) gives 


u(t) = {u(O) + [4(0) + w,u(0) ]r}e~%! (h) 
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Problem 2.9 

Equation of motion: 

mu + cu + ku = 0 (a) 
Dividing Eq. (a) through by m gives 

i + 260,u + wu = 0 (b) 
where ¢ > 1. 


Assume a solution of the form u(t) = e”. Substituting this 
solution into Eq. (b) yields 


(7+ 2¢0,5 + ow?) e* =0 


Because e” is never zero, the quantity within parentheses 
must be zero: 


s* + 260,s + w = 0 


or 


260, + 4(26w,)? -40? 


2 
- C+? -1\o, 
The general solution has the following form: 


u(t) = A, exo|(-¢ an ee Jone] 
+ A, exp|(-6+10?=1 pt] 


where the constants A, and A, are to be determined from 
the initial conditions: u(0) and u(0). 


W 


(c) 


Evaluate Eq. (c) att = 0: 
u(0)=A, + A, => A, +A, =u(0) (d) 


Differentiating Eq. (c) with respect to t gives 
u(t) = A( oer Je. exo VC Joy 
; (Ses? Jo, exp -¢r7 Jone 
Evaluate Eq. (e) att = 0: 
(0) = a(-5-6?-1] an+Ad ~C+y¢7-1 Joy, 
=(u(0)- Ay] (-5-1e?-1 Joy, +ay(-S+1e?-1 Jo, 


(e) 


or 


likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Az0,|-G46? 146440 —1| = 
(0) + [e+ ue? =) c,u(0) 


or 


u(0)+ ae age w,,u(0) 
A, = (f) 
267-1 a, 


Substituting Eq. (f) in Eq. (d) gives 


i(O)+{ C+ 2-1 lorye(0) 
A, = u(0) - 
267? ~1o, 
2467-1 w,u(0) — u(0) - BGs ,u(0) 
- 2/£?-10, 
—4(0) + | ge ee Jon) 


: 27-1, 


The solution, Eq. (c), now reads: 


(g) 


u(t) = e S@nt (4, eee + A, eX) 


where 
OD = @ ~ lo, 
—u(0) + ge ae ,4(0) 
Al 20 
u(0) +| C+ 4C?-1 w,,u(0) 
A= 205 
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Problem 2.10 The general solution is 


Equation of motion: u(t)=A,e "+A, te (i) 
ut+2fo,u+ 7u =0 (a) Determined from the initial conditions u(0) =O and u(0) : 
Assume a solution of the form A; =0 A = u(0) () 


Substituting in Eq. (i) gives 
u(t) =e” 
u(t) = u(0) te Om (k) 
Substituting this solution into Eq. (a) yields: 
(c) Overdamped Systems, C>1 


G +2¢@ st aw Jes =0 


n The roots of the characteristic equation [Eq. (b)] are: 
Because e” is never zero 519 =O, (-<¢ + te “ 1] (1) 
Z 2 
+2¢6@ s+w’ =0 
7 o¢ net@n (b) The general solution is: 
The roots of this characteristic equation depend on ¢. u(t) = Aye + Aye! (m) 


Underd dS 
ce) nderdamped Systems; x! which after substituting Eq. (1) becomes 


= (-¢+Ve?-1 Jot (-¢-V¥e?-1 aye 
er (-c a 73 () u(t) = Aje + Axe 


The two roots of Eq. (b) are 


(n) 
Hence the general solution is Determined from the initial conditions u(0) =0 and u(0): 
u(t) =A,e"' + A,e™ u(0) 
()=Aje" +A, ~A,= A, =—*D_ (0) 
which after substituting in Eq. (c) becomes 20,¥S° —1 
u(t) = e~S@nt ( Aei@o! a A,e io! ) (d) Substituting in Eq. (n) gives 


P) 


where | u(t) _ u(0) e7 $a! Cie - el) ( 
; 20,407 -1 
Op =@,V1-¢ (e) 
(d) Response Plots 


Plot Eq. (g) with ¢ = 0.1; Eq. (k), which is for € = 1; 
u(t) =e" (A cos wpt + Bsinw,t) (f) and Eq. (p) with € = 2. 


Rewrite Eq. (d) in terms of trigonometric functions: 


Determine A and B from initial conditions u(0)=0 and 
u(0) : 


A=0 p= 40) 
Yp 
Substituting A and B into Eq. (f) gives 


u(t) = ae sin{ @, 1 sie } (g) 


o,V1-¢ 


u(t) + (u(0)) /@,,) 


(b) Critically Damped Systems, ¢= 1 
The roots of the characteristic equation [Eq. (b)] are: 
5} =-~-QW 


n 52 = Oo, (h) 


10 
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Problem 2.11 


1 1 
ae “| = at = ——In (=) = 200 
J Uist J10% 0.1 


. jiom = In (10)/22f = 0.366/¢ 


11 
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Problem 2.12 
u; et 26 
Ui+) y1-¢7 
(a) = 0.01: —& = 1.065 
U4) 
us 
(b) € = 0.05: — = 1,37 
U4 
u; 
(c) ¢ = 0.25: ~~ = 5.06 
U4 


12 
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Problem 2.13 
Given: 
w = 20.03 kips (empty); m = 0.0519 kip-sec?/in. 
k= 2 (8.2) = 16.4 kips/in. 
c = 0.0359 kip-sec/in. 


(a) J, = 2m = 2m foe? = 0.353 sec 
k 16.4 


0.0359 
(b) ¢ = —— = mena = 0.0194 
24km 2.4/(16.4) (0.0519) 


= 1.94% 


13 
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Problem 2.14 


(a) The stiffness coefficient is 


3000 ; 
aN = 1500 Ib/in. 


The damping coefficient is 


C=C, =2Vkm 


c= 2,/15002— =215.9 lb-sec/in. 
386 


(b) With passengers the weight is w = 3640 lb. The 
damping ratio is 


¢=s = iat Air ty 60R 
’ 2.115002042 
386 


(c) The natural vibration frequency for case (b) is 


Op =, aes 


1500 2 
= \eeel- 0.908 
3640/ 386 ( ) 


= 12.61x0.419 
= 5.28 rads/sec 


14 
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Problem 2.15 


1. Determine ¢ and a,,. 


1 
ae ee ee +_] = 0.0128 = 1.28% 
2mj | uj} 27(20) (02 


Therefore the assumption of small damping implicit in the 
above equation is valid. 


Tp = = = 0.15sec; JT, = Tp = 0.15 sec; 
oO, = oe 41.89 rads/sec 
0.15 


2. Determine stiffness coefficient. 
k = wom = (41.89)* 0.1 = 175.5 lbs/in. 

3. Determine damping coefficient. 
Cop = 2m, = 2(0.1)(41.89) = 8.377 lb—sec/in. 
c =¢c,, = 0.0128 (8.377) = 0.107 Ib—sec/in. 


15 
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Problem 2.16 
2 
(a) k = ~ = 312.5 lbs/in. 
250 
eS ees bain 
g 386 


[k 
QO, = 4|— = 21.98 rads/sec 
m 


(b) Assuming small damping, 


uy 


=2jno > 
j+l 


In “6 = In(8) ~ 2(2)"¢ = € = 0.165 
Uy /8 


This value of ¢ may be too large for small damping 
assumption; therefore we use the exact equation: 


in| “i_| = 27a 
Uj+t a Ste? 


or, 

2(2)mg _, __¢ 
@=0.0270 - @)> 

¢ = J0.0267 = 0.163 


(c) Op = 0,41 - 2 = 21.69 rads/sec 


Damping decreases the natural frequency. 


In (8) = = 0.165 = 


16 
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Problem 2.17 
Reading values directly from Fig. 1.1.4b: 


i; .- 1,84— 0.80 = 0.235 sec 
0 
f= |_| 2-782 | ~ 9.00236 = 0.236% 
27(30) | 050g 


17 
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Problem 2.18 
1. Determine buckling load. 


Wer 


we, (LO) = kO 
k 
Wor sary 


2. Draw free-body diagram and set up equilibrium 
equation. 


(a) 
where 
W 2% 
fr = ae Oo fy = kO (b) 
Substituting Eq. (b) in Eq. (a) gives 
“20+ (k-wL6=0 (c) 
g 


3. Compute natural frequency. 


or 


wo, = a, .|l1 - — (d) 


18 
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Problem 2.19 


For motion of the building from left to right, the 
governing equation is 


mu + ku = -F (a) 
for which the solution is 
u(t) = A, cosa,t + B,sing,t — up (b) 


With initial velocity of u(0) and initial displacement 
u(O) = 0, the solution of Eq. (b) is 


u(t) = a sin O,t + up (Cos @,t — 1) (c) 
u(t) = u(0)cos@,t — u-a@, sin w,t (d) 
At the extreme right, u(t) = 0; hence from Eq. (d) 
mare oo (e) 
QO, Ur 


Substituting @, = 47, up, = 0.15in. and 4u(0) = 
20 in./sec in Eq. (e) gives 


tan a,t = —-—— = 10.61 


or 
sin @,t = 0.9956; cos@,t = 0.0938 


Substituting in Eq. (c) gives the displacement to the right: 
2 
“= = (0.9956) + 0.15 (0.0938 -— 1) = 1.449 in. 
1 


After half a cycle of motion the amplitude decreases by 
2up = 2 X 0.15 = 0.3 in. 


Maximum displacement on the return swing is 
u = 1.449 — 0.3 = 1.149 in. 
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Problem 2.20 
Given: 
F = 0.1w, T,, =0.25 sec 
as F_ Olw _ O.lmg _ Olg O.lg 
en k a (2mT,) 
= O18 = 0.061 in. 
(87) 


The reduction in displacement amplitude per cycle is 


4u, = 0.244 in. 


The displacement amplitude after 6 cycles is 


2.0 — 6(0.244) = 2.0 — 1.464 = 0.536in. 


Motion stops at the end of the half cycle for which the 
displacement amplitude is less than u,;. Displacement 
amplitude at the end of the 7th cycle is 0.536 — 0.244 = 
0.292 in.; at the end of the 8th cycle it is 0.292 — 0.244 = 
0.048 in.; which is less than u,;. Therefore, the motion 


stops after 8 cycles. 
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Problem 3.1 
From the given data, 
ee w = (2nf,)? = (8m) = 649 (a) 
m 
_* _ . gy? = (anf)? = (6) = 36 
m+ Am 
(b) 
Dividing Eq. (a) by Eq. (b) gives 
Am 16 
1+ — = — 
m 9 
7 7g g 


From Eq. (a), 


k = 647m 


Gig? 2 Nagi s9 Ibs/in. — (d) 
g 
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Problem 3.2 
At @ = @,, from Eq. (3.2.15), 
uy = (yo vp = 2 (a) 


2¢ 
At @ = 0.1q,, from Eq. (3.2.13), 
uy = (Uy), = 0.2 
Substituting (u,,), = 0.2 in Eq. (a) gives 
¢ = 0.05 
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Problem 3.3 
Assuming that damping is small enough to justify the 
approximation that the resonant frequency is @, and the 
resonant amplitude of R, is 1/2¢, then the given data 
implies: 
1 
(uso = QO, = (Us )o bay se (a) 


2g 
1 


[1 - (a/o,)*] + (20/0, 


(Uy )w = 1.20, 7 (Us) 


1 

= (bg) 9. ——— (b) 

= Gay £ CGP 
Combining Eq. (a) and Eq. (b): 
2 
1 [ @o=120, | _ 
QO Gis) a (-0.44)? +(2.4¢)? 
(c) : 


For 
(Uo )o=120, _ 1 
(Uy )w = w, 4 
Eq. (c) gives 
642 = 0.1935 + 5.7607 = f= 0.0576 


Assumption of small damping implied in Eq. (a) is 
reasonable; otherwise we would have to use the exact 


resonant frequency = @, 1 ~ 2¢* and exact resonant 


amplitude = (u,,), /\2 11-26? J. 
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Problem 3.4 (d) Summarizing these results together with given data: 


(a) Machine running at 20 rpm. 


22S O0 
o, 200 
tee ee ; (a) 
ht-(o/ On) | 
or The isolator is effective at w/w, = 0.9; it reduces the 
(u.,) deformation amplitude to 39% of the response without 
= h (oa? = (Us) = 0.1980 in. isolators. At @/@, = 0.1 or 3, the isolator has essentially 


no influence on reducing the deformation. 
For ¢ = 0.25 and w/w, = 0.1, 


Uy = (4)p ——$—$=$—$—< ——— (b) 


[1 - (a/o,)°) + [2¢e/0,) 
or 
eee eee 
(1 - (0.1? + [2 (0.25) (0.1) 
0.1997 in. 


= 
Hi 


, = 0.1980 


(b) Machine running at 180 rpm. 


@ _ 180 _ 49 
Q,, 200 
From Eq. (a), 
1.042 = —Léwe =t => (Ug)o = 0.1980 in. 
jt - (0.9)| 


For ¢ = 0.25 and @/w, = 0.9, Eq. (b) reads 
1 


Uy = 0.1980 ———— 
[1 - (0.9) | + [2 (0.25) (0.9)}° 


0.4053 in. 


(c) Machine running at 600 rpm. 
@ 600 _ 


From Eq. (a), 


(Us: )o 


0.0248 = => (uy), = 0.1980 in. 
1 a (3)| st/o 


For ¢ = 0.25 and w/a, = 3, Eq. (b) reads 
1 


Ja - (3)?7? + [2(0.25) (3) 


= 0.0243 in. 


u, = 0.1980 
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Problem 3.5 


Given: 


w = 1200lbs, E = 30 x 10° psi, 


I = 10in4, L=8ft; ¢=1% 


p, = 60lbs; @ 


Sie 10zrads/sec 
60 


Stiffness of two beams: 


= 2 = 32,552 lbs/in. 
iL 


3 


Natural frequency: 


O, = fe 2, SR, a pee 2 102.3 rads/sec 
m w/g 1200/386 


Steady state response: 
1 


[1 - (a/o,°] + f2¢a/o,] 
where @/@, = 107/102.3 = 0.3071. Therefore, 
1 


i 2 2 
[1 — 0.0943]° + [2 x 0.01 x 0.3071] 


Displacement: 


Ri = 


= 1.104 


Uy 


ie (Us, )o Ry = “2 Ry 
60 


= x 1.104 = 2.035 x 107 in. 
32,552 


Acceleration amplitude: 


uy 


wu, = (10m) 2.035 x 10° 
2.009 in/sec? = 0.0052g 
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Problem 3.6 


In Eq. (3.2.1) replacing the applied force by p, coswt 
and dividing by m we get 


ii + 20,0 + w2u = 22 cosat (a) 
m 


(a) The particular solution is of the form: 
Uy (t) = Csina@wt + Dcosat (b) 
Differentiating once and then twice gives 
Uy (t) = Cwcoswt — Dawsinat (c) 
ii,(t) = —Cw? sinwt - Dw’ cosat (d) 
Substituting Eqs. (b)-(d) in Eq. (a) and collecting terms: 
(@? ~ w’)C - 2f0,@ D sin wt 
+ [2¢0,.0 C + (w% —- o’) D| coswt = £2 cosat 


m 


Equating coefficients of sin @t and of Cos Wt on the two 
sides of the equation: 


(w@? - w*)C —- (26@,@) D = 0 (e) 
(2¢@,0)C + (w? - w*)D = a (f) 
Solving Eqs. (e) and (f) for C and D gives 
p 260, 
C = £¢—____ ss (g) 
im (@ ~ @) + (260,0) : 
Doers tad 
D = £2 afta (h) 


m (@ — wo) + (260,0) 


Substituting Eqs. (g) and (h) in Eq. (b) gives 


Po [1 = (@/@,)" | cos wt + [2¢@/a, | sin or 
l 


k [1 - (a/o,)°] + [2fa/o, 
(b) Maximum deformation is u, = fC? roe 2 ae 
Substituting for C and D gives 

Po 1 

Kh - (@/o,P] + (2¢0/0,) 


This is same as Eq. (3.2.11) for the amplitude of 
deformation due to sinusoidal force. 


uy = 
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Problem 3.7 
(a) The displacement amplitude in given by Eq. (3.2.11): 


Uy = (yo [A - 6 + OCB] @ 


where £8 = w/q@,,. Resonance occurs at @ when u, is 
maximum, ie., du,/d6 = 0. Differentiating Eq. (a) with 
respect to 6 gives 


~3/2 


->[a - 6%? + 2¢p)] 
x [20 - 87) (2) + 2(2¢6) 2¢] = 0 
or 


4(1- B?)B + 8678 =0 


1- B? = 20? =» B= Ji - 2¢? (b) 


Resonant frequency: 


@, = O,y1 - 26? 


(b) Substituting Eq. (b) in Eq. (a) gives the resonant 


Or 


amplitude: 
Uy = a rn 
JOC) eAl C= 22) 
OT 


(c) 
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Problem 3.8 
(a) From Eq. (3.2.19) the acceleration amplitude is 


2 
@ 
i, = -2eR, --22/ R, 


m m\Q, 


2 
Po______# a (a) 
ma - 6)? + 26h" 

where £ = /q, . Resonance occurs at @ where u, is 


maximum, i.e., dii,/df = 0. Differentiating Eq. (a) with 
respect to # and setting the result equal to zero gives 


1 
(1— B?)? +(2¢8)" 


F) [a - 6%)? + gy}? [-48 a - 6%) + aco 


{26 [a—g2)? + (agp)? 


Multiplying the numerator by [(1 — B’)* + (208)? ¥? 
and dividing it by 8 gives : 


-2[a - 6%? + 46767] - EB I-aa - 6) + 867] = 0 


or 


1 - 287 + p* + 4¢767 + p? —B* - 2678? =0 


or 
1 


1= 6? (1 - 267) =f = ———— (b) 
Jie 
Resonant frequency: 


Oo, = __ 9, __ (c) 


wi oe" 


(b) Dividing both the numerator and denominator of 
Eq. (a) by B? gives: 


5 st Po (d) 


Substituting Eq. (b) in Eq. (d) gives the resonant amplitude: 


ie Po 1 

U, -_ —-2—68 ON 
m[(-22y7 + 4G - 20)" 

j, = 222 
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Problem 3.9 
(a) From Eq. (3.2.17), the velocity amplitude is 


=9.____* (a) 


Vim [1 - B2)* + (2¢8)7}!/? 


where B=@/w,. Resonance occurs at B where iis 
maximum, i.e., du) /dB=0. Differentiating Eq. (a) with 
respect to @ and setting the derivative equal to zero gives 


[(1— 87)? +(2¢py° 7"? - 
Era-f) +e BY" 120 -P(-28) +202 A) 2 10 


Multiplying the numerator by [(1- 7)? + (268)* P” 
gives 


[a-' +26 By] -£ [2(1- 6") (-28)+2(2¢ B) (2¢)]=0 
or 
1-28? + B* +4078? - B (-28 +267 +4676) =0 
or 

BY =1> B=1 (b) 
Resonant frequency: 

O,=0, (c) 
(b) Substituding Eq. (b) into Eq. (a) gives 


ee Po 1 
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Problem 3.10 


We assume that the structure has no mass other than 
the roof mass. 


From Eq. (3.3.4), 


mew @Y 
i = R, (a) 
m oO, 


At w = o,, R, = 1/2¢ and Eq. (a) gives 


c= a em ©) 
Given: 

m, = 2 x 50/g = 100 lbs/g = 0.1 kips/g 

m = 500 kips/g 

e = 12 in. 

@, = 2nf, = 2H X 4 = 82 


u, = 0.02g = 7.72 in / sec? 
Substituting the above data in Eq. (b) gives 


is eer (87)* = 0.0982 = 9.82% 


~ 2(772) 500 


10 
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Problem 3.11 


The given data is plotted in the form of the frequency 
response curve shown in the accompanying figure: 


= 
o 


Acceleration amplitude, 103 x g 


Frequency, Hz 


(a) Natural frequency 
The frequency response curve peaks at 


f, = 1.487 Hz 


Assuming small damping, this value is the natural 
frequency of the system. 
(b) Damping ratio 

The acceleration at the peak is 7,,., = 8.6X 10°. 
Draw a horizontal line at 7,44, + J2 = 6.08 x 10° to 
obtain f, and f, in Hz: 


f, = 1.473Hz f, = 1.507 Hz 


eak 


Then, 
- . — 1.47 
c= fo = Sa fa = eam nse aut sete = 0.0114 
25, 2 (1.487) 


1.14% 
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Problem 3.12 
(a) Transmissibility is given by Eq. (3.5.3) with ¢ = 0. 
Thus the force transmitted is 

1 


Be = ofa 


where @, = /g/5, and @ = 27f. Therefore 


1 


[es LL ey 
& 


(fro = Po (a) 


(b) For (f-), = 0.1 p, and f = 20, Eq. (a) gives 
foe l 
lt - (477/386) (20)” 6, 


An 


i 
386 


(20) 6, = +10 => 


—— (20) 6, = -9 or ll 


The negative value is invalid. Therefore, 
11 


6, = —~————— = 0.269 in. 
* (477/386) (20)" = 


12 
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Problem 3.13 


The equation governing the deformation u(t) in the 
suspension system is 


mu + cu t+ ku = — miu, (t) (a) 


where u,(t) = u,, sin@t and w = 2av/L. 


8 
Substituting in Eq. (a) gives 
mii + ch + ku = mo*u,, sin ot (b) 


The amplitude of deformation is 


MW Ug 
un = (ust )o ay 
k 
The amplitude of the spring force is 
foo = ku, = MOU, Ry (c) 
where 
1 
RO (d) 


[1 - (a/@,)?} + [2¢a/o,]}° 
Numerical calculations: 


k = 800 Ibs/in.; m = 4000/386 Ib-sec?/in. 


Uso = 3in. 
@, = 8.768 rads/sec; w = 3.686 rads/sec 
a/w, = 0.420 


Thus Eq. (d) gives 
R= Bo 
[1 - (0.42)7}* + [2(0.4)(0.42)]? 


Substituting @, and R, in Eq. (c) gives 


foo = ae (3.686) 31.124) = 474.8 Ibs 
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Problem 3.14 
u,(t)=u,, sinwt > i,(t)=-w7u,, sinwt 
Peg (t) =-mii,(t) =m*u,, sinat = p, sinwt 
mou 


2 
@ 
Ug = (uy) Ra eer = to 2) Ry =u,,R, 
n 


Spring force: f, = ku, 


The resonant frequency for f, is the same as that for 
u,, Which is the resonsnat frequency for R, (from section 


3.2.5): 
O res = a 
V1=20? 
8.786 


= 10.655 rads/sec 


y1—2(0.4)? 


Resonance occurs at this forcing frequency, which 
implies a speed of 
@L  (10.655)100 
¢ e6°CcCcCcCUFrQr‘“GKXKFeF_—X—X—X—"*_—_- 
20 20 


= 169.6 ft/sec = 116 mph 
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Problem 3.15 
Given: w = 2000 lbs, f = 1500cpm = 25 Hz, and 
TR = 0.10 
For an undamped system, 
1 


Tan] 


1 


For TR < 1, w/a, > V2 and the equation becomes 


ae 
(a/@,)* - 1 


(a/o,) =11 > ofa, = 3.32 
pete = 22S 
"3.32 3.32 3.32 
k = wm = ww/g = (47.31)? 2000/386 

11.6 kips/in. 


= 47.31rads/sec 
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Problem 3.16 
The excitation is 
te, : 7 tea ate : 
u(t) = uz, sin@t or u,(t) = —@°u,, sin at (a) 


The equation of motion is 


mu + cu + ku = peg (t) (b) 
where 
Pep (t) = —mu,(t) = wm Ugo Sin Wt 
(c) 


The deformation response is given by Eq. (3.2.10) with p, 


replaced by wm Ugo: 


Om Ug 
u(t) = ae sin(@t — 9) (d) 


where R, and @ are defined by Eqs. (3.2.11) and (3.2.12), 
respectively. 


The total displacement is 
u'(t) = u(t) + u,(t) 
Substituting Eqs. (a), (d), (3.2.11) and (3.2.12) gives 
(@/0,)' Ug, 
[1-(o/@,)"] +(2¢0/0,)° 
x i[2 -(o/o,)" |sinw,t - [2¢ 0/0, ]coscor| 
Uso 


[1-(o/o,)'] +(2¢0/0,)° 


x {[1-(e/o,)° +40?(w/oo,)*| sinw,t-2¢(w/w,)° cost} 


u'(t)= Up, SIN@,t + 


(e) 
Equation (e) is of the form u‘(t) = Csinwt + Dcosat; 
hence us, = ./C? + D” . Substituting for C and D gives 
V2 
1+(2fa/o,) | 


ee (f) 
[1-(a/o,)"| +[2¢a/0,]° 


Equation (f) is the same as Eq. (3.6.5). 
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Problem 3.17 


The accelerometer properties are f, = SOcps and 
¢ = 0.7; and the excitation is 


ii,(t) = O.lgsin(2mft); f = 10,20and40Hz (a) 


Compare the excitation with the measured relative 


displacement 
u(t) = [(-1/@2) R, | ii, (t - 9/0) (b) 
where 
1 
Ry = ee te ee as (c) 
[1 - (a/o,)° | + [2fa/a, | 
and 
¢ = tan? eee (d) 
1 - (o/o,,) 


Because the instrument has been calibrated at low 
excitation frequencies, after separating the instrument 


constant — / w? , the recorded acceleration is 
u(t) = Ryu,(t — ¢/a) (e) 


For a given f (or @), @/@, is computed and 
substituted in Eqs. (c) and (d) to calculate R, and ¢. With 
R, and ¢ known for a given excitation frequency, the 
recorded acceleration is given by Eq. (e). 


The computed amplitude R, and time lag ¢/@ agrees 
with Fig. 3.7.3. The difference between R, and 1 is the 
error in measured acceleration (Table P3.17). 


Table P3.17 


0.991 
0.850 
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Problem 3.18 
From Eq. (3.7.1), 


~ Ry uy (t ae ¢/@) 
— Ryu, sin(2aft - d) 


wo u(t) 


and therefore, 


2 
Oru 1 
22 = Ry = ee (a) 


Ugo [1 = (a/o,)?} a [2¢a/w,] 


Equation (a) is plotted for ¢ = 0.6, the accelerometer 
damping ratio: 


0 0.5 1 15 2 
t———+} flf, o oo, 
Error < 1% 


We want to bound R, as follows: 
0.99 < R; < 1.01 (b) 


The relevant condition is R, < 1.01 because we are 
interested in a continuous range of frequencies over which 
the error is less than 1%. Therefore, impose 


1 
[1 - @/o,)] + [2ga/o,) 


Defining 8 = @/@,, , Eq. (c) can be rewritten as 


= 1.01 (c) 


2 
ee ee 
(1B)? + (268) (caf = 


Bf - 0.5687 +1 = 0.9803 => 
Bf - 0.566% + 0.0197 = 0 => 


& 


Choose £ = 0.194 (see figure) which gives the desired 
frequency range: 

f < 0.194 f, = 0.194 (25) => 

f Ss 4.86 Hz 


0.0377, 0.5223 = B = 0.194, 0.723 
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Problem 3.19 
From Eq. (3.7.1), 
— Ry u(t = ¢/@) 
— Ry u,, sin(2aft — 9) 


w? u(t) 


and therefore, 


2 
Ou 1 
ee ee) 


Ugo [1-(a/@,)?] + [2¢a/o, | 


Equation (a) is plotted for ¢ = 0.7, the accelerometer 
damping ratio: 


05 0.5 1 1.5 2 
——_+ fff, * af, 


Error < 1% 


We want to bound R, as follows 
0.99 < R, < 1.01 (b) 


The relevant condition is 0.99 < R, because R, is always 
smaller than 1.01 in this case. Therefore, impose 


a = 0.99 (c) 
[1 - (a/@,)°| + [2¢a/a,) 


Defining 8 = @/q@,,, Eq. (c) can be rewritten as 


2 
ee ee 
(1B)? + 2¢8) (55) 2s 


B* - 0048% +1 = 10203 => 
0.0487 ~ 0.0203 = 0> 


® 
bh 
I 


- 0.1239, 0.1639 


B? 
Take only the positive value: 


B? = 01639 = B = 0.405 


which gives the desired frequency range: 


19 
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Problem 3.20 
From Eq. (3.7.3), 


‘i (a) 
For maximum accuracy, u, [Ugo = 1; this condition after 
using Eqs. (3.2.20) and (3.2.11) for R, gives 
2 
Sy = (b) 
2 
yl - (a/a,)° | + [2fa/a, | 
Squaring, simplifying and defining f = w/a, : 
(1 - f°)’ + (2¢f)* = B* => 
1-— 28? + 40°B? =0=> 


1 1 
f= - 
2 48 
For w/a, >> 1 (8 >> 1), 
1 


c? age € = 0.707 
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Problem 3.21 
From Eq. (3.7.3), 
2 
Mo = R= —— = ) 
Ugo [1 - (a/@,) | + [2f0/a, | 
Equation (a) is plotted for ¢ = 0.6, the instrument 
damping ratio: 


f/ fr OF olan 


We want to bound R, as follows (see figure) 


R, © 1.01 (b) 


a 


Therefore imposing R, = 1.01 which, after defining 
B = ofa, , gives 


B? 1 
————— 2 1,0 
Jd — 6)? + (268)? 


Squaring this equation gives 


2 
a= 6%? + 2g =| 4) = 
1.01 


1 — 28? + B* + 1448? = 0.98038* > 
0.01978* - 05687 +1=0> 


fp? = 1914, 2651 > B = 1383, 5.149 


Choose # = 5.149 (see figure) which gives the desired 
frequency range: 
f 2 5.149f, = 5.149(0.5) => 


f 2 2.575 Hz 
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Problem 3.22 
From Eq. (3.7.3), 
(a/@,)° 


go - [1 = (o/@,)?] + [2¢a/a,] 


(a) 


Equation (a) is plotted for ¢ = 0.7, the instrument 
damping ratio: 


1.5 
1 
Rg 
0.5 Error < 1% 
0 
0 1 2 3 4 5 6 


flfn % @f@n 


Since R, is always smaller than 1.01, we want to bound R, 
as follows 


R, 2 0.99 (b) 


Therefore imposing R, = 0.99 which, after defining 
B = ofa, , gives 


p? 
(1 — B?)? + (268) 


Squaring this equation gives 


= 0.99 


2 


(1 — B7)? + (268)? = BP 
0.99 


1 — 287 + B* + 1968? = 102038* = 
0.020384 + 00467 -1=0> 
fp? = -8.073, 6.102 
Take only the positive value: 
B& = 6.102 => B = 2.470 


which gives the desired frequency range: 
f 2 2.470f, = 2.470(0.5) => 
f 2 1.235 Hz 
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Problem 3.23 
From Eq. (3.8.1), 
Ep = 22€(o/a,) ku? (a) 
where 
Po 
= =2R b 
Uy k d ( ) 


In Eq. (a) substituting Eq. (b) and Eq. (3.2.11) for R, gives 


me 2fa/a,, 


En, = a 
. k [1-(a/o,)*] + [2¢a/o, 
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Problem 3.24 
From Eq. (3.8.9) the loss factor is 
1 Ep 


g= on Es, (a) 


where Ep =acwu> and Ey o7 ku? /2. Substituting 
these in Eq. (a) gives 
c@ 


oo ae | (b) 
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Problem 3.25 


Based on_ equivalent 


viscous damping, the 
displacement amplitude is given by 
V2 
uy _ {u-[¢4/m(F/p dF} -s 
(Us )o 1 _ (a/o,)? 


From the given data 


F 50 


1 
p, 100 2 


T, _ 0.25 


= oe 0 8a8 
On, T 0.3 


Substituting these data in Eq. (a) gives 


1/2 
un _ {t-[ca/my 2)? FY _ 5 


(ug)o 1 — (0.833)? 
Now, 
P 
(Us, )o Ep 
where 
Pp, = 100 kips 
2n 500 
IT w 2 
k=o’m= — = (8 
ante Ae (87) 386 
= 818kips/in. 
Thus 
100 ' 
(Uy)o = aie = 0.1222 in. 
and 
u 


> = 2.52 (0.1222) = 0.308 in. 
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Problem 3.26 where (u,,), = Po/k and B; = j@/@,,. Equation (f) is 
indeterminate when £,; = 1; corresponding values of 7 
are 7,, 37,, 5T,, etc. 


P(t) = Po ' “Fe | Ost<s%/2 (a) (c) For Ty/T, = 2,8; = j@o/@, = JT, /T) = j/2 and 


(a) p(t) is an even function: 


2 Eq. (f) becomes 
Ty /2 7/2 = 1 2Qnjt 
1 9) y) u(t) 1 16 a ae » 
pageesie nat =— | o|l—-—t lat cera MAE, Dy 2 2 cos ( 
a 3 J po ime ae | Ty (Uy)o 2 jaiigis.. FA F) Mo 
“/2 0 
two terms 
> Ty/2 0.8 three terms 
45 p(t) cos ( j@ot)at Pe 
Sey u(t) & 
Ty /2 (u,), 0.4 
_ 4Po [1-2] cos (j@ot) dt 
Ty 0 0 0.2 
4 1 /j2 2 ie 
Po F : Ty /2 J : 0 
= —— { ——| sin( J/@ot —-— |t cos (j@ot)dt 
re ma (ioot)], Th 4 (J@of) Oo OA OG. 8 I 
ous t/To 
=- Fo fe cos ie k 
0 1 


Tp/2 7/2) Because of the j* in the denominator of the series, two 
. 0 : 
_ _ 4Po iaie (7 J | “s Tp ow j) terms are enough to obtain reasonable convergence of the 


series solution. 


4p, 
= 1,3,5,° 
nay =i gry? (c) 
0 j = 2,4,6, 
b, = 0 because p(t)is an even function (d) 


Thus the Fourier series representation of p(t) is 
Po , 4Pn we 1 
th=— +s —x cos (jot) (e) 
os ae ae cones i ; 


(b) The steady-state response of an undamped system is 
obtained by substituting Eqs. (b), (c) and (d) in Eq. (3.13.6) 
to obtain 


cos (j Wot) 


1 1 
(Us)o 2 ac ae ja - B) 
(f) 
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Problem 4.1 


Equation (4.1.7) with t = 0 gives the response to 
p(t) = dit): 


ni) Se 


’ sin Opt (a) 
MOp 

The condition for u(t) attaining a maximum is 
du/dt = 0: 


du 1 : . = 
—s le Sen! (_ Cy) sin apt + e ** wp cos opt| 
dt mMOp 
= 1 - 6w,t ‘ 
= ——e [- fw, sin wpt + @p cos Wpt| = 0 
mOp 
or 
Qo y1 = 
tan Opt = — P= ying 
O, 4 
or 


fi 6 
= she tan ¢ 


—— b 
a e (b) 


The maximum displacement is given by Eq. (a) evaluated 
at t given by Eq. (b). For this t, 


sin Opt = y1 - ag (c) 


V1-¢? 
Z Ml 


] 
= exp} ——=—— — (d) 
‘ md, 1- cg? C 
From Eq. (d) mo,u, is plotted against ¢. 


The effect of damping is small; e.g., 10% damping 
reduces the response by about 15%. 


0.8 
0.6 
mou, 
0.4 
0.2 
0 


0 0.2 0.4 0.6 0.8 1 


Damping Ratio, ¢ 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 4.2 


Response to a step function is given by Eq. (4.3.5); 
for p, = 1 it becomes 


$0nt | cos Opt + a sin @pt 


1-¢? 


g(t) = l=e° 


roe 


(a) 


The response to a unit impulse force is given by Eq. 
(4.1.7) with t = 0: 


A(t) = beset sin pt (b) 
MOn 
From Eq. (a), 


2 


-tw,t 1 
a(t) =e oH 7 CQ, COS Wpt + Aen Q,, SIN Wpt 
1-¢ 


+@p SIN Wpt — =a Wp COS Wpt 
laa? 


Canceling the cos @pt terms gives 


2 
; 2. -Cot 1 g . 
gtt)=er" —| —=——2O, + Wp |sin@pt 
k i ss Ge 
Lippe 4 
=e $Ont ay | — + Le? sin Dpt 
Lee 
= Set peo oes sin @pt 
mo, 1-¢? 
=e Set sin Wpt 
MOp 
= h(t) Q.E.D. 
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Problem 4.3 If t, is shorter than 7, /4 no peak will develop 


during O<t<t, and the response simply builds up from 


1. Determine respon L . 
ponse to the first impulse zero to u(tg), where 


The response of the system to the first impulse is 


the unit impulse response of Eq. (4.1.6) times J: aa) = sin ars (f) 
I/moa,, T,, 
u,(t)=1 |. sin 04! (a) The maximum deformation during O<r<t, is 
n 
2. Determine response to the second impulse. us Seitahtin: ta banca 
1 I/mo, 7 (e) 
u(t) =—I sin@,(t—tq)|t2tg (b) 1 ty/T, 21/4 
mo, 


Equation (g) is plotted in Fig. P4.3e. 


3. Determine response to both impulses. ; : ; 
6. Determine maximum response during t2t,. 


For OSt<t,: 
From Eq. (d), the maximum deformation during 


a 
u(t) = | sin on! fone 
m n ‘i 
—°__. = 2| sin (zt, /T,)| (h) 
I. 2nt I/mo, 
= sin (c) 
mo, 1, Equation (h) is plotted in Fig. P4.3e 


For t2t, : 


I ; 
u(t) = [sing,t —sing, (t-tq)] 
mo 


Ontd roe @, (2t—ty) 
mao 2 2 


4. Plot displacement response. 


Equations (c) and (d) are plotted for ¢,/T, = 1/8, 
1/4, 1/2, and 1 in Figs. P4.1a, b, c, and d, respectively. 


5. Determine maximum response during 0StSty. 


The number of peaks in u(t) depend on t,/T,; the 
longer the time t, between the pulses, more such peaks 
occur. The first peak occurs at t,=T, /4 with the 
deformation: 


Uy 
pe eT 
I/ moa, . 
Thus t, must be longer than 7, /4 for at least one peak 


to develop during O<t<t, . 
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u(t)+(/ ma, ) 


w fm} — N 


So 
So 
WN 
_ 
_ 
WN 
N 


u,(t)+(1/ mo, ) 


Ne) i oO ay N 


u(t)+(1/mo,) 


ey “ oO _ Nv 


ta/Tp =1/8 


First impulse 


Second impulse 


o 


0.5 


a 


1.5 


i) 


Both impulses 


f=) 


0.5 1 15 


N 


u(t)+U/ mo, ) 


u,(t)+(I/ ma, ) 


u(t)+(1/ma,) 


tq/T, =Y4 


° First impulse 
1 
0 
-l 
-2 
0 0.5 1 15 2 
2 Second impulse 
1 
0 
-1 
2 
i) 05 1 15 2 
F Both impulses 
1 
0 
a 
2 
0 0.5 1 1.5 2 


t/T, 


Fig. P4.3 b 
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u(t)+(1/mo,) 


u,(t)+(1/ ma, ) 


u(t)+(1/ma,) 


2 First impulse 
1 } 
0 
-l 
2 
0 05 1 15 2 
2 Second impulse 
l 
0 
al 
2 
0 05 l 15 2 
3 Both impulses 
1 
0 
1 
4 
0 05 1 15 2 
t/T, 


Fig. P4.3c 


u(t)+(1/ ma, ) 


u,(t)+(1/ ma, ) 


u(t)+(I/ma,) 


2 First impulse 
1 
0 
l 
2) 

0 05 1 15 2 
2 Second impulse 
1 
0 
i 
cy, 

0 05 1 15 2 
2 
1 

Both impulses 

0 
-1 
% 

0 0.5 1 15 2 

t/T, 
Fig. P4.3d 
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u,+(1/ma,) 


ta/T, 


Fig. P4.3e 


7. Determine the overall maximum response. 


From Eqs. (g) and (h), the overall maximum response 
is given by 


2| sin(zt,/T,)| t/T,, <1/4 


POI eo 


I/mo,  |\max. ot} 


ta/T, =/4 
Asin(t,/T,)| % ” 


(i) 


Equation (i) is plotted t,/T,, in Fig. P4.3f to obtain the 
response spectrum. 


Overall maximum. 

2 

15 
Ry 
E | 
— 
a 
3° 05 

0 

0 05 1 15 2 
ty /T,, 
Fig. P4.3f 
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Problem 4.4 If t, is shorter than 7, /4no peak will develop 


during O<t<t, and the maximum displacement will 
1. Determine response to the first impulse. 


occur at ty : 
The response of the system to the first impulse is 
the unit impulse response of Eq. (4.1.6) times /: u(ty) =sin 20 tq (f) 
I/mo,, T,, 
H=l 
uy (2) mo, ok on (a) The maximum deformation during O<t<t, is 
2. Determine response to the second impulse. i sin2aty/T, tqy/T, 1/4 
I/ as 2 (e) 
uy(t) =I sna (tt) 02 (b) ‘ ty /T, 21/4 
mo, 
3. Determine response to the both impulses. Equation (g) is plotted in Fig. P4.4e 
<t<t,: 
For OStSt, : 6. Determine maximum response during t= ts 
ed 1 sinw,t From Eq. (d), the maximum deformation during 
mo,, t2t, Is 
I ein 2at uy , 
= —— = 2| cos (at, /T. h 
mo, i, I/mo, | ( d | (h) 
" Equation (h) is plotted in Fig. P4.4 
For t2>t, : : aa saeets 
| ae ; 
u(t) = [singw,t +sing, (t—tq)] 


mo, 


ell 2cos ata sie esta) 
mo 2 2 


n 


21 mt 
= cos— |sin| 2 Rael o (d) 
mo,, T,, Tt, 2T, 


4. Plot displacement response. 


Equations (c) and (d) are plotted for t, /T, = 1/8, 
1/4, 1/2, and | in Figs. P4.4a, b, c, and d, respectively. 


5. Determine maximum response during 0StStj,. 


The number of peaks in u(t) depend on t, /T,,; the 
longer the time tj between the pulses, more such peaks 
occur. The first peak occurs at t,=T7,/4 with the 
deformation: 


Uy 
—2.. =] 
I/ ma, ©) 


Thus ¢, must be longer than T, /4 for at least one peak 
to develop during O<t<t, . 
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2 2 
First impulse First impulse 
1 1 
0 0 
-l -l 
2 -2 
0 0.5 1 1.5 2 


u(t)+(I/ moa, ) 
u(t)+(1/ ma, ) 


n = 
0 0.5 1 1.5 2 


2 Second impulse 2 
Second impulse 
~ 1 1 
Sy < 
: 2 
= 0 es 0 
re oe 
S11 Fa 
2 ; -2 
0 05 1 15 2 0 0.5 1 15 2 
; Both impulses ; 
Both impulses 
me ae 
8 
3 5 
: S 
S 0 S 
r + 
Sl Po 
2 2 
0 0.5 1 15 2 0 0.5 1 15 2 
t/T , t/T , 
Fig. P4.4a Fig. P4.4b 
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Ta 


2 2 
First impulse First impulse 
1 
0 
-1 
-2 2 
0 0.5 1 1.5 2 


15 


u(t)+(I/ ma, ) 


u(t)+(1/ moa, ) 


a 
_ 


o 
So 
a 
- 
N 


2 2 
Second impulse Second impulse 
ae | om il 
g g 
E E 
— — 
™ 0 = 0 
+ + 
= = 
21 2 
22 -2 
0 0.5 1 15 2 0 0.5 1 15 2 
: : ‘ Both impulses 
Both impulses 
ips oil ae 
3 si 
E S 
~ 0 70 
: rd 
— — 
— ~~ 
a -l ~? -1 
2 2 
0 0.5 1 1.5 2 0 0.5 1 1.5 2 
t/T, t/T , 
Fig. P4.4c 
Fig. P4.4d 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


uo+(1/ma@,) 


ty/T, 


Fig. P4.4e 


7. Determine the overall maximum response. 


From Eqs. (g) and (h), the overall maximum response 
is given by 


2| cos (at, /T,)| t,/T, <4 


t,/T, 24 


I/ma, max. of 
a F cos (zt, /T,)| 


(i) 


Equation (i) is plotted +,/T, in Fig. P4.4f to obtain the 
response spectrum. 


Overall maximum 
2 
15 
3 
Le 
= 
ms 
= 05 
0 
0 05 1 15 2 
ty /T, 
Fig. P4.4f 
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Problem 4.5 
a/w, =0.01 
(a) The equation of motion is 2 
mii +ku = p,e™ (a) 
1 
Using Duhamel’s integral the solution is a 
uy 
u(t) = Po few sin [o (t - t)|dr (b) os 0 
mo,, 40 4 
Integrate by parts letting v= sin|@, (¢ = z)| and = WT, 
aa 1 2 3 4 * 
dy=e° dt: 
u(t) = vy J ydv afer, =0. 
or 
Po ~at.: : wos 
t)= - - Pr 
u(t) noe { e sin[o, (t 7)I\, (uy), 
t _ 0 
-| o,e-** cos|@,(t—)| ax} 
Integrating again by parts, this time with i 1 2 3 4 Ml, 


v= cos[@, (t- z)| and dy=e ‘dt gives 


Po 


asing@,t—W,cosa,t+@ a") 
Seer ° : 3 : 


u(t) = 


Written in terms of Gy, ) , the displacement response is 


u(t) 1 a 
2 


@, ) a 


n 
n 


(b) The force p(t) = p,e™ is plotted for three values of 


tg 


ala, : As t increases, term e” becomes very small and the 
n system attains a steady state harmonic motion whose 
amplitude is given by 


P/p, 


U steady om 1 


(use), 1+a?/@? 


The motion given by Eq. (c) is plotted next. 
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Problem 4.6 alw =0.1 
0.4 ld 
(a) The equation of motion is a5 
mii + ku = p, (e-# - oe) (a) u(t) 
0 
The response to each exponential function is given by an Ug | 
expression of the form in Eq. (c) of Problem 4.5. Combine 7 
the responses to the two components of p(t) to obtain the 
total response: = 1 2 3 4 — 
u(t) 1 a. ~at 
To FT | 7 Sin@,,t - cosa, t +e 
(use), l+a /w? QO, a/w, =0.5 
(b) ‘ 
: 2 sinw,t—cos@,t+e is 
-——_— >| —_ — COs e 
I+ b?/ Q;, Q,, ‘ " 0.2 
u(t) 
(b) The force p(t) is plotted for b = 2a and three values of (us), 
a/o,, . 0.2 
-0.4 VT, 
P/Po 1 2 3 4 5 


0.3 
a/w, = 0.05 


The motion given by Eq. (b) is plotted next for 
b = 2a and three values of a/@, = 0.05, 0.1, 0.5. 


a/w, = 0.05 


0.4 
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Problem 4.7 


The differential equation to be solved is 


a t 
mu + ku = p(t) = Poe (a) 


The complimentary and particular solutions are 
u(t) = Acos@,t + Bsin w,t 
P, t t 


= (Us, do 75 


u(t) = 
pe k t, t, 


The complete solution is 


u(t) = Acos@,t + Bsing,t + Cave (b) 
t 


Differentiating Eq. (b) gives the velocity 


‘s 
u(t) = —@,Asin@,t + o,Bcosa,t + Ugo (c) 
t 


r 


The constants A and B are determined from the initial 
conditions 


u(0) =O>A=0 


u(0) = 0 > @,B + Uso =0; B= _ Ugo 
f O,t, 


r 


Substituting A and B in Eq. (b) gives 


ult) = (uy), (+ 3 nt 


r nvr 
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Problem 4.8 


Free body diagram 


k(u,- u') = K vt- uy 


mut 
Dynamic equilibrium gives 
mu’ — k(vt - u') = 0 
or 
ié + oul = wrvt (a) 


The general solution of the differential equation is 

u(t) = u,(t) + u,(t) = Acos@,t + Bsina,t + vt 
(b) 

Impose initial conditions: u’(0) = 0 and u‘(0) = 0: 


uw(0)=O0>A=0 


w(0) = Bo, +v=0>5B=-— 
QO, 
Substituting for A and B in Eq. (b) gives 
u'(t) = vt - : )sia o,t (c) 
Oo, 


Equation (c) is written as 


u'(t) t 1 t 
— ———ae — ——i 4 2 — 
vT, T, 22 a (¢ @) 


n n 


and plotted in the accompanying diagram. 


Ais 


14 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 4.9 2 
The equation of motion is 1.5| 
mu+ cut ku = p(t) (a) = 1 

u,, o 


The complementary solution is given by Eq. (f) in 
Derivation 2.2 in the book and the particular solution is (ee 
Uy = P,/k . Then the general solution is 


u(t) =e $@a! (Acos@ pt + Bsinw pt)+ ms (b) 


When the system starts from rest, i.e. u(0) = u(0) =0, the 
constants A and B are 


OOo: Pp 
ios, He ‘5 
1-¢ 


Then Eq. (b) becomes 


t - 
(use), yi- e 


The time ¢, when u(t) attains its maximum (or peak) value 


is determined by setting the velocity equal to zero: 


. 2 
u(t) 7 Qo ; 
ee. Sqft LO Oine ape SiN@ pt =0 


(use), yi-¢? 


or 


i=— n= 012,300 (e) 


The maximum response occurs at t p given by Eq. (e) with 
n=1, i.e. t, = 2/@p . Substituting this t, in Eq. (d) gives 


Fal =1+ exp(-nt/Ji- ¢ | 


The relation between u, and ¢ is shown in the following 
plot. 
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Problem 4.10 


Equation of motion: 


mii + ku = p(t) = t : (a) 
Po t2t 

(a) Solution forO < t < t, 
Substituting p(7) in Eq. (4.2.4) gives 


1 
u(t) = Po rsinaw,(t - t)dt 
mo, 0 t, . 
1 


t 
ah J (t - t)sinw,(t - 7) 
+ tsingw,(t -— t]dt 


Introducing vy = t — t and integrating the first term 
by parts gives 


0 0 
1 : F 
u(t) = ees Eo { Asino, 7K dx - r | sin 0,7 ax 
mo, t, : ; 
1 p, 0 1 0 
= — —- y¥cosw + —|sin@ 
mo, t, si fe nk], me nt], 
t 0 
+ cos W 
oO, [ At} 
1 sin @,t 
Po —|tcosw,t - ——* +t —- tcosa,t 
mo, t, 7 
t sin @,t 
= (Us) at 2 
t, o,t, 


(b) 
(b) Solution for t > t, 
Substituting p(7) in Eq. (4.2.4) and separating 
into two integrals gives 


1 iv 
2. ¢ sin @,(t — t)dt 


r 


t 
+ J p, sin@,(t — 1) dt (c) 


t, 
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The first integral in Eq. (c) is 
ty t-t, 


| Fe csinw, ¢¢ - T)dt= = Ja — t)sina, vy dy 
0 Ges 


t-4, 


ae | Asinw,x7dy -t 
t 


t-4, 
| sin 0,7 dx 


t 


; t~-¢, t=, 
Po JJ ~XCoSM,X  sinw,7x cos WX 
t 


2 
Oo, Oo, n t 


= ze (t — t,)cos@,(t — t,) Fa t COS @,t 2 sin@,(t — t,) 


O, O, w? 


sin @,t tcos@,(t — t,) t cos @,t 
w? WO, oO, 


Po |- t, cos@,(t — t,) fe sinw,(t — t,) _ sae 


oO, w? w? 


Po sin , (t 


-t,)- sme 


cos@,(t — t,) + 
o,t, 


(d) 


The second integral in Eq. (c) is 


Po 


n 


t 
| Pp, sinw,(t — t)dt [cos WH]; _, 


t, 


r 


[1 - cosw,(t - t,)] 


(e) 


Po 
4] 


n 


Substituting Eqs. (d) and (e) in Eq. (c) gives 


u(t) = Po. [cos @, (t — t,) 
QO, 
sing, (t — t,) - sing,t 
+ a 7 + 1- cosa,(t - t,)] 
= (uy), {i - [sin o,t — sing,(t - 2) 
nvr 


(f) 
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Problem 4.11 


P (2) P(@) P, (2) 
P(t) =P,t/t, 


P,(t) =- Pp (t-t,)/t, 


Equation (4.5.2) gives the response to a ramp 
function p(t) = p, (t/t,): 


u(t) = (Uy), [+ - see (a) 


r Q,1, 
(a) Response forO << t <1, 
Because p,(t) = 0, the response is only due to 
p,(t), which is given by Eq. (a): 


t sin @,t 
u(t) = (Uy), (+ = sno) (b) 
(b) Response for t 2 t, 

The response to p,(t) is given by Eq. (b) and that 
due to p,(t) is obtained by replacing ¢ in Eq. (a) by 
t — t, and p, by — p,: 

Poet inw,(t —t¢t 
u(t) = — (uy), [i = seen =) (c) 


t, Ont 


The total response is the sum of Eqs. (b) and (c): 
u(t) = u(t) + u(t) 


t sin w,t t sm@,(t —t 
(Us), a SOE En ye SO Oat) 
t, ,t, ti, ot, 
(Us) o i - [sinw,t — sinw,(t — 3] 
nvr 
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Problem 4.12 


System properties: 
m = w/g = 100.03/386 = 0.2591 kip—sec?/in. 
kK = 8.2 kips/in. 


T, = 2n | = 1.12 sec 


Applied force: 
Po = 50 kips; (a) t, = 0.2 sec, (b) t, = 4sec 
(a) t./T, = 0.2/1.12 = 0.179 


The rise time of the force is relatively short, and the 
structure will “see” this excitation as a suddenly applied 
force (Fig. 4.5.3); therefore 


50 
Uy = UUy)o = 2 Fe) = (ea = 2(6.1) = 12.2in. 
(b) t./T, = 4/112 = 3.57 


The rise time of the force is relatively long, and it will 
affect the structure like a static force (Fig. 4.5.3); 
therefore 


Uy = (Uy)o = 6.Lin. 
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Problem 4.13 " 


(a) Response results. 


We have from Eq. (4.3.2) & 0 
u 
u(t) = (ug) (1-cos@,t) 3 
; OsrsT,/2 (a) 
u(t) = (Us) On sin@,t 
-10 
0 0.5 1 15 2 25 WT, 


At t=T,/2, u=2ug), and w=0. 


For 7,/2<t<T,, 
(c) Peak values. 


ae 3 , - p 
u(t) = A, cos@,t + A, sinw,t -—* The displacement peaks u, at the end of n half cycles 
of applied force are 


where ¢=1-T,/2. Substituting u(0)=2(u,) and 
u(0) =0 gives A, = 3(uy ), and A, =0. Hence n 1 2 3 4 §5 


u(t) = (us) [-1+3cosw,(t-T,/2)], %,/2<t<T, (b) 
At t=T,, ie. at t=T7,/2,u=-4(uy) and u=0. 


For T, <t <37,/2 Un, __ (i) an 


u(f) = A, cos@,? + A, sina, t a 


where f=t-T,. Substituting u(0) = —A(us.) and 
u(0)=0 gives A, =S(uy) and A, =0. Hence 

u(t) = (uy) [1-Scosw,(t-T,)] . T <t<3%,/2 (c) 
At t= 37,/2, ie. at t=T7,/2, u=Ouy) and #=0. 


In a similar manner the following results can be 
obtained: 


u(t) = (us), [-1+ 7cosw, (t-37,/2)] , 3%,/2<t $27, (d) 
u(t) = (uy) [1-9cosw,(t-2T,)] , 2% <t <5T,/2 (e) 


(b) Response plot. 

From Eqs. (a), (b), (c), (d), and (e), u(t)/(uz), is 
plotted against t/T,, . Note that w,(t-T7,/2) = 22(t/T, -1/2) , 
w,(t-T,) =22(t/T, -1), etc. 
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Problem 4.14 
P(t) P, (t) P, (0) 
P, P, 
= + , 
. t : t 
-P, 


The response to p, (t) is given by Eq. (4.7.2): 
u(t) = rec — cos a, f) t>0 (a) 


To obtain the response to p,(t), this equation can be 
modified as follows: replace p, by —p, andt byt — t,: 


u(t) = are! — cos@,(t -— ty)] ¢ 2 ty (b) 


During O < ¢ < t,, p,(t) = O and the response is given 
by Eq. (a): 


u(t) = ae -cosat) O<tst, () 
For t 2 t,, the response is the sum of Eqs. (a) and (b): 


u(t) = “2 [cos @,(t - tz) -— cos@t] t2t, (d) 
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Problem 4.15 
Pp, OStSt, 
t) = 
p(t) i pe, (a) 
t 
u(t) = ao | p(t) sing, (t -— 7) dt 
(b) 
For 0 < ¢t S t,, Eq. (b) after substituting for p(t) 
gives 
1 t 
u(t) = aoe J P, sing, (t - 7) dt 


t 


1 
= fe cosa, (t — ) 
mo, | 0, 


Po 


2 
mo- 


0 


(1 ~ cos@,t) = fa — cos @,t) 
(c) 


For t 2 tq, Eq. (b) after substituting for p(t) gives 


u(t) = : f sin @, (t T) dt 
mo, | + ne 


t 
i. [ 0-sino, (¢ ~ dt 
ba 


ba 


1 
= Po cos@,(t — 7) 
mo, | Q, P 


= 72 [cos 9 (t — tz) — cosa@,t] 


(d) 
The complete response is: 
Po — cos @,t) O<ts 
: SQ, StS ty 


u(t) = 
£2 [cos w,(¢ — tg) — cos@,t] t 2 ty 
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Problem 4.16 


The half-cycle sine pulse p(t) is the sum of two 
sinusoidal excitations: p,(t) = p,sinq@t starting at 
t = 0 and p(t) = p, sin@t starting at t = t,, where 
ty = Mt, (Fig. 4.6.2b). 


The response to p, (t) is given by Eq. (3.1.6b): 


u(t) = oe = a > [sin we ~ (@/@,) sin@,t] 
(a) 
To obtain the response to p,(t), in Eq. (a) replace t by 
t-t, 
u(t) = : {eee FF @(t — ty) 
k 1 - (a/o,) ‘ 


~ (@/@,)sin @,(t — t,)] 
(b) 
The response to the half cycle sine pulse is 


wore | u, (t) O<t<t, 
u(t) t+ug,(t) t2ty 


These two equations can be shown to be equivalent to 
Eqs. (4.8.2) and (4.8.3), respectively. 
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Problem 4.17 


1. Determine the natural vibration period. 


With the base of the columns clamped, the lateral 
stiffness will be four times of the value computed in 
Example 4.1: 


k = 14.93 kips/in. 


The natural period will be halved, i.e., 
T, = 0.25 sec 


2. Determine R,. 


t 0.2 
wee 2 oases 
T, 0.25 2 


Equation (4.7.12) gives 
u, , 


R, = 
(Us, VF 


3. Determine (u,,),. 


4 
(uy), = ie = 14.92 = 0.268 in. 


4. Determine the maximum dynamic deformation. 
uy = (uy),R, = (0.268)(2) = 0.536 in. 


5. Determine the maximum bending stress. 


Uy 
NM 


COM 
6EI 6 (30,000) (61.9 
M= —~z Uo = ec ie Sclaa 0536 
L (12 x 12) 
= 287.9 kip —in. 


The bending stress is largest at the outside of the flange at 
the top and bottom of columns: 


6. Effect of base fixity. 


For this excitation, the deformation as well as 
bending stress is reduced by clamping the columns at their 
base. 
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Problem 4.18 


1. Determine R,- 


ty 0.25 1 
T, 0.5 2 


For this t/t, , Eq. (4.8.12) gives 


1 
a) 
2. Determine the maximum dynamic deformation. 
Pp 5 2 
u (us ),Ry = —*R, = ——— = 2.105 
0 = UioRe = (Ra = 539 . 


3. Determine the maximumbending stress. 


Uy 


~~ (\M 


3El 3 (30,000) (61. 
ue = 3EL,, = [3160000 6199], 194 
L (12 x 12) 
= 565.7 kip — in. 
M 565.7 
O= — = — = 37.2 ksi 
S$ 15.2 ; 
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Problem 4.19 


The equation of motion to be solved is 


posin(2mt/t,) tty 
mu +ku= p(t)= (a) 
0 t2ty 


with at rest initial conditions. 


1. Determine response u(t). 
Case 1: td/T, #1 
Forced Vibration Phase. 


The response is given by Eq. (3.1.6b). Substituting 


@, =27/T,, and (u,,), = p,/k , Eq. (3.1.6b) becomes 
Me) = —_1 __| sin 29 
(us )o 1-(T,/tz) ty 


T 
acral t<t, (b) 
by di. 


Free Vibration Phase. 


The motion is described by Eq. (4.7.3) with u(t) 
and u(t,), determined from Eq. (b) : 


-l y Soe t 
U(tg ) = (Use gp ————-—" sin] 27 —4 
dim (T,, /tq) tq T, 


Substituting Eq. (c) in Eq. (4.7.3) gives 


u(t) 1 | i rs C2: 2n 
Fz] 7 Sint —ty | cos——(t -t,) 
(Ug, Jo LC /ta) ty T, ie 


n 


n n n 


__ (y/ ta) [snot nef 


3 OTE 27 . 22 
+ sSin-——(t—t,)—cos| ——t, |sin—(t—-t 
7 (t-tg) 2 : 7 ( a) 


1-(T, /tq)? T, i: 
2T, /t,)sin(at, /T 
a ( n — d Tee 2 toltg 
(T, /tq)* -1 ene ie 
t>ty (d) 


Case 2: td/T, =1 
Forced Vibration Phase. 


The forced response is now given by Eq. (3.1.13b) 


u(t) lj . 27t 2zt 20 t 
—— = —| sin - cos ts 
(ug), 2 T, 


n n n 


(e) 


Free Vibration Phase 
From Eq. (e) determine 
U(ty)=—-Muy), and u(t,)=0 (f) 


The second equation implies that the displacement in the 
forced vibration phase reaches its maximum at the end of 
this phase. Substituting Eq. (f) in Eq. (4.7.3) gives 


ue) =-7 cos 27 ce 
(Us), qT, 


t 
= -7 cos 277 — t2ty 
n 


(g) 


2. Plot response history. 


The time variation of the normalized deformation, 
u(t)/ (uy ),, given by Eqs. (b) and (d), is plotted in Fig. 
P4.19a for several values of t,/T, . For the special case 
of tg /T, = 1, Eqs. (e) and (g) describe the response of the 
system and these are also plotted in Fig. P4.19a. The static 
solution is included in these figures. 
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u(t)/ (us, )o 


U(t)/ (us: )o 


u(t)! (us: Jo 


u(t)/ (Us )o 


u(t) / (Us )o 


u(t)! (Use o 


t,/T, =Y2 


-l — 


2 


-2 


-3 


t/T, 


Fig. P4.19a 
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u(t)! (Us: )o 


u(t)! (Ug )o 


u(t)! (Us )o 


Ww 


i) 


— 


3 
2 
1 


0 


“i 
2 
3 


5) 


3 


1 
0 1 2 


0 
ES) 
3 

0 


u(t) / (use Jo 


ace 
7 
2 3 4 1 2 3 4 5 
ta /T, =3.5 
t4/T, =3 ; 
2 
ae | 
= 
> 0 
> 
= 
-1 
-2 
3 
0 1 2 3 4 5 6 7 
4) 2 3 4 5 6 
{1 =5 
t,/T, =4 
3 
2 
=~ 1 
= 
~ 0 
S 
3 
-1 
2 
3 
0 12 3 4 5 67 8 9 10 
3 4 5 6 7 8 VT, 
t/T,, 


2 
-1 
-2 
3 
0 


Ww 


— 


oO 


Fig. P4.19a (continued) 
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3. Determine maximum response. 


During the forced vibration phase, the number of 
local maxima and minima depends on t, / T,; the longer 
the pulse duration, more such peaks occur. These peaks 
occur at time instant tg when u(t)=0. This condition 
applied to Eq. (b) gives 

Cos sid = oe 

ta n 


ae eee 
1+(t,/T,) 


(to), = l=1, 2, 3... (h) 


Only those J for which (to); < tz are relevant. Substituting 
Eq. (h) into Eq. (b) gives 


R,= Mo = 
(Us V6 


a ng 
2 
1-(T, /tq) 


(i) 


; 271 i a 271 
sin -———-———_ - — sin ———_—— 
l+(tg/T,) tg 1+(T,, /tq) 


At least one local maximum occurs during the force 
pulse, irrespective of the ty / 7, value. If tz / T, > 1/2 the 
displacement reverses in sign during the excitation and 
has a negative value at the end of the excitation. If t;/T, > 
1 a local minimum develops during the force pulse. If tz / 
T, > 2 more than one local maximum and/or more than 
one local minimum may develop. We define 


Umax = max u(t) Unin = min u(t) 


Figure P4.19b shows Uumax/(Ust)p and —Umin/(Ust)o 
plotted as a function of t;/T,. The response spectrum for 
the larger of the two values during the force pulse is 
shown as ‘Forced Response’ in Fig. P4.19c. 


During the free vibration phase, the response is given 
by Eq. (d) and its amplitude is 


_ uy _|2(T, /tg) sin(atg /T») rr 
G (ust) > (T, /tg)? -1 


This equation is plotted in Fig. P4.19c. 


For the special case of ty / T, = 1, the maximum 
response during the forced vibration can be determined 
from Eq. (e): 
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u(t)=O=>t) =T, and 


U(ty ) 


iy, 4 q=7 (k) 


Similarly, the maximum response during free vibration 
can be determined from Eq. (g): 


Ra =T (1) 


The overall maximum response is the larger of the 
two maxima determined separately for the forced and free 
vibration phases. Fig. P4.19c shows that if tz > T,, the 
overall maximum is the largest peak that develops during 
the force pulse. On the other hand, if tz <T,, the overall 
maximum is given by the peak response during the free 
vibration phase. For the special case of t; = Ty, as 
mentioned earlier, the two individual maxima are equal. 
The overall maximum response is plotted against t; / T, in 
Fig. P4.19d; for each t,/ T, it is the larger of the two plots 
in Fig. P4.19c. This is the shock spectrum for the full- 
cycle sine pulse force. 
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Problem 4.20 For t 2 ty, the total response is the sum of either Eqs. 


A symmetrical triangular pulse can be expressed as (a), (b) and (c) or Eqs. (c) and (4): 


the superposition of three linear functions as shown. 


_ 2p, t 1 : ; 
u(t) = ee) - te + ee (2sinw,(t — ty/2) — sin 04) 


P(t) t Po | 2(t — tg)  2sinw,(t — ty) 
” P(t) = 2Pp— 49) di _ 2A nd” 
a P, ¢) P. ta i k ty O,tg | 
_ 2p, } 1 . ; : 
aes —— [2 sinw,(t — t7/2) - sinw,(t - tz) - sing,t] 
nla 
(e) 
The total response can be summarized as 
* epee ner 0 <r st,/2 
P, C220 fa Ont ; ie 
ta aye ee i asino,(r - 4) sinoyt| 44/2 st st 
k ty Wate y 2 i : 
Th uc 
€ response to p,(t) is given by Eq. (4.4.2) with E de o,f S te) Lao S4,) > sina 
t, replaced by ¢,/2: Onta . 
: ee t >t, 
t sin wt 
u,(t) = Fabs > 2anat) t>0 (a) 
K \ ty Ontg 
(f) 
T be a ate 
a response to p,(t) is given by Eq. (a) with t replaced which is the same as Eq. (4.9.1) because p,/k = (u,,), 
yt — (tq/2) and p, replaced by —2p,: and w, = 2n/T,. 
w(t) = —2Pe 2 - t4/2) _ 2sino,(t — 2) 
k ta Onta 
t 
r>4 b 
5 (b) 


The response to p,(t) is obtained by replacing t by 
t — t, in Eq. (a): 


HOE rae z 2endatt — 1] t>t, 
k ty Ontg 
(c) 
For 0 < t < 1#,/2, the total response is given by Eq. 
(a). 


For t,/2 < t < tj, the total response is the sum of 
Eqs. (a) and (b): 
u(t) = u(t) + uy(t) 
_~ Po|2t  2sing,t 
tq Dylg 


— eee | ee 


2p, [2(t — ty/2) 2sinw,(t — t,/2) 
ty Orla 


[2sinw,(t — tq/2) - sin ont 


(d) 


ty Orla 
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Problem 4.21 


a) 


ty 
Fig. P.4.21la 


Equation of motion: 


< 
nithpe Po(t/ta) OStSt, (a) 
0 


1. Forced Vibration Phase. 


The response is given by Eq. (4.4.2) with t, replaced 


by ty: 


u(t) ¢ 1 sinwt 


(u,.), tf, ot, @, 


tSt, 


2. Free Vibration Phase. 


The free vibration resulting from u(t,) and u(t,) is 


u(t) = u(ty)cos[w, (t - ty)|+ uta) 
@ 


sinlo,(t-ty)] (Cc) 


n 


From Eq. (b), u(t,) and u(t,) are determined: 


u(t,) = (og) {1-282 


a ,t 
n°d (d) 
(ta) = (Use), 7 (l-cos@ ata) 
d 
Substituting Eq. (d) in Eq. (c) gives 
u(t) sn@, t sing (t-t,) 
= cos@, (t-t,) -——*+ +--+ 
(u, ), Ota ot (e) 
t2t, 
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Rewriting in terms of tg/T, gives 


u(t) cade i 1/7). a 
= cos—— (ft - +o sln—~—(t—t 
T ae T a) 


, (f) 


3. Response Plots. 


The normalized deformation u(t)/ (use), given by 


Eqs. (b) and (f) is plotted as a function of t/T, for 
ta /T, = 1/2 and 2 (Fig. P4.21 b-c). 


t,/T, =1/2 


1 ,u,(t)/(u,), 


Fig. P4.21b 


t,/T,=2 
u,(t)/(u,). 


-” 


Fig. P4.21c 


4. Response Spectrum. 


During the forced vibration phase u is a non- 
decreasing function of ¢. Thus, the maximum value of u 
during this phase can be found by evaluating Eq. (b) at t¢ 
=f d: 


= u(t, ) =e T,, sin ta 
(us), 20 ty T, 


(g) 
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This equation is plotted in Fig. P4.21d. 


Ry 
Forced Response 
ae oe 
11 if ‘ go re ge OR 2 ee 
/ ad ; 
/ 
I 
I 
/ 
/ 
/ 
/ 
7 
1 2 3 4 
Fig. P4.21d 


In the free vibration phase the response of the system 
is given by Eq. (c) with the amplitude 


This equation is plotted in Fig. P4.21e. 


Ry 
| ] Free Response 
/ rm 
i; oe ee i es : 
ii 
/ , 
I 
| { i ~~ Forced Response 


/ 
! ! 
if 


0 y t,/T. 
Fig. P4.2le 


The overall maximum response is the larger of the 
maxima shown in Figs. P4.21d and e. This maximum is 
always given by Eq. (i) and is plotted in Fig. P4.21f to 
obtain the shock spectrum. 


a2 


Overall maximum 


Fig. P4.21f 
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Problem 4.22 


The given excitation is expressed as the superposition 
of four linear functions shown. 


P) 
-P,O = Po 


t-3t, 
th 


P, ©) = Po 


* ‘S t-2t 
Se _ P, (t)=-Po t : 
1 


Fig. P4.22 


The response to p,(t) is given by Eq. (4.2.2) with t. 
replaced by ¢, : 


hy O,b 


This equation can be adapted to write the responses u, (t), 
u,(t) and u,(t) to p,(t), p,(t) and p,(t), respectively: 


aimee 2 sing,(t — ¢ 
u(t) = ~B (tat “3 sent — 1) t>t 


k th O,t, 
(b) 
ays _Po{t — 2t, — sn@,(t — 2t) 1 > 24 
k ty Onty 
(c) 
k ty Ot; 
(d) 


For t < 4, the response is given by Eq. (a): 


u(t) = rats zs sna t<t, (e) 


ty ot} 


For 4 < t < 2h, the response is the sum of Eqs. (a) and 
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rae rata 7 sa | _ Bo! -t _ sino, (t - a 


t, Wnt 


singw,t — sing,(t —t 
ea n ah »} 


hSts 2t 
(f) 


For 2t, S$ t < 3z,, the response is the sum of Eqs. (a), (b) 
and (c): 


t sin @,t 
u(t) = rats = sna) 
hy QO, 


= rae — 4 — sing,(t - 2) 


hy Onh 


_ rat — 24 _ sing, (t - 2) 


k a Q,t, 
or 
u(t) = rat - a oa a [sin o,t-— sinw,(t — t) 
- sin@,(t — 2t,)]} 
24 St < 34 
(g) 


For ¢ 2 3t,, the response is the sum of Eggs. (a), (b), (c), 
and (d): 


ies rats fh ad 


hy @,t; 


e rat — 4 _ sing,(t - 2) 


k th Ot; 
_ Poft - 2ty i sin@,(t — 2t,) 
k ty Ont 
Py {t - 3t, 7 sin@,(t — 3t,) 
k ty Oty 
or 
u(t) = Po} _ [sin M,t - sn@w,(t — t) 
k\ @,t : 


— sin w,(¢ — 2t,)+ sinw,(t — 3t,)] 


t 2 34, (h) 
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The desired solution is given by Eqs. (e), (f), (g) and (h). 
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Problem 4.23 


The response for t 2 3t, is given by Eq. (h) of 
Problem 4.22. After some trigonometric and algebraic 
manipulation this can be rewritten as 


u(t) = Po 


_ Ont. 3t 
sin@,t, sin - sin 0,4 - +1 


nl 
(a) 
The response attains a maximum when 


d. 

Sos cox o,(1-2) = 0 
dt 2 

The first peak occurs at t = t, given by 


3t a 7, t 
eas aaa © 


where T, = 27/0, j 


The maximum response is obtained by evaluating Eq. (a) 
at ¢, given by Eq. (b): 
Po 


u = 


a k 


: : Ont 
sin @,t, sin a (c) 


O,t 
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Problem 4.24 


If ty « T,, the maximum deformation can be 
estimated by assuming that the force of Fig. P4.22 is a 
pure impulse. Its magnitude is 


ta 
t 
t= | pide = 2p, “2 (a) 
3 
0 
From Eq. (4.10.3) the maximum deformation is 
f 2 Dot 
u = = — Oe d 
mo 3mo@ (0) 


Defining (u,,), = p,/k, Eq. (b) becomes 


ty. de tg 
Gai ae ~ 


A plot of Eq. (c) gives the shock spectrum: 


4 
3 
Uo 
(st), 
] 
0 


0 0.2 0.4 0.6 0.8 ] 


ta/Tr 


For t,/T, = 1/4, Eq. (c) gives the approximate 
result: 


u 


Dio ty MO es 
Coy =o 1.047 (d) 


The exact value of the maximum response is given by Eq. 


(c) of Problem 4.23: 
4 
wo = "sin Q,t, sin Onli 
(Us )o Q,b 
where 
Q,t = Ont a = 20 ty = 2nl = x 
3 a1, 3 4 6 
Therefore, 
Uy 4.2 . x 
= —sin— sin— = 0.9885 
iy)o 6 6 ee 
1.047 -—0.9885 
Error = xX 100% = 5.9% 


0.9885 
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Problem 4.25 
(a) During the first half of the excitation, p(t) = P, and 
the response is given by Eq. (4.3.2) where (u,,), = Do[k: 


u(t) 


= 1 - cosa,t 
(Us, )o 


Ost<t,/2 (a) 


For the second half of the excitation, p(t) = — P, and the 
general solution is 


u(t) = Acos@,t + Bsinaw,t — (uy), 
t/2St Sty (b) 


where t = t — t,/2; A and B are to be determined from 
u(t, /2) and u(t, /2). Equation (a) gives 


u(tg/2) = (ug), [1 — cos (@, ty/2)] (c) 
U(tq/2) = (uy), @, sin (@, t,/2) (d) 


Differentiating Eq. (b) gives 
u(t) = —Ag, sin@,t + Ba, cos @,t (e) 
From Eqs. (b) and (c), 
ui = 0) = A ~ (ty)y = (Uy)o Ll 
= A = (uy), [2 — cos @,t7/2] (f) 


— cos (@, t,/2)] 


From Eqs. (d) and (e), 
u(t = 0) = @,B = (uy), @, sin (@, t7/2) 
=> B= (uy),@, sin (Q, t/2) (g) 
Substituting Eqs. (f) and (g) in Eq. (b) gives 
u(t) = (Us), {[2 — cos(@, ty /2)] cos @,(t—t4/2) 
+ sin(@, ty/2) sin, (t-ty/2) - 1} 
tz/2stst, (hb) 


After the force ends at t,, the system vibrates freely and 
the response is 


u(t) = u(ty) cos @,(t — ty) + He) sin ,(t — tz) 
t 2 ty (i) 


This free vibration is initiated by u(t a) and u(t,) 
determined from Eq. (h): 


u(tq) = (Uy)o[2 COS (Wy t4/2) — cos @tz - 1] (j) 


Utz) = (Ug), @, [sin Oty — 2 sin (@, t4/2)] (k) 
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Substituting Eqs. (j) and (k) in Eq. (i) gives 
u(t) = (uy), { [2 cos (, ty/2) -— cos@,tq ~ 1] cos@,(t — ty) 
+ [sinw,t, —2sin(w,t,/2)]sinw,(t — tz) } 
t2t, (1) 


Equations (a), (h) and (1) give the desired results. 


(b) The maximum displacement during the free vibration 
phase is 


, 2 
uy = uty)? + jae 
@ 


n 


which after substituting Eqs. (j) and (k) and much 
trigonometric and algebraic manipulation becomes 


t 
un = 4(uy), sin?( Sat = 4(u,), snt( He) 


n 


The corresponding deformation response factor is 
u 
Ra = oO = 


= = 4 snt( Be) 
(Use )o 2T, 


A plot of Eq. (m) gives the shock spectrum: 


4 
3 
Ra 2 
0% 3 


2 
ta/Tn 


(m) 


(c) If the excitation is considered as a pure impulse, its 
magnitude /= 0, implying zero response, a meaningless 
result. The pure impulse approximation is valid only for 
excitations which are a single pulse. 
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Problem 4.26 
(a) From Example 2.7, weight w = 20.03 kips (empty 
tank), 7, = 0.5sec, and ¢ = 2.75%. Therefore, 
tz/T, = 0.08/0.5 = 0.16 
Because t,/T, < 0.25, the force may be treated as a pure 
impulse of magnitude §= 12kip—sec (see Example 
4.2). Neglecting the effect of damping, 
JI 20 1.2) 27 
1, = 228,022" gy, 
k T,, 8.2 (05) 
The equivalent static force is 
foo = kg = (8.2)1.83 = 15.08 kips 


The resulting shear and bending moment diagrams for the 
tower are as shown: 


15.08 kips 
15.08 kips 1206 kip-ft 
Shear Moment 


(b) The maximum responses of the tank for empty and full 
conditions are summarized next: 


Increasing the mass has the effect of reducing the dynamic 
response. 


. This can be explained by observing that a pure 
impulse of magnitude £ imparts an initial velocity 
u(O0) = J /m which is smaller for the larger mass. 
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Problem 5.1 


Over the time interval t; < ¢ < ¢,,, the excitation 
function is 


p(t) = ®, O<t< Mt (a) 


where At, = t;,, — ¢; and the equation to be solved is 


subject to the initial conditions u(t = 0) = u; and 
u(t = 0) = u;. 


The response u(t) over O < 7 < At, is the sum of 
two parts: (1) free vibration due to initial displacement u; 
and velocity u, at 7 = 0; and (2) response to step force p; 
with zero initial conditions: 


uj; D; 
u(t) = u,cos@,T + —sin@,T + ra — COS @, 7) 


Q, 
(c.1) 
u(t) _ Mi cos @,T + 7 sin @,T (c.2) 


@ 


n Q, 


Evaluate Eqs. (c) at tT = At, ort = 4, + At;: 


n 


: in (@. At. 
U4, = u; Cos(@,At;) + U; [snot | 


(d.1) 
+ ral cos (@,,At;)| 


4, = u;[-@, sin(@,At,)] + u; cos (@,At;) 


B (d.2) 


+ =+q,, sin (@,At;) 


Substituting p; = (p; + Pi41)/2 gives 


uj, = Au, + Bu; + Cp, + Dpj,; (e.1) 

ui, = Au, + Bu, + Cp, + D’Disy (e.2) 
where 
A = cos (q,At;) A’ = -@, sin(@,At,)  (f.1) 
pa B’ = cos(@,At,) (f.2) 

O,, 
1 — cos (@,At,) ; w, sin (@,At,) 

= n t (es = n n I £.3 
" 2k 2k Se 
D= 1 — cos (@,At,; ) D = @,, sin (@,,At; ) (£4) 


2k 2k 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 5.2 
1. Initial calculations. 


Substituting @, = 6.283, k = 10 and At; = 0.1 in 
the equations for A, B ,C , -:-, D’ in Problem 5.1 gives 


A = 0.8090 B = 0.09355 C = 0.009550 D = 0.009550 
A’ = —3.6932 B’ = 0.8090 C’ = 0.1847 D’ = 0.1847 
2. Apply the recurrence Eqs. (e) of Problem 5.1. 


The resulting computations are summarized in Table 
P5.2a and P5.2b, wherein the theoretical result is calculated 
from Eqs. (3.1.6b) and (4.7.3). 


Table P5.2a: Numerical solution using piecewise constant interpolation of excitation 


tj D; Cp; Dp; Bu; Ui; Au; Ui; Theoretical u; 
0.0 0.0000 0.0000 0.0477 0.0000 0.0000 0.0000 0.0000 0.0000 
0.1 5.0000 0.0477 0.0827 0.0864 0.9233 0.0386 0.0477 0.0333 
0.2 8.6602 0.0827 0.0955 0.2894 3.0931 0.2067 0.2554 0.2405 
0.3 10.0000 0.0955 0.0827 0.4682 5.0047 0.5454 0.6742 0.6789 
0.4 8.6603 0.0827 0.0477 0.4682 5.0047 0.9642 1.1918 1.2312 
0.5 5.0000 0.0477 0.0000 0.2030 2.1698 1.2644 1.5628 1.6364 
0.6 0.0000 0.0000 0.0000 - 0.2894 — 3.0931 1.2257 1.5151 1.6031 
0.7 0.0000 0.0000 0.0000 — 0.7575 — 8.0978 0.7575 0.9364 0.9907 
0.8 0.0000 0.0000 0.0000 — 0.9364 — 10.0095 0.0000 0.0000 0.0000 
0.9 0.0000 0.0000 0.0000 — 0.7575 ~ 8.0979 — 0.7575 — 0.9364 — 0.9907 


1.0 0.0000 — 3.0931 - 1.5151 — 1.6031 


Table P5.2b: Numerical solution using piecewise constant interpolation of excitation 


t; Di C’p; D’D;44 A’u; U; Bu; U; Theoretical u; 
0.0 0.0000 0.0000 0.9233 0.0000 0.0000 0.0000 0.0000 0.0000 
0.1 5.0000 0.9233 1.5992 — 0.1763 0.0477 0.7470 0.9233 0.9769 
0.2 8.6602 1.5992 1.8466 — 0.9434 0.2554 2.5024 3.0931 3.2727 
0.3 10.0000 1.8466 1.5992 — 2.4899 0.6742 4.0489 5.0047 5.2953 
0.4 8.6603 1.5992 0.9233 -— 4.4016 1.1918 4.0489 5.0047 5.2953 
0.5 5.0000 0.9233 0.0000 — 5.7718 1.5628 1.7554 2.1698 2.2958 
0.6 0.0000 0.0000 0.0000 -— 5.5955 1.5151 — 2.5024 — 3.0931 ~ 3.2727 
0.7 0.0000 0.0000 0.0000 — 3.4582 0.9364 -— 6.5513 — 8.0978 — 8.5680 
0.8 0.0000 0.0000 0.0000 0.0000 0.0000 — 8.0979 -10.0095 -— 10.5906 
0.9 0.0000 0.0000 0.0000 3.4582 — 0.9364 — 6.5513 — 8.0979 — 8.5680 


1.0 0.0000 -— 1.5151 — 3.0931 ~— 3.2727 
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Problem 5.3 


Solution to this problem is available as Example 5.2 in 
the textbook. 
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Problem 5.4 
1.0 Initial calculations Comparison with Problem 5.3 and theoretical solution: 
m = 0.2533 k = 10 c = 0.1592 Table P5.4b shows this comparison, where the smaller 


lo = 0 ty = 0 At = 0.05sec At is seen to give more accurate results. 
1.1 ty = (Po — Clg — kug)/m = 0 
1.2 uy = uy — wAt + ity (At)?/2 = 0 


a 


1.3 k = m/(Aty + c/2At = 102.91 
1.4 a = m/(At)® — c/2At = 99.73 
lS b=k- [2xm/(At)? | = —192.64 


2.0 Calculation for each time step 
2.1 Dp = p, — au, — bu; 
= p; — 99.73u,;_,; + 192.644; 
2.2 us, = p,/k = p,/102.91 


3.0 Repetition for next time step. Computational steps 2.1 
and 2.2 are repeated for i = 0, 1, 2, 3, ... leading to 
Table P5.4a, wherein the theoretical result is also 


included. 
Table P5.4a: Numerical solution by central difference method 
hi D; Uj) U; B; (Eq. 2.1) Uj,, (Eq. 2.2) Theoretical u;,, 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0042 
0.05 2.5882 0.0000 0.0000 2.5882 0.0251 0.0328 
0.10 5.0000 0.0000 0.0251 9.8448 0.0957 0.1053 
0.15 7.0711 0.0251 0.0957 22.9915 0.2234 0.2332 
0.20 8.6602 0.0957 0.2234 42.1576 0.4096 0.4176 
0.25 9.6593 0.2234 0.4096 66.2938 0.6442 0.6487 
0.30 10.0000 0.4096 0.6442 93.2417 0.9060 0.9060 
0.35 9.6593 0.6442 0.9060. 119.9551 1.1656 1.1605 
0.40 8.6603 0.9060 1.1656 142.8465 1.3880 1.3782 
0.45 7.0711 1.1656 1.3880 158.2206 1.5374 1.5241 
0.50 5.0000 1.3880 1.5374 162.7449 1.5814 1.5665 
0.55 2.5882 1.5374 1.5814 153.9036 1.4955 1.4814 
0.60 0.0000 1.5814 1.4955 130.3811 1.2669 1.2602 
0.65 0.0000 1.4955 1.2669 94.9169 0.9223 0.9245 
0.70 0.0000 1.2669 0.9223 51.3267 0.4987 0.5101 
0.75 0.0000 0.9223 0.4987 4.0973 0.0398 0.0593 
0.80 0.0000 0.4987 0.0398 — 42.0695 — 0.4088 — 0.3832 
0.85 0.0000 0.0398 ~— 0.4088 — 82.7204 — 0.8038 - 0.7751 
0.90 0.0000 — 0.4088 — 0.8038 - 114.0761 -1.1085 © — 1.0802 
0.95 0.0000 — 0.8038 — 1.1085 ~— 133.3771 — 1.2960 — 1.2718 
1.00 0.0000 — 1.1085 — 1.2960 — 139.1210 — 1.3518 — 1.3349 . 
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Table P5.4b 
t; u; (At=0.1) uw (At=0.05) — u; (Theoretical) 


en 


0.00 0.0000 0.0000 0.0000 
0.10 0.0000 0.0251 0.0328 
0.20 0.1914 0.2234 0.2332 
0.30 0.6293 0.6442 0.6487 
0.40 1.1825 1.1656 1.1605 
0.50 1.5808 _ 1.5374 1.5241 
0.60 1.5412 1.4955 1.4814 
0.70 0.9141 0.9223 0.9245 
0.80 — 0.0247 0.0398 0.0593 
0.90 — 0.8968 — 0.8038 - 0.7751 
1.00 — 1.3726 — 1.2960 — 1.2718 


t t 
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Problem 5.5 


1.0 Initial calculations 
m = 0.2533 k = 10 c = 0.6366 


Uy = 0 uw = 0 At = 0.05sec 


— and from Eq. (2.2.4) modified appropriately — 
valid fort 2 0.6 sec. 


The response of systems with ¢ = 0.05 and 


¢ = 0.20 is compared in the accompanying figure; 


1.1 ty = (Py — Clg — kuy)/m = 0 numerical solution gives the peak displacement 
. - 3 u, = 1.5814in. for €= 0.05 and 1.2947in. for 


1.3 k = m/(Aty + c/2At = 107.69 
1.4 a = m/(At) — c/2At = 94.95 
lS b=k- [2m/(Az) | = —192.64 
2.0 Calculations for each time step 
2.1 pi = Pi - aujy — bu; 7 
= Pp ~ 94.95u,, + 192.644; £ = 0.05 (Problem 5.4) 
2.2 ux, = B/k = p,/107.69 aaa 
3.0 Repetition for the next time step. Computational steps “o0 0.2 aA oe oF Lo 


2.1 and 2.2 are repeated for i = 0, 1, 2, 3, ... leading to 
Table P5.5; also included is the theoretical result, 
calculated from Eq. (3.2.5) — valid for t < 0.6 sec 


Time (sec) 


Table P5.5: Numerical solution by central difference method 


t; Di Uj;_} Ui; p; (Eq. 2.1) — uj4 (Eq. 2.2) — Theoretical u,,, 
0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0041 
0.05 2.5882 0.0000 0.0000 2.5882 0.0240 0.0313 
0.10 5.0000 0.0000 0.0240 9.6300 0.0894 0.0984 
0.15 7.0711 0.0240 0.0894 22.0161 0.2044 0.2133 
0.20 8.6602 0.0894 0.2044 39.5535 0.3673 0.3744 
0.25 9.6593 0.2044 0.3673 61.0036 0.5665 0.5704 
0.30 10.0000 0.3673 0.5665 84.2527 0.7824 0.7822 
0.35 9.6593 0.5665 0.7824 106.5884 0.9898 0.9854 
0.40 8.6603 0.7824 0.9898 125.0455 1.1612 1.1530 
0.45 7.0711 0.9898 1.1612 136.7796 1.2702 1.2593 
0.50 5.0000 1.1612 1.2702 139.4247 1.2947 1.2826 
0.55 2.5882 1.2702 1.2947 131.3981 1.2202 1.2087 
0.60 0.0000 1.2947 1.2202 112.1188 1.0412 1.0362 
0.65 0.0000 1.2202 1.0412 84.7074 0.7866 0.7888 
0.70 0.0000 1.0412 0.7866 52.6710 0.4891 0.4980 
0.75 0.0000 0.7866 0.4891 19.5312 0.1814 0.1957 
0.80 0.0000 0.4891 0.1814 — 11.5039 — 0.1068 — 0.0889 
0.85 0.0000 0.1814 — 0.1068 — 37.8014 — 0.3510 — 0.3316 
0.90 0.0000 — 0.1068 — 0.3510 — 57.4792 — 0.5338 - 0.5152 
0.95 0.0000 — 0.3510 — 0.5338 — 69.4929 — 0.6453 — 0.6298 
1.00 0.0000 — 0.5338 — 0.6453 — 73.6329 ~ 0.6838 — 0.6729 


6 


t ' 
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Problem 5.6 


1.0 Initial calculations 2.2 Uy, = B,/k = p,/2.518 


m = 0.2533 k = 10 ¢ = 0.1592 3.0 Repetition for the next time step. Computational steps 


Uy = 0 w& = 0 At = 1/3 sec 2.1 and 2.2 are repeated for i = 0, 1, 2, 3, ... leading to 
- ; Table P5.6; also included is the theoretical result, 

1.1 ty = (Py — Clg — kutg)/m = 0 calculated from Eq. (3.2.5) — valid for t < 0.6 sec 

1.2 uw, = ly — At + ily( At)? iD = 0 — and from Eq. (2.2.4) modified appropriately — 


valid for t > 0.6sec. 


es 2 
Sa m| ee a The central difference method gives meaningless 


14a mI ( At)” ~c/2At = 2.041 results because At/T, = 1/3 exceeds the stability limit of 
1/2. 
15 b = k - [2m/(At)*] = 5.441 
2.0 Calculations for each time step 
2.1 Pj = Pj — au — bu; 
= p, — 2.04lu,_, — 5.441y; 


Table P5.6: Numerical solution by central difference method 


tj D; Uj} Ui; p; (Eq. 2.1) = jy, (Eq. 2.2) — Theoretical u;,; 
0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.8190 
0.33 9.8481 0.0000 0.0000 9.8481 3.9104 1.1595 
0.66 0.0000 0.0000 3.9104 — 21.2744 — 8.4474 — 1.2718 
1.00 0.0000 3.9104 — 8.4474 37.9773 15.0796 0.1998 
1.33 0.0000 — 8.4474 15.0796 — 64.7998 — 25.7299 0.8524 
1.66 0.0000 15.0796 — 25.7299 109.2072 43.3626 — 0.9262 
2.00 0.0000 — 25.7299 43.3626 — 183.4013 — 72.8227 0.1390 
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Problem 5.7 


The solution to this problem is available as Example 
5.3 in the text. Table P5.7 shows the results obtained by the 
average acceleration and central difference methods. For 
this problem, both methods give the peak response with 
roughly the same accuracy. 


Table PS.7 
t; u, (Ex. 5.3) uu, (Ex.5.2) su, (Theoretical) 
(ave. accel.) (cent. diff.) 


0.00 0.0000 0.0000 0.0000 
0.10 0.0437 0.0000 0.0328 
0.20 0.2326 0.1914 0.2332 
0.30 0.6121 0.6293 0.6487 
0.40 1.0825 1.1825 1.1605 
0.50 1.4309 1.5808 1.5241 
0.60 1.4231 1.5412 1.4814 
0.70 0.9622 0.9141 0.9245 
0.80 0.1908 — 0.0247 0.0593 
0.90 — 0.6044 — 0.8968 -— 0.7751 
1.00 — 1.1442 — 1.3726 — 1.2718 
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Problem 5.8 
1.0 Initial calculations Ujyy = Uj + Au, 
m = 0.2533 k = 10 c = 0.1592 U4, = U;, + Au; 
U =0 & =0 po = 0 At = 0.05 sec 3.0 Repetition for the next time step. Steps 2.1 through 2.5 


are repeated for successive time steps and are 


Beh Ug Ag Gly = kup )/m = 0 summarized in Table P5.8a, wherein the theoretical 


1.2 At = 0.05 result is also included. 
13 k=k+ (2/At)c + [4/ary?] m = 421.65 Table P5.8b shows that the smaller Ar gives a more 
accurate value of the peak response. 
14 a= (4/At) m+ 2c = 20.58 Table P5.8b 
b = 2m = 0.5066 t; u; (At=0.1)  u; (At=0.05) u; (Theoretical) 
2.0Calculations for each time step 0.00 0.0000 0.0000 0.0000 
21 AB = Ap + a + Bi, 0.10 0.0437 0.0356 0.0328 
0.20 0.2326 0.2329 0.2332 
= Ap, + 20.58u, + 0.5066u, 0.30 0.6127 0.6390 0.6487 
ape - 0.40 1.0825 1.1400 1.1605 
2.2 Au = Ap;/k = Ap,/421.65 0.50 1.4309 1.5002 1.5241 
2.3. Au, = (2/At) Au, - 2u, = 40Au; - 2u; 0.60 1.4231 1.4673 1.4814 
0.70 0.9622 0.9361 0.9245 
2.4 Ait, = [4/(At)*| (Au, — Ati) — 2ii, 0.80 0.1908 0.0950 0.0593 
. 33 0.90 — 0.6044 - 0.7306 - 0.7751 
= 1600 (Au, — 0.05%) — 2u; 1.00 — 1.1442 ~ 1.2407 — 1.2718 
2.5 Uj, = Uj; + Au; 
Table P5.8a: Numerical solution by average acceleration method 
by DP; i, Ap, AD, Au, Au, Au, u, u; Theoretical u, 
snare 
0.00 0.0000 0.0000 2.5882 2.5882 0.0061 0.2455 9.8212 0.0000 0.0000 0.0000 
0.05 2.5882 9.8212 2.4118 12.4409 0.0295 0.6891 7.9236 0.2455 0.0061 0.0042 
0.10 5.0000 17.7448 2.0711 30.2987 0.0719 1.0049 4.7080 0.9347 0.0356 0.0328 
0.15 7.0711 22.4528 1.5892 52.8861 0.1254 1.1378 0.6073 1.9396 0.1075 0.1053 
0.20 8.6602 23.0601 0.9990 76.0229 0.1803 1.0571 — 3.8381 3.0774 0.2329 0.2332 
0.25 9.6593 19.2220 0.3407 95.1770 0.2257 0.7600 — 8.0436 4.1345 0.4132 0.4176 
0.30 10.0000 11.1784 - 0.3407 106.0635 0.2515 0.2727 — 11.4471 4.8945 0.6390 0.6487 
0.35 9.6593 — 0.2687 — 0.9990 105.2198 0.2495 - 0.3528 —13.5738 5.1672 0.8905 0.9060 
0.40 8.6603 -— 13.8425 —-1.5892 90.4920 0.2146 ~1.0444 —-— 14.0902 4.8145 1.1400 1.1605 
0.45 7.0711 — 27.9327 —-—2.0711 61.3759 0.1456 —1.7177  —12.8435 3.7701 1.3546 1.3782 
0.50 5.0000 -— 40.7762 -—2.4118 19.1735 0.0455 — 2.2858 — 9.8804 2.0524 1.5002 1.5241 
0.55 2.5882 -— 50.6566 — 2.5882 — 33.0564 — 0.0784 — 2.6690 -— 5.4459 - 0.2335 1.5457 1.5665 
0.60 0.0000 —- 56.1025 0.0000 — 88.1614 — 0.2091 — 2.5586 9.8620 — 2.9024 1.4673 1.4814 
0.65 0.0000 -46.2405 0.0000 -135.8272  -0.3221 -1.9633 13.9508 -5.4610 1.2582 1.2602 
0.70 0.0000 — 32.2897 0.0000 ~ 169.1684  -0.4012 — 1.1997 16.5927 — 7.4243 0.9361 0.9245 
0.75 0.0000 — 15.6969 0.0000 — 185.4546 -0.4398 — 0.3453 17.5808 — 8.6239 0.5349 0.5101 
0.80 0.0000 1.8838 0.0000 -— 183.6558 —-— 0.4356 0.5160 16.8712 — 8.9693 0.0950 0.0593 
0.85 0.0000 18.7550 0.0000 — 164.4888  -0.3901 1.3023 14.5825 — 8.4533 -0.3405 — 0.3832 
0.90 0.0000 33.3375 0.0000 - 130.2963 —-— 0.3090 1.9414 10.9796 ~7.1510 -~—0.7306 - 0.7751 
0.95 0.0000 44.3171 0.0000 — 84.7757 - 0.2011 2.3770 6.4439 -5.2096 -1.0397 — 1.0802 
1.00 0.0000 50.7610 -— 2.8327  -— 1.2407 - 1.2718 . 
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Problem 5.9 
1.0 Initial calculations 
m = 0.2533 k =10 ec = 0.1592 
U =0 tw =O po =O At = I/3sec 
1.1 tig = (Po — Cli — kuy)/m = 0 
1.2 At = 1/3sec 
1.3 & = k + (2/At)e + [4/(As)*]m = 20.074 
1.4 a = (4/At)m + 2c = 3.3580 


b = 2m = 0.5066 


3.0 


2.3 Au; = (2/At) Au, — 2u; = 6Au; - 2u; 
2.4 Ai, = [4/(At)*| (Au, — Ati,) ~ 2if 
= 36[Au, — (1/3)u;] -— i 
2.5 uj, = u; + Au; 
U4, = U;, + Au; 
Uji, = U; + Au; 


Repetition for the next time step. Steps 2.1 through 2.5 
are repeated for successive time steps and are 
summarized in Table P5.9; also included is the 


2.0 Calculations for each time step theoretical result, calculated from Eq. (3.2.5) — valid 
Aa . ee < — 1 
2.1 Ap, = Ap, + at, + dii fort < Ore sec and from Eq. (2.2.4) modified 
; . appropriately — valid fort 2 0.6sec. 
= Ap, + 3.3580u; + 0.5066u; 
. The numerical results are in large error but the solution 
2.2 Au; = Ap,/ k = Ap,/20.074 is stable, unlike Problem 5.6. 
Table P5.9: Numerical solution by average acceleration method 
t; D; ui; Ap; AD, Au; Au; Ai; u; u; Theoretical u; 

0.00 0.0000 0.0000 9.8481 9.8481 0.4906 2.9436 17.6616 0.0000 0.0000 0.0000 
0.33 9.8481 17.6616 — 9.8481 8.9838 0.4475 —3.2019 — 54.5348 2.9436 0.4906 0.8189 
0.66 0.0000 — 36.8733 0.0000 — 19.5477 — 0.9738 - 5.3261 41.7898 — 0.2583 0.9381 1.1595 
1.00 0.0000 4.9166 0.0000 —- 16.2615 - 0.8101 6.3083 28.0170 - 5.5844 - 0.0357 — 1.2718 
1.33 0.0000 32.9336 0.0000 19.1151 0.9522 4.2657 — 40.2728 0.7239 — 0.8457 0.1997 
1.66 0.0000 — 7.3393 0.0000 13.0367 0.6494 —6.0825 — 21.8168 4.9896 0.1065 0.8525 
2.00 0.0000 — 29.1561 — 1.0929 0.7559 — 0.9262 
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Problem 5.10 


The solution to this problem is available as Example 
5.4 in the textbook. Table P5.10 compares the numerical 
results obtained from the average acceleration method 
(Example 5.3) and from the linear acceleration method 
(Example 5.4) with the theoretical results. The linear 
acceleration method gives more accurate results. 


Table P5.10 
t; u; (Ex. 5.3) u; (Ex. 5.4) —_u; (Theoretical) 
(ave. accel.) _ (lin. accel.) 


0.00 0.0000 0.0000 0.0000 
0.10 0.0437 0.0300 0.0328 
0.20 0.2326 0.2193 0.2332 
0.30 0.6121 0.6166 0.6487 
0.40 1.0825 1.1130 1.1605 
0.50 1.4309 1.4782 1.5241 
0.60 1.4231 1.4625 1.4814 
0.70 0.9622 0.9514 0.9245 
0.80 0.1908 0.1273 0.0593 
0.90 — 0.6044 — 0.6954 -— 0.7751 
1.00 — 1.1442 — 1.2208 — 1.2718 
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Problem 5.11 
1.0 Initial calculations = 2400 (Au; - 0.05u;) — 34, 
m = 0.2533 k =10 ce = 0.1592 2.5 Uj, = u; + Au; 
Uy = 0 uw =0 po = O At = 0.05 sec Uj, = U; + Au; 
1.1 Uy = (Po = CUy = kuy)/m = 0 U4 = U; + Au; 
1.2 At = 0.05 sec 3.0 Repetition for the next time step. Steps 2.1 through 2.5 
A , are repeated for successive time steps and are 
13k =k + (3/At)e + [6/ (Ar) ]m = 627.48 summarized in Table P5.11a, wherein the theoretical 


result is also included. 


Table P5.11b compares the numerical results using 
At=0.05 and 0.1 sec, and the theoretical results. The 
(6/At) m + 3c = 30.87 smaller Ar gives more accurate results. 


b = 3m + (At/2)c = 0.7639 


14 a 


2.0 Calculations for each time step 
2.1 Ap, = Ap; + au, + bu; 
= Ap, + 30.87u; + 0.76394; 


2.2 Au, = Ap,/k = Ap,/627.48 
2.3 Au; = (3/At) Au; - 3u, — (At/2) 4, 
= 60Au, — 3u, — 0.025u; 
2.4 Aii, = [6/(At)?](Au, — Ati) — 3ii 
Table P5.11a: Numerical solution by linear acceleration method 
q, P; ui; Ap; Ap, Au, Au, Au; Ue; u; Theoretical 
U; 
a ee en 

0.00 0.0000 0.0000 2.5882 2.5882 0.0041 0.2475 9.8994 0.0000 0.0000 0.0000 
0.05 2.5882 9.8994 2.4118 17.6147 0.0281 0.6944 7.9769 0.2475 0.0041 0.0042 
0.10 5.0000 17.8763 2.0711 44.8060 — 0.0714 1.0119 4.7215 0.9419 0.0322 0.0328 
0.15 7.0711 22.5978 1.5892 79.1705 0.1262 1.1442 0.5738 1.9537 0.1036 0.1053 
0.20 8.6602 23.1716 0.9990 114.3455 0.1822 1.0607 — 3.9167 3.0980 0.2298 0.2332 
0.25 9.6593 19.2549 0.3407 143.4420 0.2286 0.7588 — 8.1564 4.1586 0.4120 0.4176 
0.30 10.0000 11.0985 — 0.3407 159.9580 0.2549 0.2655 — 11.5760 4.9175 0.6406 0.6487 
0.35 9.6593 -0.4775 -0.9990 158.6548 0.2528 - 0.3663 — 13.6957 5.1830 0.8955 0.9060 
0.40 8.6603 — 14.1732  -1.5892 136.2945 0.2172 -— 1.0632 - 14.1810 4.8167 1.1484 1.1605 
0.45 7.0711 — 28.3542 -—2.0711 92.1554 0.1469 — 1.7397 — 12.8812 3.7535 1.3656 1.3782 
0.50 5.0000 — 41.2354 -—-2.4118 28.2626 0.0450 — 2.3080 — 9.8494 2.0138 1.5125 1.5241 
0.55 2.5882 —51.0848  -—2.5882 — 50.6946 — 0.0808 — 2.6877 -— 5.3396 — 0.2942 1.5575 1.5665 
0.60 0.0000 — 56.4244 0.0000 — 135.1657 - 0.2154 — 2.5683 10.1178 — 2.9819 1.4767 1.4814 
0.65 0.0000 — 46.3066 0.0000 -— 206.7292  -—0.3295 -— 1.9594 14.2377 -— 5.5502 1.2613 1.2602 
0.70 0.0000 — 32.0688 0.0000 ~ 256.3469 — 0.4085 ~ 1.1817 16.8708 — 7.5096 0.9318 0.9245 
0.75 0.0000 ~ 15.1980 0.0000 — 279.9422 — 0.4461 — 0.3146 17.8106 — 8.6913 0.5233 0.5101 
0.80 0.0000 2.6126 0.0000 — 276.0509  —-0.4399 0.5561 17.0187 -— 9.0059 0.0772 0.0593 
0.85 0.0000 19.6313 0.0000 — 245.8817 - 0.3919 1.3472 14.6235 — 8.4498 — 0.3628 — 0.3832 
0.90 0.0000 34.2548 0.0000 — 193.1193 — 0.3078 1.9853 10.9029 ~ 7.1027 — 0.7546 - 0.7751 
0.95 0.0000 45.1577 0.0000 -— 123.4966 -—0.1968 2.4142 6.2530 - 5.1173 — 1.0624 ~— 1.0802 - 
1.00 0.0000 §$1.4107 — 2.7031 — 1.2592 — 1.2718 
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Table P5.11b 
t; u;(At=0.1) u,(At=0.05)  u; (Theoretical) 


0.00 0.0000 0.0000 0.0000 
0.10 0.0300 0.0322 0.0328 
0.20 0.2193 0.2298 0.2332 
0.30 0.6166 0.6406 0.6487 
0.40 1.1130 1.1484 1.1605 
0.50 1.4782 1.5125 1.5241 
0.60 1.4625 1.4767 1.4814 
0.70 0.9514 0.9318 0.9245 
0.80 0.1273 0.0772 0.0593 
0.90 ~— 0.6954 — 0.7546 - 0.7751 
1.00 — 1.2208 — 1.2592 — 1.2718 
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Problem 5.12 
The governing equation is 
kuisy = P; 
where 
= 5 + = 102.91 
(At) 2At 
and 
i m c 2m 
te oo | ——S Tr a toorh“w 
Pj P; ae | 1 (fs), (At)? i 


HI 


Pp; — 99.730u,_, — ( fs); + 202.64u; 


The solution steps are summarized in Table P5.12. 


Table P5.12: Numerical solution by central difference method 


f; Pj (fs); uj} ui; D; Ui41 Ui) 
0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.05 2.5882 0.2515 0.0000 0.0000 2.5882 0.2515 0.0251 
0.10 5.0000 0.9566 0.0000 0.0251 9.8448 0.9566 0.0957 
0.15 7.0711 2.2341 0.0251 0.0957 22.9915 1.9826 0.2234 
0.20 8.6602 4.0964 0.0957 0.2234 42.1576 3.1398 0.4096 
0.25 9.6593 6.4418 0.2234 0.4096 66.2938 4.2077 0.6442 
0.30 10.0000 7.5000 0.4096 0.6442 93.2417 4.9638 0.9060 
0.35 9.6593 7.5000 0.6442 0.9060 121.5154 5.3659 1.1808 
0.40 8.6603 7.5000 0.9060 1.1808 150.0748 §.5225 1.4583 
0.45 7.0711 7.5000 1.1808 1.4583 177.3219 5.4227 1.7230 
0.50 5.0000 7.5000 1.4583 1.7230 201.2263 4.9704 1.9553 
0.55 2.5882 7.5000 1.7230 1.9553 219.4796 4.0964 2.1327 
0.60 0.0000 7.5000 1.9553 2.1327 229.6683 2.7637 2.2317 
0.65 0.0000 7.5000 2.1327 2.2317 232.0418 1.2207 2.2547 
0.70 0.0000 7.5000 2.2317 2.2547 226.8420 — 0.2746 2.2042 
0.75 0.0000 6.2816 2.2547 2.2042 214.3029 — 1.7237 2.0824 
0.80 0.0000 4.4905 2.2042 2.0824 195.8701 — 3.0095 1.9033 
0.85 0.0000 2.3184 2.0824 1.9033 173.5170 — 3.9632 1.6861 
0.90 0.0000 - 0.0117 1.9033 1.6861 149.5368 - 4.5022 1.4530 
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Problem 5.13 


The solution to this problem is available as Example 
5.5 in the textbook. 
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Problem 5.14 


The solution to this problem is available as Example 
5.6 in the textbook. 
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Problem 6.1 C =1.3328x10~ D =6.6654x10> 
We will solve this. problem by the procedure A’ = 0.19726 B’ = 0.99803 
described in Section 5.2 using piece-wise linear , 
interpolation of u, (¢) with At = 0.02 sec. C’ =9.9101x10% D’ =9.9967x107 


Tidal ealediasan: 2. Apply recurrence Eq. (5.2.5). 


T, =2sec. O,=% Av=0.02 se In these equations, p; =—mu, (t;)=—u, (t;) 
‘i : ; 
and the resulting computations are summarized in 
C=0 wp=0,=" eM =] Table P6.1a and P6.1b. 


sin @ pAt = 0.062791 cos @pAt = 0.99803 3. Plot response history. 


The deformation is plotted as a function of time 


Substituting these in Table 5.2.1 of the book with in Fig, 6.4.1b for ¢ =0. 


m=1 and k=; gives 


A = 0.99803 B = 0.019987 


Table 6.1a: Numerical solution using piece-wise linear interpolation of excitation 


t; Pj Cp; DP ist Bu; UF Au; uj 
0.0000 0.0000 0.0000 -0.0002 0.0000 0.0000 0.0000 0.0000 
0.0200 -2.4318 -0.0003 -0.0001 -0.0005 -0.0243 -0.0002 -0.0002 
0.0400 -1.4050 -0.0002 -0.0000 -0.0013 -0.0626 -0.0011 -0.0011 
0.0600 -0.3821 -0.0001 -0.0001 -0.0016 -0.0801 -0.0025 -0.0025 
0.0800 -1.6521 -0.0002 -0.0002 -0.0020 -0.0998 -0.0043 -0.0043 
0.1000 -2.9259 -0.0004 -0.0003 -0.0029 -0.1445 -0.0067 -0.0067 
0.1200 -4.1958 -0.0006 -0.0002 -0.0043 -0.2141 -0.0102 -0.0102 
0.1400 -2.6325 -0.0004 -0.0001 -0.0056 -0.2798 -0.0152 -0.0152 
0.1600 -1.0692 -0.0001 0.0000 -0.0063 -0.3133 -0.0212 -0.0212 
0.1800 0.4941 0.0001 -0.0001 -0.0063 -0.3142 -0.0275 -0.0275 
0.2000 -1.4205 -0.0002 -0.0002 -0.0063 -0.3174 -0.0337 -0.0338 

Table P6.1b: Numerical solution using piece-wise linear interpolation of excitation 

qi Pj CD; Dist BA, Ui; Au; Ui; 
0.0000 0.0000 0.0000 -0.0243 0.0000 0.0000 0.0000 0.0000 
0.0200 -2.4318 -0.0243 -0.0140 -0.0243 -0.0243 0.0000 -0.0002 
0.0400 -1.4050 -0.0140 -0.0038 -0.0624 -0.0626 0.0002 -0.0011 
0.0600 -0.3821 -0.0038 -0.0165 -0.0799 -0.0801 0.0005 -0.0025 
0.0800 -1.6521 -0.0165 -0.0292 -0.0996 -0.0998 0.0008 -0.0043 
0.1000 -2.9259 -0.0292 -0.0419 -0.1442 -0.1445 0.0013 -0.0067 
0.1200 -4.1958 -0.0419 -0.0263 -0.2136 -0.2141 0.0020 -0.0102 
0.1400 -2.6325 -0.0263 -0.0107 -0.2793 -0.2798 0.0030 -0.0152 
0.1600 -1.0692 -0.0107 0.0049 -0.3127 -0.3133 0.0042 -0.0212 
0.1800 0.4941 0.0049 -0.0142 -0.3136 -0.3142 0.0054 -0.0275 
0.2000 -1.4205 -0.0142 -0.0333 -0.3168 -0.3174 0.0067 -0.0338 
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Problem 6.2 


We will solve this problem by the procedure A=0.99803 B=0.019924 
described in Section 5.2 using piece-wise linear 4 eo . 5 
interpolation of u, (t) with At =0.02sec. C =1.3297x10 D = 6.654910 


A’ =-0.19664 B’=0.99177 
1. Initial calculation. 


os -3 , 3 
T,=2sec. @,= At=0.02sec. C’ =9.9484x102 DD’ = 9.9758x10 


2. Apply recurrence Eq. (5.2.5). 


—_ = - z= 
€=005 Wp =0,y1-¢° =3.1377 In these equations, p; =—miu, (t;)=—u, (t;) 


2 SenAt — 0.99686 sin @ p At = 0.062712 and the resulting computations are summarized in 


Table P6.2a and P6.2b. 


ae 3. Plot response history. 


Substituting these in Table 5.2.1 of the book with The deformation is plotted as a function of time 
m=1 and k=? gives in Fig. 6.4.1b for ¢ =5%. 


Table P6.2a: Numerical solution using piece-wise linear interpolation of excitation 


tj Pi Cp; DP i+) Bu; uj Au; u; 
0.0000 0.0000 0.0000 “0.0002 0.0000 0.0000 0.0000 0.0000 
0.0200 -2.4318 -0.0003 -0.0001 -0.0005 -0.0243 -0.0002 -0.0002 
0.0400 -1.4050 -0.0002 -0.0000 -0.0012 -0.0622 -0.0011 -0.0011 
0.0600 -0.3821 -0.0001 -0.0001 -0.0016 -0.0793 -0.0025 -0.0025 
0.0800 -1.6521 -0.0002 -0.0002 -0.0020 -0.0984 -0.0042 -0.0042 
0.1000 -2.9259 -0.0004 -0.0003 -0.0028 -0.1424 -0.0066 -0.0066 
0.1200 -4.1958 -0.0006 -0.0002 -0.0042 -0.2109 -0.0101 -0.0101 
0.1400 -2.6325 -0.0004 -0.0001 -0.0055 -0.2752 -0.0150 -0.0150 
0.1600 -1.0692 -0.0001 0.0000 -0.0061 -0.3068 -0.0209 -0.0209 
0.1800 0.4941 0.0001 -0.0001 -0.0061 -0.3059 -0.0270 -0.0271 
0.2000 -1.4205 -0.0002 -0.0002 -0.0061 -0.3073 -0.0331 -0.0331 


Table P6.2b: Numerical solution using piece-wise linear interpolation of excitation 


t; Pi CD; Dix; BY, uj A‘u; ui; 
0.0000 0.0000 0.0000 -0.0243 0.0000 0.0000 0.0000 0.0000 
0.0200 -2.4318 -0.0242 -0.0140 -0.0241 -0.0243 0.0000 -0.0002 
0.0400 -1.4050 -0.0140 -0.0038 -0.0617 -0.0622 0.0002 -0.0011 
0.0600 -0.3821 -0.0038 -0.0165 -0.0787 -0.0793 0.0005 -0.0025 
0.0800 -1.6521 -0.0164 -0.0292 -0.0976 -0.0984 0.0008 -0.0042 
0.1000 -2.9259 -0.0291 -0.0419 -0.1412 -0.1424 0.0013 -0.0066 
0.1200 -4.1958 -0.0417 -0.0263 -0.2092 -0.2109 0.0020 -0.0101 
0.1400 -2.6325 -0.0262 -0.0107 -0.2729 -0.2752 0.0030 -0.0150 
0.1600 -1.0692 -0.0106 0.0049 -0.3043 -0.3068 0.0041 -0.0209 
0.1800 0.4941 0.0049 -0.0142 -0.3034 -0.3059 0.0053 -0.0271 


0.2000 -1.4205 -0.0141 -0.0333 -0.3048 -0.3073 0.0065 -0.0331 
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Problem 6.3 ij=0 u,=0 
k=2507.9 a=29421 b6=~-4990.1 
We will solve this problem by the central 


difference method described in Section 5.3 with 2. Calculations for each time step. 


At = 0.02 sec. . 
We apply the recurrence Eq.s (2.1)-(2.3) in Table 
1. Initial calculations. 5.3.1 of the book. In these — equations, 
p, =—miu, (t;) =—u, (t;) and the resulting computations 

T,=2sec @,=0% ¢=0.05 At=0.02sec are summarized in Table P6.3. 


m=1 k=@?=9.8696 c=2¢w, =0.3142 


Ug =0 Ug =0 ; 
3. Plot response history 


Substituting these into Eq.s (1.1)-(1.5) in Table 5.3.1 The deformation is plotted as a function of time in 
of the book gives Fig. P6.3. Note that it is essentially the same as that 


shown in Fig. 6.4.1b with ¢ =5%. 


Table P6.3: Numerical solution by central difference method 


-68.1395 
-83.0730 
-99.0081 


10 
& 
= 
< 
ie) 
2 0 
Bes 
{>} 
Q 
-10 
0 5 10 15 
Time, sec 
Fig. P6.3 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 


Problem 6.4 
_ The equation of motion to be solved is 
mi + cu + ku = —miu,(t), u(t) = U goO(t) (a) 


We have solved a related equation: 


O(t) 


mi + cu + ku = p(t); p(t) 


and its solution is given by Eq. (4.1.7) specialized for 
tT = 0: 


u(t) = h(t) = aH e Sn 


mMOp 


’ sin @of (b) 


Therefore solution to Eq. (a) is Eq. (b) multiplied by 
— mu,,: 
Uo ~ CO, t .: 
u(t) = — e ” " sin Wpt (c) 
Op 


For maximum response, du/dt = 0: 


du u 2 : = 
ae - =e S%.! (_ Cm )sin Wpt + e $x a COs op| 
dt Op 
Ugo — fo,t : = 0 
=~ 6 _ fw, sin @pt + Wp Cos Wpt] = 
Dp 
or 
2 
) yi - ¢ 
tana@pt = —2 = +— 


CO, ¢ 


The maximum occurs at 


tf eee 


t_=-——t a (d) 
Dp - a 


and the maximum response is 


u, = u(t.) = wt exp [- a, t, | sin Opto (e) 
Mp 
From Eq. (d) 
1-2 
Me eae C 


¢ 
. sin@pt, = y1 - 2 (g) 


V1-¢? 


likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Substituting Eqs. (f) and (g) in Eq. (e) and using 
Op = @,vV1 - C* gives 


u 
D = —“T, exp| -——=—- tan 
de ea ¢ 
yi 7% pn 
T, 
nV 
a-(2] D 
T, 
For ¢ = 0, 
Migs esi _ 2M, 
D = SET AV = tiyys A= 
For ¢ = 0.1, 
.8626) . 
es 0.8626 T; V= 0.8626i4,,; roe 27 (0.86 6) | 


10 ae 


n 


These spectra are plotted in the accompanying figure. 
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Problem 6.5 


1. Determine response to the first impulse. 


The ground motion impulse can be represented by the 
effective earthquake force, 


Pegg (t) = —mit, (t) = —mu,,d(t) 


The response of the system to the first impulse is the 


unit impulse response of Eq. (4.1.6) times -mu,,: 


Ugo 


u,(t)=-—sina,,t (a) 


n 


2. Determine response to second impulse. 


U go 


Uy (t) = sing, (t-ty) t2ty (b) 


n 


3. Determine response to both impulses. 


For OStSt,: 
u 
u(t) =-—“sinw,t 
u 
=—-—" sin vile (c) 
Oo, T,, 
For t2tg 
U go : : 
u(t) = — (sina, t—sing, (t—-t,)] 
On 
u t 2t- 
=--—2 2sin Cate d ggg ee fa) 
F 2 2 
2u mm t 
epee AL Wy ea 8 (d) 
Oo, die (ey Ee 


4. Plot displacement response. 


Equations (c) and (d) are plotted for t, /T, = 1/8, 
1/4, 1/2, and 1 in Figs. P6.5a, b, c, and d, respectively. 


5. Determine the peak response during OStStzq . 


The number of peaks in u(t) depend on t, /T,; the 
longer the time t; between the pulses, more such peaks 
occur. The first peak occurs at t, =T,/4 with the 
deformation u, given by 


a | (e) 


Ugg / OW, 


Thus ¢, must be longer than T,, /4 for at least one peak 
to develop during OSt<t,. 


If t, is shorter than 7, /4 no peak will develop 
during O<r<tr, and the response simply builds up from 
zero to u(ty), where 


Juea| _ 5 2tta 


— = S 


Ugg / Op, T,, 


(f) 


The absolute maximum deformation during 
O<t<t, is 
sin 2zt, /T,, ty /T,, <1/4 
u 
iy, /, 2 
ar oe iit ty /T, 21/4 
Equation (g) is plotted in Fig. P6.5e. 
6. Determine the peak response during t 2t,. 
From Eq. (d), the peak deformation u, during t >t, 
is given by 


—“e_ = 2|sin (xt, /T,) (h) 
Ugo / DW, 


Equation (h) is plotted in Fig. P6.5e 
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Uy(t) + (thgo /@n) u(t) + (go /Mn) 


u(t)+ (u,,/@,) 
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Thus, the pseudo-velocity response spectrum for ty = 0.5 
sec. is given by Eq. (i) with ty = 0.5 sec. This is plotted in 


Fig. P6.5g 
: : 

S 

= 
re 1s 

¥ So 
x = 
> 1 
> 
0 05 1 15 2 0.5 
ty /T,, 
0 
0 1 2 3 4 
Fig. P6.5e 
: fa=VWIy 
7. Determine the overall maximum response. 
Fig. P6.5.g 
From Eqs. (g) and (h), the overall maximum response 
is given by 
2| sin(zct,/T,)| t,/T,, 1/4 
u 


(4) es 
leg /@, max of 


1 
tq/T, 24 
2| sin(zt,/T,)| 


(i) 


Equation (i) is plotted t,/T7, in Fig. P6.5f to obtain the 
response spectrum. 


Overall maximum 
2 
As 
3 
= 
+ 
<= 
05 
0 
0 05 1. 15 2 
t,/T, 
Fig. P6.5f 


8. Determine the pseudo-velocity response spectrum. 


Vi _@,D _ Qjlg Uo (j) 
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Problem 6.6 


1. Determine response to the first impulse. 


The ground motion impulse can be represented by 
the effective earthquake force, 


Pett (t) = —mu, (t) = —mi,,0(t) 


The response of the system to the first impulse is the unit 
impulse response of Eq. (4.1.6) times —mu go ° 


Ugo 


u(t) =- sin@,t (a) 


n 


2. Determine response to second impulse. 


U go 


uy (t) = — sin@,(t-tg) ¢t2tg (b) 


n 
3. Determine response to both impulses. 


For OStSty: 


u 
u(t)=-—“sina,t 
n 
u nt 
=-—" sin di (c) 
0, n 
For t2t,: 
Ugo F : 
u(t)=— [sing,t+sing, (t—tz) 
n 
_ go Reems : O,,(2t—ty) 
rs 2 
2u 
=-—= cos.) sin 2 tit) 
n T, T, 21, 
(d) 


4. Plot displacement response. 

Equations (c) and (d) are plotted for ty /T, =1/8, 
1/4, 1/2, and 1 in Figs. P6.6a, b, c, and d, respectively. 
5. Determine the peak response during OSt St, . 


The number of peaks in u(t) depend on t, /T,; the 
longer the time t, between the pulses, more such peaks 
occur. The first peak occurs at t, =7,/4 with the 
deformation u, given by 


Ugo /Q,, 
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Thus ¢, must be longer than T, /4 for at least one peak 
to develop during OS?St,. 


If t, is shorter than T, /4 no peak will develop 
during O<t<z, and the response simply builds up from 


zero to u(ty), where 


ult _ 26t 

[uta)} = $1 eid (f) 

Ugg / Op T,, 

The absolute deformation during O<t<zt, is 
sin2at,/T,  tq/T, 1/4 

u 
ae = (g) 
aiergt Al tT, 214 


Equation (g) is plotted in Fig. P6.6e. 
6. Determine the peak response during t2tq. 

From Eq. (d), the peak deformation u, during t 2 ty 
is given by 


—“2__ = Acos(t4 /T,)| (h) 
/@ 


go n 


Equation (h) is plotted in Fig. P6.6e 
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uy + (it,,/@,) 


Fig. P6.6¢e 


7. Determine the overall maximum response. 


From Eqs. (g) and (h), the overall maximum response 
is given by 


2| cos(at, /T,)| ty/T, S1/4 
uy = 
~ |max. of ty/T, 21/4 
Ugo! Wp max. oO , cos(7t g /T,,)| d n 
(i) 


Equation (i) is plotted t,/T, in Fig. P6.6f to obtain the 
response spectrum. 


Overall maximum 

2 

ree | 
3 
“ 
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+ 
<= 

05 
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8. Determine the pseudo-velocity response spectrum. 


= <ate = So (i 


12 


Thus, the pseudo-velocity response spectrum for ty = 0.5 
sec. is given by Eq. (i) with tg= 0.5 sec. This is plotted in 
Fig. P6.6g. 


0S 
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Problem 6.7 


(a) The equation of motion is 


i a ere 7 _ ( 27t 
mi + cu + ku = —mligg sin| —— | = —(Peff)o sin| —— 
T T 

(a) 


Substituting (uy). = (Pep o/k = tigo/a@, and 
o/o, = T,/T in Eq. (3.2.11) gives the peak deformation 


u 1 


D = —& : - (b) 
on ii - (7,/TY| + [2¢7,/T] 


The peak pseudo-acceleration A = wD iS 


He 1 
go ee —————— ee (c) 


A=u 
[i - n/TY] + (2¢7,/77 


Substituting w/w, = T,/T in Eq. (3.6.4) gives the true 
acceleration 


Leber |? 


me ee h- (7, /T)?P + b¢7, /TP 


o7 (d) 
(b) For ¢ = 0, Eqs. (c) and (d) become identical: 
1 ; 7 1 


ee ee eee eee ee 
T-am] °° h- ain 


(c) Figure 3.2.6a with the abscissa @/@, replaced by 
T,/T and the ordinate by Afii go gives the pseudo- 


acceleration response spectrum. Figure 3.5.1 with the 
abscissa w/w, replaced by 7,/T gives the true- 


acceleration response spectrum. 


13 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 6.8 1. Determine response u(t). 
Case 1: ty/T, #1 
Forced Vibration Phase 


The equation of motion to be solved is 


—miu,, sin(2zt/ty) tStg e 
The response solution is adapted from Eq. (3.1.6b). 


mu + ku = Deg (t) = Substituting @=27/t,, @, =22/T,, p,=mu,, and 


2 « 
? a including a minus sign in Eq. (3.1.6b) gives 
(a) 
with at rest initial conditions. U go / @,  1-(7,/tq) tq 
= Jig ant 
tq T,, 
tSty  (b) 


Free Vibration Phase 


The motion is described by Eq. (4.7.3) with u(t,) 
and u(t,), determined from Eq. (b) : 


‘ " ; 
ees e eT Aen [ante (c.1) 
1-(T,,/ ta)” ta T,, 
8 os 27 t 
u(ty) = oe ot cof 20) 
; 1-(T,,/tg)’ T,, 
Os. es 
go 
eu (c.2) 
Substituting Eq. (c) in Eq. (4.7.3) gives 
0 ee snl Jom Zeta 
“6 2 2 d 
8) t ii go /@? 1-(T, / tg)" ta T, T, 
é 2 2n 
d ~sin Me -1,)00f Hsin Zeer) 
ee T, / 20 
ppc aero La sn( 2) 
t3 1-(T, /tq)? nt T 
i d 
"8° On 
_ UT, /tq)sin(atg 1T,) jaf 2-38) 
1-(T, /tq)" 2T 
t2ty (d) 
8) t 
Fi 
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Case 2: ty/T, =1 
Forced Vibration Phase 
The forced response is now given by Eq. (3.1.13b) 


Ue Sil ee et a eee (e) 
ii,,/'@, 2 T, T, T,, 


Free Vibration Phase 


From Eq. (e) determine 


uty)=2—=2 and (tg) =0 (p 
Qo 


n 


The second equation implies that the displacement in the 
forced vibration phase reaches its maximum at the end of 
this phase. Substituting Eq. (f) in Eq. (4.7.3) gives 


= = 7cOS an 1 
Ugo / QO; ‘ 
t 
= cos 27— t2ty (g) 
7, 
2. Plot response history. 
The time variation of the normalized deformation, 
u(t)/ (ig, /w2), given by Eqs. (b) and (d), is plotted in 


Fig. P6.8a for several values of ty /T, . For the special 
case of ty / T, = 1, Eqs. (e) and (g) describe the response 
of the system and these are also plotted in Fig. P6.8a. The 
static solution is included in these figures. 


15 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


u(t)/i,, 


2 
a 


Qo 


u(t)! ii, 


2 
a 


Qo 


u(t)/i,, 


2 
n 


@ 


0 0.05 0.1 0.15 0.2 


0 0.25 0.5 0.75 1 


2 
n 


Fig. P6.8a 


16 


go 
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3. Determine maximum response. 
The pseudo acceleration 
A= ow u, (h) 
will be determined from u, = max lu (t)| ; 
During the forced vibration phase, the number of 
local maxima and minima depends on tg / T,, ; the longer 


the pulse duration, more such peaks occur. These peaks 
occur at time instants tg when u(t)=0. This condition 


applied to Eq. (b) gives 


27 ty 


27 to 
cos = COS 


ty n 
l 


i 1212; 3 ca i 
1+(tg/T,) % 2 


(to), = 


Only those / for which (to); < tg are relevant. Substituting 
Eq. (i) into Eq. (b) and using Eq. (h) gives 


A 


Ugo 


Sa eh at * 
1-(T,/tq)? 


Qj) 


271 ‘a 271 
SS See 
1+(t,/T,) tq  14+(,/tg) 


At least one local maximum occurs during the ground 
acceleration pulse, irrespective of the tg/T, value. If t,/ 
T, > 1/2 the displacement reverses in sign during the 
excitation and has a negative value at the end of the 
excitation. If tg / T, > 1 a local minimum develops during 
the ground acceleration pulse. If tg/T, > 2 more than one 
local maximum and/or more than one local minimum may 
develop. We define 


Umax = Max u(t) Unin = Min u(t) 
t t 


Figure P6.8b shows Umax/(Ust)o and —Upin/(Ust)o plotted 
as a function of t; / T,. The response spectrum for the 
larger of the two values during the acceleration pulse is 
shown as ‘Forced Response’ in Figure P6.8c. 
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During the free vibration phase, the response is given 
by Eq. (d) and its amplitude is u,; using Eq. (h) gives 


A |2(T,/tq)sin(atq /T,) 
— = ; (k) 
Uso (T,, /ta) —] 


This equation is plotted in Fig. P6.8c. 


For the special case of t7 / T, = 1, the maximum 
response during the forced vibration can be determined 
from Eq. (e): 

u(t)=O= ty) =T, and 

O,U(ty) A 

to =1>—=7 (1) 

u u 


go go 


Similarly, the maximum response during free vibration 
can be determined from Eq. (g): 


= 


: (m) 
u go 

The overall maximum response is the larger of the two 
maxima determined separately for the forced and free 
vibration phases. Figure P6.8c shows that if ty >T,, the 
overall maximum is the largest peak that develops during 
the force pulse. On the other hand, if t7 <T, , the overall 
maximum is given by the peak response during the free 
vibration phase. For the special case of tg = T, , as 
mentioned earlier, the two individual maxima are equal. 
The overall maximum response is plotted against tj /T,, in 
Fig. P6.3d; for each tg / T,, it is the larger of the two plots 
in Fig. P6.8c. This is the pseudo acceleration response 
spectrum for the full-cycle sine pulse ground motion. 


4. True Acceleration Response Spectrum. 

As shown in Section 6.3, for undamped systems: 

ii, = Oat, 
Thus the true acceleration response spectrum is also given 
by Fig. P6.8b-d with the ordinate axis showing iz/ i li go: 
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Problem 6.9 


1. Determine response u(t). 
The equation of motion to be solved is Case 1: tz/T, #1 


~mii,, cos(2nt/ty) tty Forced Vibration Phase 
go a 
mu + ku = Deg (t) = (a) 
0 t>ty 


The response solution of Eq. (a) is 


n 


u(t) 1 t 
5 2 oe | © ae 
with at rest initial conditions. U go } @, 1-(T,/tg) 


a Free Vibration Phase 


The motion is described by Eq. (4.7.3) with 
0 t u(t,) and u(t) determined from Eq. (b) : 


= U go 1 = ce pe 1 
u(ty) = my I(T, its)? eof 2= a 1 (c.1) 


u = t 
u(t, ) == eee In (c.2) 
li @, 1-(T,/tq) T, 
& 


4 Substituting Eq. (c) in Eq. (4.7.3) gives 
go 

27 
aS cos al -1 errs (ia 
lipo /@? 1-(T,/tg) T, T 


ey Res . 20 
~—sin| ——t, |sin—(t-t,) 
T,, T,, 


= rr alle ieee Gt ) 
7 T @ 


© 
~ 


“Viele : ; 


i t 
a 2sin(wt, sin > t olty 
1—(T,, /tq) T, 27, 
Z 
ae bbs 
2U go) 5 t2ty (d) 
Case 2: tg/T, =1 
Forced Vibration Phase 
The forced response is 
0 t u(t) _ at i 27t 


—— = -— sin tS ty (e) 
ty ii p. |? T, T, 


n n 


Free Vibration Phase 


From Eq. (e) determine 
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U sot a 
2 


The second equation implies that the displacement in 
the forced vibration phase reaches its maximum at the 
end of this phase. Substituting Eq. (f) in Eq. (4.7.3) 
gives 


=—77 sin 2m t2ty (g) 


n 
2. Plot response history. 

The time variation of the normalized 
deformation, u(t)/ (Ugo / w?), given by Eqs. (b) and 
(d), is plotted in Fig. P6.9a for several values of tg / 
T,. For the special case of tg/T, = 1, Eqs. (e) and (g) 
describe the response of the system and these are also 


plotted in Fig. P6.9a. The static solution is included 
in these figures. 
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Fig. 6.9a 
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Fig. 6.9a (cont.) 
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Thus the true acceleration response spectrum is also 


given by Figs. P6.9b-d with the ordinate axis showing 
The pseudo acceleration wt fs 
uy if Ugo 


3. Determine maximum response. 


A=02u, (h) 


will be determined from u, = max|u()| .We define 
t 
Umax = Max u(t) Umin = Minu(t) 
t t 


Figure P6.9b shows Umax/(Ust)o aNd —Umin/(Ust)o 
plotted as a function of ty / T,. The response 
spectrum for the larger of the two values during the 
acceleration pulse is shown as “Forced Response” in 
Fig. P6.9c. 


During the free vibration phase, the response 
is given by Eq. (d) and its amplitude is u,; using Eq. 
(h) gives 


(i) 


A _|2sin(7, /T,,) 
ligg | (T,/tg)*-1 
This equation is plotted in Fig. P6.9c. 


For the special case of t7/T, = 1, the maximum 
response during the forced vibration can be 
determined from Eq. (e): 


u(t) =O=> ty =37, /4 and 


@nulto) ag jaa 


Uso Uso 


= 30/4 (j) 


Similarly, the maximum response during free 
vibration can be determined from Eq. (g): 


= (k) 


The overall maximum response is the larger of 
the two maxima determined separately for the forced 
and free vibration phases. The overall maximum 
response is plotted against ty / T, in Fig. P6.9d; for 
each t, / T, it is the larger of the two plots in Fig. 
P6.9c. This is the pseudo-acceleration response 
spectrum for the full-cycle cosine pulse ground 
motion. 


4. True acceleration response spectrum. 


As shown in Section 6.3, for undamped systems: 
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Problem 6.10 
The lateral stiffness of the SDF system is 


, = JEL _ 3 (29-107) 28.1 
by (10.12)? 
The total weight of the pipe is 18.97 x 10 = 189.7 lbs , 


which may be neglected relative to the lumped weight. 
Thus 


= 1.415 kips/in. 


m= — = —— = 0.0078 kip — sec”/in. 


The natural frequency and period are 


@ 


= a{k/m = 13.47 rads/sec 


T, =22/@, = 0.47 sec 


n 


At T, = 0.47sec the response spectrum curve for 
€ = 5% gives A = 0.98. 


The peak value of deformation is 


i 6 . 
Uy = = oe) = 1.9lin. 
Q (13.47) 


n 


The peak value of the equivalent static force is 
A 
fso = MA = (4) = 3 x 09 = 2.7 kips 


The bending moment diagram increases from zero at the 
top to the maximum moment at the base: 


M = 2.7 x 10 = 27kip-ft 
The maximum bending stress is 


Mc _ (27 x 12)(6.625/2) 
I 28.1 


= 38.2 ksi 


26 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 6.11 


For each system we compute @, = {kim and 
T, = 22/o,,. For the computed 7, and ¢ = 5% we read 
one of D, V or A from the design spectrum of Fig. 6.9.4 
multiplied by 0.50; and compute the other two among D, V 
and A. The peak deformation u, = D and the base shear is 
Vio = (A/g)w. These results are summarized in the 


accompanying table. 


sec! sec | in/sec in. 

3.93 1.60} 55.2 14.1 0.562 
5.56 1.13 | 55.2 9.93 0.795 
3.93 1.60] 55.2 14.1 0.562 


Comparing the response of systems (a) and (b), we 
observe that stiffening the tower shortens the natural period 
and reduces the design deformation, but increases the base 
shear; the latter is a disadvantage. 


Comparing systems (a) and (c), both have the same 
natural period and spectral ordinates. However, system 
(c) has twice the mass of system (a), which doubles the 
base shear. 


The preceding comments are restricted to systems 
in the constant-V region of the spectrum. 
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Problem 6.12 


For each system we compute w,=./k/m and 
T, =22/,,. For the computed 7, and ¢=5% we read A 


from the design spectrum of Fig. 6.9.5 multiplied by 0.50 
and compute D and V. The peak deformation u, = D and 


the base shear is V,, =(A/g)w. The results are summarized 
in the accompanying table. 


V 


sec sec in./sec 


9.82 0.64 | 53.24 
(b) | 13.89 0.45 | 37.79 


D in. 


1.355 
1.355 


5.42 


2.71 


9.82 0.64 |} 53.24 5.42 1.355 


Comparing the response of systems (a) and (b), we 
observe that stiffening the tower shortens the natural period 
and reduces the design deformation; however the base 
shear remains unchanged. 


Comparing systems (a) and (c), both have the same 
natural period and spectral ordinates. The deformations of 
the two systems are the same. However, system (c) has 
twice the mass of system (a), which doubles the base shear. 


The preceding comments are restricted to systems in 
the constant-A region of the spectrum. 
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Problem 6.13 


For each system we compute w,=./k/m and 
T, =22/a,,. For the computed 7, and ¢=5% we read A 


from the design spectrum of Fig. 6.9.5 multiplied by 0.50 
and compute D and V. The peak deformation u, = D and 


the base shear is V,, =(A/g)w. The results are summarized 


in the accompanying table. 


Comparing the response of systems (a) and (b), we 
observe that stiffening the tower shortens the natural period 
and increases the base shear; however the deformations 
remain unchanged. 


Comparing systems (a) and (c), both have the same 
natural period and spectral ordinates. The deformations of 
the two systems are the same. However, system (c) has 
twice the mass of system (a), which doubles the base shear. 


The preceding comments are restricted to systems in 
the constant-D region of the spectrum. 
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Problem 6.14 


(a) Frame with rigid beam (El, = ©) 


_ EA _ 24(3 x 10°) (104/12) 
hn? (12 x 12)? 


“ote Oe 2 27.85 rads/sec 
10/386 


= 0.226 sec 


= 20.09 kips/in. 


For T, = 0.226sec and ¢ = 5%, Fig. 6.9.5 scaled 


by 0.50 gives 


A_ _ A _ 1,355 x 386 
2 


= 1355 => D=— = <— = 0.674 in. 
oP (27.85) 


Design quantities 
Deformation, u, = 0.674 in. 

Lateral force, f,, = (A/g)w = 13.55 kips 

Bending moments at top and bottom of columns: 


_ (1355\h _ 1355 x 12 
2-2 


Bending moments in the columns are shown in the 
accompanying diagram. 


= 40.65 kip — ft 


13.55 kips 2-0/4 40.65 
‘Ll eae A 55 a i 
40.65 
M, kip-ft 


(b) Frame with flexible beam (EI = 0) 
es Ee 
h? 


| = 5.02 kips/in. 


oO, = fe = 13.92 rads/sec; T, = 0.452 sec 
m 


For J, = 0.452 sec and ¢ = 5%, Fig. 6.9.5 gives 
Dass pe 2 im: 
g wo (13.92) 


Design quantities 
= 2.7 in. 


fo = (4). = 13.55 kips 
g 


30 


The bending moment at the base of columns is 


1355 — 1355 x 12 = $130 kip—ft 
 * 2 
13.55 2 kips 
13.55 kips 
M, kip-ft 


A rigid beam increases the lateral stiffness by a factor 
of 4 and shortens the natural period by a factor of 2. In the 
constant-A region of the spectrum, this change in T, does 
not affect the lateral force; however, the maximum bending 
moment is halved. The design deformation is reduced by a 
factor of four. 
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Problem 6.15 


h=12’ EI, 


24’ 


3 4 
k = 2| ee | _ 6B x 10°) 104/12) _ soy kips/in. 


h? (12 x 12)? 


ae = 13.92 rads/sec 
Gey 


T, = = 0.452 sec 
OQ, 
For T, = 0.452sec and ¢ = 5%, Fig. 6.9.5 scaled 
by 0.5 gives 
A A _ 1355 x 386 


= 1355 > D= = 2 = 2.7 in. 
wo (13.92)? 


Design quantities 
u, = 2.7 in. 


foo = (4) = 1355 kips 
& 
The bending moment diagram for each column is as 
shown; at the top 


= (Ba - = 1233 12 _ g130kip—ft 


Influence of base fixity 


If the columns are hinged at the base instead of 
clamped, the lateral stiffness is reduced by a factor of 4 and 
the vibration period is lengthened by a factor of 2. In the 
constant-A region of the spectrum, this change in 7, does 


not affect the lateral force; however, the maximum bending 
moment is doubled. The design deformation is quadrupled. 
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Problem 6.16 
From Example 1.2: 
w = 30x30x20=18,000 Ibs=18.0 kips 
m= w/g = 0.04663 kip-sec? /in. 
ky-s = 3858 kips/in. 
kg.w =119.6 kips/in. 
(a) North-South excitation 


1. Determine the natural vibration period. 


7 ae nag | 297, [004583 
" O, kves 3858 


T,, =0219 sec 


2. Determine the pseudo-acceleration. 


From Fig. 6.9.5 scaled by 0.25, the pseudo- 
acceleration for T, = 0.219 sec is 


A =0.25(2.71g) = 0.67752 


3. Compute peak responses. 
The peak lateral displacement u, is 


2 2 
uy =D= Jn) a= (=) (0.6775 x 386) 
27 27 


u, = 0316 in. 


To determine bending moments in the columns, we first 
determine the equivalent static force: 
A 


fso =— Ww = 0.6775 X18.0=1219 kips 
& 


The bending moments in the columns are determined from 
the static analysis of the frame subjected to the equivalent 
static force, fs, = 12.19 kips. 


Each column carries 1/4” of the force: 


MS Ted 
4 


2M = 18. %12 
4 
M =183 kip-ft 


Alternatively, from Eq. (A1.1) in the book with u, = 
Ug, Up = 0, = G, = 0, 
6EI 6x 29000 x 82.8 0.316 
M= 7 Uo = Ore eas eae ea 
h (12 x12) 12 
M =183 kip-ft 


The bending moment diagram drawn on the compression 
side is shown in the accompanying figure. 


18.3 kip-ft 


(b) East-West excitation 


1. Determine the natural vibration period. 


aN = 2p, | 204668 = (124 sec 
Q, kw 119.6 


2. Determine the pseudo-acceleration. 


From Fig. 6.9.5 scaled by 0.25 the pseudo-acceleration 
for T,, = 0.124 sec is 


A =0.25(11L70 x 0124°"™ ¢) = 0.67288 


3. Compute peak responses. 


The peak lateral displacement u, is 


2 2 
u, =D= 3) A= (2) (0.6728 x 386) 
2 20 


u, =01013 in. 
The equivalent static force is 
A 


foo =—w = 0.6728 x18.0=1211 kips 
g 


Neglecting the lateral resistance of the columns, the axial 
force in each brace is 


_ fol4 _ 1214 
Porace  "Cos@ 0.8575 


= 353 kips 
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Problem 6.17 
1. Compute T,,. 


re ye. eee ae ae 


(10x12P (20x12) 


= 4,340+ 0.543 = 4.883 kip/in. 


1 an, [0286 = 0.458 sec 3 w, =13.73 rads/sec 
4.883 


T, 


2. Compute peak deformation u,. 
From spectrum: 


A _ 0.25x2.71xX386 


D =— = —— = 1.39 in. 
ow? (13.73) 
u, = D =1.39 in. 
3. Compute bending moments. 
3EI 
Method 1: M =T2 u, 
3 
Wee : 10° | 39 =724k-in = 60.3k-ft 
(10x12)* 12 


_ 33x10) 104 


41.39 =181k-in = 15.1k- ft 
(20x12)* 12 


long ~ 


Method 2: From u, calculate lateral force for each column 
and then the bending moment. 

(Fy )enort = Kshoro = 4.340X1.39 = 6.03 kip 

M son = 6.03 X10 = 60.3k - ft . 

(F; hong = Ktongo = 0-543X1.39 = 0.755 kip 

M ong = 9.755 X 20 = 15.1k - ft 


The bending moment diagrams for both columns are 
shown. 


60.3 k-ft. 15.1 k-ft. 


Fig. P6.17 


34 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 6.18 


2 we= 100kips 3 


Data: E = 30 x 10° ksi; J, = 320in.*;h = 12 ft; 
€ = 5% 
1. Determine lateral stiffness of the frame. 


Following the procedure of Example 1.1 of the text, 
the 3 x 3 stiffness matrix is 


ay |t 
k = —£|6h 5h? th? 
6h 4h? 5h? 


The equilibrium equations are 


24 6h 6h | (uy fs 
EI. 2 1,2 
£|6h Sh? th? \su¢ = 40 (a) 
6h 4h? Sh* | [uy 0 


From the second and third equations, the joint rotations 
can be expressed as 


ly sn? Ln?) [on 12 fi 
alan Re " uy = —-——4_7 uy, (bd) 
us 1p? 5h? | \6h ih \1 


Substituting Eq. (b) into the first of three equations in 
Eq. (a) gives 


24EI, EI, 12 1 
=| ec _—e2-“ (6h 6h 


120 EI, 
= 3 uy; 
ll A 
(c) 
Thus the lateral stiffness of the frame is 
3 
ide 120 El, = 120 (30 x 10°) (320) = 35.07 kips/in. 


ie i (2x 12) 


2. Calculate natural period. 


w 100 


m=— => = 0.2591 kip - sec? /in. 
g 386 
O, = jas = | = 11.64 rads/sec 
m 0.2591 
T, = cage LL 0.540 sec 


n 


On, 11.64 


3. Determine spectral ordinate. 


From the design spectrum of Fig. 6.9.5, scaled by 
0.5 

A = 0.5(2.71g) = 1.355g 
A__ 1.355 (386) 
w (11.64)? 


n 


D.= = 3.86in. 


4. Determine peak responses. 
The peak lateral displacement is 
uo = 3.86 in. 


To determine bending moments we recover joint 
rotations from Eq. (b): 


1 1 
Mol _ _ 12 lip = ___ 12 (3.86) 
U3, lh {1 11(12 x 12) {1 


The deflected shape at peak response is 


It 
| 
Oo 
(>) 
iw) 
Ne) 
bo 
b 
_—_—_— 
— 
ae 


3.86 in. 
0.02924 0.02924 
6, i 
u, b a u, 
-pl le a, 6? 4), 
L-= c : : 
Hana Ly= 24’ 
0, 
column beam 
Bending moments in columns: 
4El 2 EI 6 El 6EI 
i Ale + c b, +55 uy — He Up 
L. L. L. L. 
2 4El, 6EI, 6El 
M, = Ee 0, + £ 0, + x u, al - Uy 
c c L. L. 


Substituting 0, = 0, 6, = —0.02924, u, = 0, and 
u, = —3.86 and values for E, J, and L, gives 


M, = 6824 kip- in. 
M, = 2925 kip - in. 
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Bending moments in beam: 


4EI 2EI 6EI 6EI 
M, = b 6, + b b, + - u, = a up, 
L, L, L, LD, 
2El 4EI 6E!l 6EL 
M, = po + DO, + seu, =~ wu, 
L, L, L, L, 


Substituting 0, = 6, = —0.02924, u, = u, = 0, and 
values for E, J, and L, gives 


M, = M, = —2925kip-in. 


a 
The bending moment diagram drawn on the compression 
side is shown in the accompanying figure; the units are kip- 
in. 


2925 
2925 
2925 2925 
6824 6824 
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Problem 6.19 
Data: E = 30 x 10° ksi; J,= 320 in’; h = 12ft; £=5% 
1. Determine lateral stiffness of the frame. 
The lateral stiffness of this frame was computed in 


Problem 1.16: 


2EI, _ 2(30x10*)(320) 
kip =———= 2200810 G20 = 6.43 kips/in. 


h? (12x12)? 


2. Calculate natural period. 


m=—= oe = 0.2591 kip- sec? /in. 
8 386 
Kat 


0, =| “Yoas 643 _ 4982 rad/sec 
0.2591 


Br NO YS 
~@, 4982 


n 


3. Determine spectral ordinate. 
From the design spectrum of Fig. 6.9.5, scaled by 0.5, 


A=0.5(1.80x1.261")g = 0.71368 
_ A _ 0.7136x386 _ 


4. Determine peak responses. 
The peak lateral displacement is 
u, = D=1110 in. 
To determine bending moments, we first determine the 
equivalent static force 
fso = KiatUo = 6.43 X1110=714 kips 


Using symmetry, the moment at the beam-column joint 


is 
M = 580.4 = 4 419 = 4782 kip-ft 
2 2 
M 
Cie ane 
2 
12’ 
—— Fo 
fis0 SF s0 2 
y) p 


Moment diagram: 


428.2 kip-ft 


428.2 
428.2 


428.2 


5. Influence of base fixity. 


The above results together with those from Problem 
6.18 are summarized: 


Mop 
(kip-ft) 


Base fixity shortens the period, reduces the design 
deformation, creates a larger bending moment at the base, 
but reduces the bending moment at the beam-column joints. 


a7 
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Problem 6.20 
1. Determine structural properties. 
Lateral Stiffness: k = _ =118.6 kips/in. 


Mass: m=—— = 0.2591 kip - sec? /in. 
8g 


Natural Frequency: w, =./k/m =214 rad/sec 
Natural Period: T,, = 22/@, =0.294 sec 


2. Determine peak lateral displacement. 


From the design spectrum of Fig. 6.9.5, scaled to 
(1/3)g, 


A =3% 271g =0.902 


DA SOX «076 in, 
oy 214 


n 


u, = D=0.76 in. 


3. Compute bending stress. 


For one 
Moy 
—— V5 
h 
Uo 
oe V, 
m\} 
Column: 
Vise ee eo6S 02> Kis 
h? 4 4 
M, =Vy5 = 225% cay ae eee 
fae eee S906 ted 
Ss 170 


4. Compute stress due to axial forces. 


The sketch represents half of the structure, i.e., one 
pair of columns with rigid platform and rigid column bases; 
there is a point of inflection at mid-height of each column. 


38 


Hence, taking moments about one of the inflection points, 
we get the column axial forces due to earthquake to be 


_ 2V,(12 + 6) 
a1 20 


=405 kips 


The axial force in each column due to gravity load is 


w ' 
Poay = ris 25. kips 


The total axial stress is 
_ Peg + Fev _ 405+25 


a A 20 


5. Determine total stress. 


fo = So t+ fq =19.06 + 3.28 = 22.34 ksi 


=3.28 ksi 
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Problem 6.21 


The equation of motion to be solved is 
Ipiig + (k,d* +kyb” ug =—Ipiiggs ttgg =O(t) (a) 
We have solved a related equation: 
mit ku= p(t); p(t) =d(t) (b) 


and its solution is given by Eq. (4.1.7) specialized for T= 
0: 


sin@,t (c) 


u(t) = h(t) =— 


n 


Therefore, solution to Eq. (a) is Eq. (c) multiplied by -Jg 


with m replaced by Io: 
ug(t)=— tOn gina 4 
7] Io, n 
or (d) 
Ug(t) =— sin @,t 
n 
where 


0, =| (e) 
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30x12 


Proplenna:se a = = x 0.00323 = 0582 in 
1. Define structural properties. 
d 20 x12 : 
—_— = ———- x 0. 23 = 0.388 
From Example 2.4: 7 160 zs 0.003 Mm 
b=30 ft; d=20 ft, h=12 ft; w=01 kip/ft? 6. Determine base torque Tp. 
k, =15 kips/in.; ky = 10 kip/in. T, = kgUtg, =18000x 0.00323 = 58.2 kip-ft 
Ig = 20186 kip-sec* -ft 7. Determine bending moment at top and base of column 
ky =18000 kip- ft/rad . 
oO, = [ie =9.44 rad/sec 
lo 
T, = 0.67 sec 


2. Write equation of motion. 
Iolig +kgug =—I olga (t) 
or 
jig + @,Ug = —ii g(t) 

Including damping gives 


lig +26, lig +@rUg = -ii g(t) 


3. Determine spectral ordinate. 


From Fig. 6.9.5 scaled by 0.05, for T, = 0.67 sec. and ; 
C= 5%, M, la ae kip - ft 


For a column clamped at both ends 


A = 0,05(1.80 x 0.677! g) = 013432 


M, => fyh = +44 0388x12 = 2.33 kip-ft 
4. Determine peak rotation. 2 2 
The peak value of rotation is Bending moments in other columns are the same; the 


relative direction can be determined from the direction of 
2A 2 0.1343 x 386 


‘io 0.00323 rad displacements. 
bow? 30x12 (9.44) 


5. Determine displacement at each corner of the roof slab. 


The corner displacements are shown in_ the 
accompanying figure, where 


rwla 


Uy o 
f+ 


@ y a 


a 
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Problem 6.23 


(a) With reference to Fig. P6.23a, the design spectrum is 
determined by the following steps: 


the ground motion: 
= 18in. are 


1. The peak parameters for 
Ugo = 0.50g, u,, = 24in/sec, and u 


plotted. 


2. From Table 6.9.1 the amplification factors for the 84.1 
percentile and 2% damping are obtained: 


Qa ad 3.66, ay = 2.92, and An = 2,42. 


gO g0 


3-5. The ordinates for three branches of the spectrum are: 
b-c: A = 0.50g Xx 3.66 = 1.83g 


c-d: V = 24 x 2.92 


70.08 in./sec 


d-e. D = 18 X 2.42 = 43.56 in. 


The line A 


= 0.50g is plotted for J, < 1/33 sec and 
= 18 in. for 7, 


> 33 sec. 


The transition line b-a is drawn to connect the point 
= 183g at JT, = V8sec to A =0.50g_ at 
= 1/33 sec. Similarly, the transition line e-f is drawn to 
connect the point D = 43.56in. at 7, = 10sec to 
Ug, = 18in. at 7, = 33sec. 


6. 
D 
if 
A 
T, 


The same procedure is used to determine the median 
spectrum, using the amplification factors @, = 2.74, 
dy = 2.03,and ap = 1.63. 


(b) Determine T, and T,. 
At T,, A = 1.83g and V = 70.08 in/sec 


A= vy =f, = ont = an = 
T, A 


—————. | = 0.623 sec 
183 x 386 


n 


At Tj, V = 70.08 in/sec and D = 43.56 in. 


2 
Vel pst aon S38 (2) = 391sec 
T,, V 70.08 
Determine equations for A(T,)/g. 
e 7, S$ 33sec Tg) 0.5 
& 
e 18sec < T, < 0.623 sec BT 1.83 
& 
e 0.623sec < T, < 3.91sec 
A(T,) _ 2@V _ 27”(70.08) _ 11477! 


g gt, eT, 
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e 3.91sec < JT, < 10sec 


2 2 
A(T) -(2) 2. (%) 4356 _ gag 7? 
g T.). 2 fo g 
e 67, 2 33sec 
A(T. 2n\ u 
(Th) (| “8 = 18477? 
g T, g 


e 1/33sec < 7, < 1/8sec: Find equation to straight 
line on log-log paper connecting point b with coordinates 
A/g = 1.83 and T, = 1/8sec to point a with coordinates 
A/g = 0.50 and T, = 1/33 sec. The equation is 


A(T,) 
g 


e 10sec < J, < 33sec: Find equation to straight line 


on log-log paper connecting point e with coordinates 
D = 43.56in. and TJ, = 10sec to point f with 
coordinates D = 18in. and J, = 33sec. The equation is 


= 12.28 yes 


A(T,,) 
g 


= 24.49 7,7" 


Pseudo-acceleration spectrum 
The preceding equations are plotted in Fig. P6.23b 
using log-log scale. 


(c) The same spectrum is plotted using linear scales in 
Fig. P6.23c. 


Fig. P6.9a 
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Fig. P6.9b - 


Ag 


Fig. 6.23b 


Ey EA “ s 
Netural vivention period T.. 500 


Fig. 6.23c 
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Problem 7.1 


(a) For vibration amplitudes smaller than u,, the system is 
vibrating in the linear elastic range. The period of these 
oscillations is 


oa =2n+,/*8 = 2a + nee = 0.502 sec. 
Qo, w 5.2 


and the damping ratio (= 2 %, as given. 


T,, = 


(b) A system vibrating at amplitudes larger than u, yields; 
because it is no longer linear, a natural period or damping 
ratio cannot be defined. 


(c) For the corresponding linear system, 
T,, =0.502 sec. and ¢=2 % 


(d) The peak value f, of the equivalent static force for the 
associated linear system due to the El Centro ground 
motion was determined in Example 6.3: f, =5.72 kips . 


For ground motion scaled up by a factor of 3, 
fo =17.16 kips 

The yield strength of the elastoplastic system is given: 
fy =555 kips 


From Eq. (7.2.1) 
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Problem 7.2 2.0 Calculations for each time step 


The central difference method is modified to include 
a nonlinear restoring force; the remainder of the algorithm 
is unchanged from the implementation for a linear system. 
An outline of the algorithm is listed as follows (for zero 
damping): 


2.1 p; = —m(Uu, ); ~ auj-4 -(f, ) F 


(ar) 


"SD 


i 


2.2 u Pt led 


>>| 


Steps (F 
‘ 2 
1.0 Initial calculations = Hi F 2 fa y= uj1 +2 


m 
T,=0.5 sec. f,=1.37w 
2.3 Determine restoring force at time step i+1 


2.3.1 (Af,), = (Wiss — 4) 


2.3.2(fs) 4, = (fs), + (Afs); 


fy =0125= f, = fy f, = 0125(137w) = 0171w 
At=0.02 sec. uy =0 Uy =0 


Note: p(t) = —mi, (t); pj = —mu, ); 


py —hily _ ~Mliigg — ket 2.3.3 If ( FeJin|> fy then 
1.1 Ug =e SF 
m 
Sagas a 
= (lig) — Oy Up =0 ‘4 QAt 


2 (Fs) ins = Sign fy 
Computational steps 2.1-2.3.3 are repeated for i = 0, 1, 2, 


(a Pes 5500 3, ... leading to Table P7.2 which summarizes the results 
( At)’ for the first 0.2 second duration. The results are also 
shown in Figs. P7.2a-b. 
lda= a = 2500m 
Table P7.2 Numerical solution by Central Difference Method for the first 0.2 seconds 
tj pilm (f)i/ w Ui} uj p,/m Ui+1 
0.00 0 0.0000 0.0000 0.0000 0.0000 0.0000 
0.02 -2.4343 -0.1538 0.0000 0.0000 -2.4343 -0.0010 
0.04 -1.4065 -0.3867 0.0000 -0.0010 -6.1214 -0.0024 
0.06 -0.3825 -0.6193 -0.0010 -0.0024 -9.8043 -0.0039 
0.08 -1.6538 -0.9173 -0.0024 -0.0039 -14.5217 -0.0058 
0.10 -2.9289 -1.3423 -0.0039 "0.0058 -21.2508 -0.0085 
0.12 -4.2002 -1.9479 -0.0058 -0.0085 -30.8377 -0.0123 
0.14 -2.6352 -2.5969 -0.0085 -0.0123 -41.1120 -0.0164 
0.16 -1.0703 -3.1494 -0.0123 -0.0164 -49.8598 -0.0199 
0.18 0.4946 -3.4718 -0.0164 -0.0199 -54.9635 -0.0220 
0.20 -1.4220 -3.6647 -0.0199 -0.0220 -58.0174 -0.0232 
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0 (a) 


f Ww 


(b) 


-0.3 
+ Yield 


(¢) 
— Yield 


0 5 10 
Time, sec 


Fig. P7.2a 


Mit 


-2 -1 0 1 2 
Deformation u, in 


0.3 


(d) 


i/w 


Fig. P7.2b 
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Problem 7.3 
1. Determine response of the corresponding linear 4. Determine response of the system of case 2 to double 
system. the El Centro ground motion. 

u(t) is given in Fig. 7.4.3a; u, = 2.25 in. T, = 0.5 sec., C= 5%, f, = 0.4602w 

DS. = 99S in Excitation: 2 x u, (t) of Fig. 6.1.4; u,, = 0.6383. 

9 =e 
A_ wD _{ 2% * 2.25 = 0.9205 The deformation response u(t) is computed by the 
gg  \05) 386 — average acceleration method using a time step At = 0.02 


sec, which was further subdivided to detect the transition 
from elastic to plastic branches and vice versa, in the force 
deformation relation. The results are shown in Fig. P7.3, 
2. Determine response of the elastoplastic system with which gives Um = 3.50 in. 


f, =05= f, = 0.4602w. 


Peay osi0sy 
8 


2 
uy = Fy _ 0.4602me osenre| 3 =1.125in. 
u(t) is given in Fig. 7.4.3b. k k 20 
3. Determine response of the system with half the strength M(t) = ue) = URES ke 
of Case 2. uy 1.125 
= _ Uy, — 3.50 =3.1] 
fy =0.25 = f,= 0.2301w. ae ies . 


u(t) is given in Fig. 7.4.3c; u,_, = 1.75 in. 
5. Verification. 


fy _ 0.2301 ey . 
By a = —— = 0.2301g on = 0.5625 in. The ductility factor “zis the same in Cases 3 and 4. So 
aes os are the A(t); this is obvious by comparing u(t) in Fig. 
roe u(t) _ u(t) in Fig.7.4.3c 7.4.3¢ + uy (=0.5625 in.) and u(t) in Fig. P7.3 + u, (=1.125 
Uy 0.5625 in.). 
eS ai 
uy 0.5625 
2 
| 1 | 
AULA A nile 
a. 
a -2 
s 
ag -3 
6 u,, = 3.50 in. 
-4 
0 5 10 15 20 25 30 


Time, sec 


Fig. P7.3 
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Problem 7.4 
(a) Excitation: El Centro ground motion. 


1. Determine response of the corresponding linear 
system. 


u(t) is given in Fig. 7.4.3a; u, = 2.25 in. 


D=u, =225 in 

2 2 
caer ea (72) 225 _ 99205 
g g 05). 386 


fo= zea = 0.9205w 
8 


2. Determine response of the elastoplastic system with 


f, =025= f, = 0.2301w. 


u(t) is given in Fig. 7.4.3c, up, = 1.75 in. 


1 um 1 175 


Fy u) 025225 


(b) Excitation: 2x El Centro ground motion. 


3. Determine response of the corresponding linear 
System. 


u(t) is twice of that for case 1; u, = 4.50 in. 


D=u, =450 in. 
f, =1851w 


u, in. 
= 


0 all Aeon Il i 
i \ 


Deformation 


O u,, = 3.50 in. 
0 5 10 


Time, sec 


Fig. P7.4 


4. Determine response of the elastoplastic system with 
fy = 0.25 => f, = 0.4602w. 


The deformation response u(t) is computed by the 
average acceleration method using a time step At = 0.02 
sec, which was further subdivided to detect the transition 
from elastic to plastic branches and vice versa, in the 
force-deformation relation. The results are shown in Fig. 
P7.4; u, = 3.50 in. 


: i _ 0.4602mg 
ae a 

u(t) u(t) in Fig. P7.15 
u 1.125 


T 2 
= o4so2g{ 2 = 1125 in. 
20 


The ductility factors calculated for the two systems with 
normalized strength jf y =0.25are independent of the 


factor by which the ground motion is scaled. 


20 25 30 


Fig. P7.15 
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Problem 7.5 


(a) For f, = 0.5, from Fig. 7.4.3, u, = 1.62 in., and 
u, = 2.25in. Substituting these data in Eq. (7.2.4) 
gives 


u= eee) = 3.11 
0.25 2.25 
(c) For f, = 0.125, u, = 2.07in. and u, = 2.25 in 
0.125 2.25 


I 
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Problem 7.6 e 3.91sec < T, < 10sec: 
-2 
a) The design spectrum for elastic systems with € = 2% Ayn) = 4.46 7, = 1.487 77? 
(a) gn sp ¥ n 
and the selected ground motion was constructed in Problem 546 : rT < Weec 
6.23 and is reproduced in Figs. P7.6a, b and c. The nee a ~ sa 
inelastic spectrum for “ = 3 is determined by the Ay (In) _ 24.49 Tr = 8.16 7.7% 
following steps: g lu 
T, > 33sec: 

1-3. The ordinates for the various branches are . is A(T) 1.8472 

ot = St = 0.6147,” 


b’-c’: Ay = (1.83g) + J2u —- 1 = 0.818g 2 
c’-d.V, = 70.08 + “ = 23.36 in/sec 
d’-e". Dy = 43.56 + uw = 14.52 in. 


4. The ordinate for point fis D, = 18/ = 6in.. Join 
points f’ and e’ by a straight line. For J, > 33sec, 


Dy = 6in. 


5. Join a’, which is the same as a, to point b’. 


6. Draw the line A, = 0.50g for J, < 1/33 sec. 


The resulting design spectrum is shown in Fig. P7.3a. 


(b) and (c). The two spectra of Fig P7.6a are replotted 
in Figs. P7.6b and P7.6c. 


(d) Determine T,,, T,., T., Ty, T,, and Ty. 


ae ce a a aa 602 005 01 02 O5 1 2 5 10 20 50 
Ty = T, = 10,7, = T, = 33; allinsec. Tn, SEC 


At T,, A, = 0.818g and V, = 23.36 in./sec Fig. P7.6a 


(e) Determine equations for Ay (T,,)/8 - 
With reference to the data in Problem 6.23, 
A,(T,) 


Ag 


e T, < Y33sec: = 0.5 


e 1/33sec < T, < 1/8sec: Find equation to the 0.1 


straight line on log-log paper connecting points a’ 
and b’: 


Es) 21689 Ee 


Ayn) = 0.818 te 0.1 1 10 


Tr, SEC 


e 1/8sec < T, < 0.465 sec: 
e 0.465sec < JT, < 3.91sec: Fig. P7.6b 
Ay(T,) _ 1.1477" 

& 


= 0.380 7," 
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2.0 


1.5 


Pseudo-acceleration A or Ay, g 


0 1 2 3 4 5 
Natural vibration period T,, sec 


Fig. P7.6c 
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Problem 7.7 
(a) T, = 0.02 sec 
This system is on the T, <T, branch of the design 


spectrum (Fig. 6.9.4) and Eqs. (7.11.3) apply. For a 
linearly elastic system, A = (1g)0.50 = 0.5g. Then 


fo = (4) = 0.5w 
g 
2 
ig ee |) Aes 10 ant 
we 20 
n 


Substituting for f, and u, in Eq. (7.11.3) gives the 
following results for w=1, 2, 4 and 8: 


1.955x10™° 
3.910x10~ 
7.820x107 


15.640x107? 


0.50 
0.50 


Yielding has no influence on the design force but the 
design deformation is increased proportional to the 
allowable ductility. 
(b) 7, = 0.2 sec 

For this ystem 7} <7, <T; and T, is on the constant- 
A, branch of the design spectrum for all values of uw = 1 
to 8 [(Figs. 7.11.1 and 7.11.5) and Eq. (7.11.4) apply]. For 


a linearly elastic system, A = (2.71g)0.5 = 1.355g. 
Then 
fo = (4) = 1.355w 
g 
2 
ee (Z) A = 0.53in. 
wr 20 


Substituting for f, and u, in Eq. (7.11.4) gives the 
following results for “4 = 1,2, 4 and 8: 


101 
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Yielding reduces the design force by the factor of 
J2u — 1, but increases the design deformation by the 


factor uf {2u - 1. 
(c) JT, = 2 sec 
This system is on the 7, > 7, part of the design 


spectrum (Fig. 6.9.4) and Eq. (7.11.5) apply. For a linearly 
elastic system, 


V = (110.4) (0.50) = 55.2 
A= [22 \v = 0.448¢ 
ci 
0.448w 


Ss 

Hl 
apa 
oo | > 
NWS 

BS 

HI 
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Problem 7.8 


For a system with 7, =2 sec, Fig. 6.9.5 gives 
A= (180g /2)05 = 0.45g. Equation (7.12.1) gives 


A 
ay fy _ 0112 _ 310 
g w w 


and Eq. (7.12.2) leads to 
A 045g 


» Ay 0112g 


Knowing R,, can be computed from Eq. (7.11.2) for 
T,, = 2 sec: 


= R, =4 


Then Eq. (7.12.3) gives 


1f2\ 
=4—| | 0.452 =17.6 in. 
“tm (2) 2 


10 
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Problem 7.9 


For transverse ground motion the viaduct can be 
idealized as an SDF system with its lateral stiffness 
computed from 


y= 3EL 
h3 


(a) 
where E is the elastic modulus of concrete, J is the effective 
moment of inertia of the reinforced concrete cross-section, 
and A is the column length. Based on the American 
Concrete Institute design provisions ACI 318-95, the 
effective EI for circular columns subjected to lateral load is 
given by 


EI = r.t,{02+200* 5] (b) 


c 


where J, is the second moment of area of the gross cross- 
section, E, and E, are the elastic moduli of concrete and 
reinforcing steel, 9, is the longitudinal reinforcement 
ratio, and Y is the ratio of the distances from the center of 
the column to the center of the outermost reinforcing bars 
and to the column edge. 

We selected the following system properties: concrete 
strength = 4 ksi, steel strength = 60 ksi, and y = 0.9. 


The mass of the idealized SDF system is the tributary 
mass for one bent, i.e., the mass of 130 ft length of the 


superstructure: 
sg LO ane kip —sec”/in (c) 
g 386 


The step-by-step procedure described in Section 7.12 
is now implemented as follows: 


1. An initial estimate of by = 0.78 in. 


2. The plastic rotation acceptable at the base of the column 


3. The design displacement given by Eq. (7.12.5) is 
Um =Uy +h@, = 0.78 + 156 x 0.02 = 3.90 in. 


and the design ductility factor is 
= Up [Uy =3.90/0.78 =5 


4. The deformation design spectrum for inelastic systems is 
shown in Fig. P7.9 for 4 =5. Corresponding to u,, = 3.9 
in., this spectrum gives T, = 0.444 sec and k is computed 
by Eq. (7.12.6): | 


2 
x =| -27_| 4378 = 878.4 kips/in 
0.444 


5. The yield strength is given by Eq. (7.12.7): 
fy =kuy =878.4x0.78 = 685.1 kips 


6. The circular column is then designed using ACI 318-95 
for axial force due to dead load of 1690 kips due to the 
superstructure plus 55 kips due to self weight of the column 
and the bending moment due to lateral force = f;: 
M =hf, =106,876 kip-in. For the resulting column 
design, 0, = 3.5%, flexural strength = 118,800 kip-in, and 
lateral strength = 761.5 kips. For p, = 3.5% , Eq. (b) gives 
EI =1.54x10° kip —in? ; using this EJ value Eq. (a) gives 
k = 1219.9 kips/in. The yield deformation is u, = fy /k = 
761.5/1219.9 = 0.62 in. 


7. Since the yield deformation computed in Step 6 differs 
significantly from the initial estimate of u, =0.78 in, 


iteration is necessary. The results of such iterations are 
summarized in Table P7.3. 


The procedure converged after four iterations giving a 
column design with o, = 2.9%. This column has an initial 
stiffness, k = 1058.7 kips/in and lateral yield strength, f, = 
671.5 kips. 


Table P7.9 


k 


is 0 - = 0.02 radians. 
Ul T, 
(secs) 


(kips/in.) 


1219.9 
(0.62 | 3.74 | 6.00 | 0.426 | 953.0 | 594.9 | 2.80 | 


Design f, Design k 


(kips/in.) 


i. \ @ 
(kips) | (%) 


664.6 


1058.7 0.63 
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200 
100 
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ra) 
bo 
0.444 sec 
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Problem 8.1 


1. Determine the shape function. 


u(x,t) =(2x'/L)z 


u(x,t) =(2x/L)z 


2. Draw the free body diagram and write the equilibrium 
equation. 


P(t) 
1, seal gem, (z/2) 


y'Myp = 0 > 
2Z ae 2 22 2, z L 
i— + —+1h—+ 2z)L + m—— 
Fe isaar 25 m, (22) as 
nae © 3z 3L L 
+ cz— + k—— = p(t)= 
mn) 2 4 PS 


Substituting , = m 2/12 and I, = mL? /128 gives 


2m,L  137mL\.. eL). Pee L 
( 3 64 FE (S) ( a AOS 


(a) 

The equation of motion (after dividing by L) is 

mz + G2 + kz = p(t) (b) 
where 

a= 2m, Bim elf g . Ok 

3 64 2 8 

and 

s t 

py = 2 (©) 


likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


The relation between z and the rotation @ about fulcrum O 


is 
L 
z=|—|@ d 
(=) (@ 
Substituting Eq. (d) into Eq. (a) leads to the same equation 
of motion as in Example 8.1. 
3. Determine natural frequency and damping ratio. 
k é 
O,=yo $=7F (e) 
“Vim ov iti 


which are the same as in Example 8.1. 


4. Solve the equation of motion. 


PU) Pon G 


1 ee m F 


7 i 
z(t) = rae — cos@,t) = 73 (1 — cos@,t) (f) 


5. Determine displacements. 
2x , 2x 
tf) = —zt u(x,t) = —2t 
u(x,t) 3 z(t) u(x’, t) 7 (t) (g) 


which are identical to the results in Example 8.1. Thus the 
results are independent of the choice of generalized 
displacement. 
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Problem 8.2 


1. Determine the shape function. 


t)=xd 
P : {i [961/8 
L/8 
= ee 
L L/8 L/8 


2. Draw the free body diagram and write the equilibrium 
equation. 


m(L6/2) P(t) 


k(L6/2) 
L/2 L/2 


m(9L6/8) 
-—L/8 


: G 7 9mL@)9L 
fog ee ok es | ee 
2.2 g | 8 


Substituting I, = mI2/12 and I, = (m/12){(L/4)* + 
(L/4)"] = m12/96 gives 


mO+ 20+ kO = p(t) (a) 
where 
103mi22 _ ee 3 be , 9L 
y= = ‘ k =, d t) =e t 
m Py ,c =C ; and p(t) 3 p(t) 
(b) 


3. Determine natural frequency and damping ratio. 


8 


oa ie _ [ee ye ___ 8 
7 m 103m avin {103kmL* 
(c 


let} 


) 


4. Solve the equation of motion. 


For p(t) = d(t), the solution of Eq. (a) is 


e- C@nt sin ® pt 


(d) 


9L/8 — Cpt F 72 
A(t) 7 a sin @ p 103m Lo p 


where @p = O, 1 —~ @, 
5. Determine displacements. 

u(x,t) = xt) (e) 
where 9(t) is given by Eq. (d). 
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Problem 8.3 


1. Determine the shape function. 


u(x,t) = (8x/9L)z 


2. Draw the free body diagram and write the equilibrium 
equation. 


Substituting J, = mL?/12 and 1, = mL?/96 and dividing 
by L gives 


mi + G2 + kz = p(t) (a) 
where 
103m . 8c - 2k : 9 
m= ,¢ = —>,k = —,and p(t) = — p(t) 
mea’ * ~ OP 9 pit) = 9 P 
(b) 


3. Determine natural frequency and damping ratio. 


; sje DE pie ae 
: m 103m’ av in {103kmL 
(c) 


4. Solve the equation of motion. 


For p(t) = (rt), the solution of Eq. (a) is 
81 6m, 


kis e $% sin Opt = ——— e 
MmOp 103m@p 


where @p = @,V1 - ¢. 


’ sin Mpt 


z(t) = 
(d) 


5. Determine displacements. 


72 - 
u(x,t) = =e = —*_ 


: ‘sin @pt (e) 
OL 103m L@p 


This result is identical to Eqs. (d) and (e) in Problem 8.2, 
i.e., the response is independent of the choice of 
generalized displacement. 
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Problem 8.4 


1. Determine the shape function. 


u(x,t) = x(t) 


/—_—>—+| 
2. Draw the free body diagram and write the equilibrium 
equation. 
(2x/L) P(t) 
O 
x 
(ae Ne 
mxO + cxO + kxé 
YiMy = 0 => 
L/2 L/2 pe 
} (mx@ + cx + kx@)xdx = | = pn) xdx 
-L/2 -L/2 
or 
mL cL kL Lv 
—9+—6+ —O9= — pit) 
12 12 12 6 Pt 
The equation of motion is 
mo + G0 + kO = pit) 
where 
-~ mv . cL kL 
m= eS SS 5 
12 12 12 
and 
2 bg 
p(t) = Pt 


3. Determine natural frequency and damping ratio. 


c 


EE obs 
"Vn Vm’ odin 24{km 
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Problem 8.5 


1. Determine the shape function. 
u(x’,t)=(x7/L)z’ 


u(x,t) =(x/L)z 


=F zt D 
kK 
2. Draw the free body diagram and write the equilibrium 
equation. 
P(t) 
A B mz/2 
k(z-2’) oD (mi2/12)2/L 
k2'/2 C ‘ i 
D 
eo 
YM, = 0 for bar AB > 
an i L 
—— + p(t)—-—k(z -zv)L=0> 
> 9 p(t) 5 ( 
vo 42 2 PO és 
5 5K 
The force in spring BC is 
k 2 
fake - v= + SP (b) 


| Mp = 0 for bar CD > 
2+ 5 : 
—— = + == + = + fl =0 (c) 


Substituting Eq. (b) in Eq. (c) gives 


mi + Gz + kz = p(t) (d) 
where 

m . Cc - k bs 2 
m=—,C = —,k = —,and p(t) = -— ptt e 
m a sen p(t) 5 Pw) (e) 


3. Determine natural frequency and damping ratio. 


E k Cc Cc 
O, = 42 =.,/0.6—; C= == = 0.484 
m m avin ykm 
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Problem 8.6 


1. Determine the generalized properties. 


L 
a = | mx) [woo] dx 
0 
ee 1x? 33 
= —-— - —— =——m 
22 2B 140 
b= [ a@ly’@) 
L 2 
3 3x 3EI 
= ET) |= - =| & = — 
NG: =] v 
Le 


L 
J mx) w(x) ax 
0 


(3x2 1 x? 3mL 
=m] 2 ee 
WA2 2 2-77 8 


2. Determine the natural period. 


idee ye = 1.76; = 3.57 sec 


3. Formulate the equation of motion. 
2+ oz = -Pii,(t); Pf = 1.59 


4. Determine the peak value of z(t). 


For T, = 3.57sec and ¢= 0.05, the design 


spectrum gives 


g @ 


n 
= [D = 25.0in. 
5. Determine peak displacements of the tower. 
3 x 1 x? ), 
u,(x) = Z W(x) = as0( 32: 2 - 335 }in 


6. Determine equivalent static forces. 


~ 3x 1 
f,(x) = Pm(x) y(x) A = nu9( 325 2 - a 2B 


ms = 025(2) = 0126; D =-S = 15.7in. 
357 


=] kip/ft 


M,(L/2) 


7. Compute shear and bending moment at mid-height and 


L 
Vo(L)/2) = J fo() ag = 2,151 kips 


L/2 


[ (e-4)nwae 


L/2 
0.3806 x 10° kip-ft 


L 
Vv, = i f,(O dé = 2,518 kips 
0 


L 
= J Ef,(6 dé = 1108 x 10° kip-ft 
0 
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Problem 8.7 


1. Determine properties of the chimney. 
L = 600 ft 


12.5 
600 


A(x) = 22R,,,(x)t = 373.06 - 0.327x ft’ 


Ryyg(x) = 23.75 - 


x 


150 “4 : 2/2 
=——A = 1738 — (1523 x 10°°)x kip—sec’/ft 
m(x) = > A(x) ( ) x kip—sec?/ 


I(x) = @R3,(x)t = 105,216 — 2769x + 0.243x? 


avg 


= (7.102 x 10°°) x? ft‘ 


El(x) = 5.454 x 10! - (1.435 x 10°) x 


+ (1259 x 10°) x? - 3682x° kip— ft” 


2. Determine m, k, I and Ti 


L 
fi = [ m(x) [yoo] de = 1345 kip-sec?/ft 
0 


cat 
tH 


El(x)[w’(x)] dx = 4835 kips/ft 


m(x) w(x) dx = 2316 kip —sec?/ft 


on OC 


= 1.722 


rl 
Ii 
Ril rn 


o, = i = Yveemdicc se ==" S33isee 
m 0) 


n 
3. Determine the peak value of z(t). 


For T. = 3.313sec and ¢ = 0.05, the design 


n 
spectrum gives 


= = 025 (=) = 01358; D = = 14.58in. 
g 3313 or 


“2, = TD = 25.1in. 
4. Determine peak displacements at the top. 
uj(L) = WL)z, = 25.1in. 
5. Determine equivalent static forces. 
fo(x) = Vm(x) w(x) A 
1.722[1738 - (1523 x 10°) x] x 


ll 


NX 
1 — cos—— | (0.13582) kip/ft 
cos 2 |( g) kip/ 


6. Determine shear and bending moment at mid-height and 
at the base. 


L 
V, (1/2) = [ fo(2 d& = 1426 kips 
L/2 


L 
j (e-F) nwa 
L/2 
0.2399 x 10° kip-ft 


M, (L/2) 


L 
Vine i f,(Odé = 1,739 kips 
0 


L 
M yg = (22 d& = 0.7368 x 10° kip - ft 
0 
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Problem 8.8 
1. Determine properties of the chimney. 
L=600 ft. 
125 
Ryyy (x) = 23.75 - rita 


A(x)=27Ry, (x)t=373.06-0.327x ft? 


_150 
m(x)=35 9 4%) 


= 1.738 —(1523x10°)x kip—sec?/ ft? 


25’ 
Ee 


I(x)=mRgyg’ (x)t=105,216-276.9.x" 
+0.243x?-(7.102x10~>)x?_ft* 
EI(x)=5.454x10-(1.435x10°)x 


+(1.259x10°)x?—36.82x? kip—ft? 


2. Determine m,k ,I, and Ye 


L 
m= [m(x)[w(x)]* dx = 140.6 1kip -sec”/ ft 
0 


eee 2 
k = [ El(x)[w"(x)]7 dx = 515.93kips/ft 
0 


ae 
L = [m(x)w(x)dx = 240.27kip - sec? / ft 
0 


T=L/m=1.709 
WO, =Vk 1m =1.915rad/sec ; T,=22/w,=3.28sec 


3. Determine the peak value of z(t). 


For 7, =3.28sec and ¢=0.05, the design spectrum 


gives: 


A { 9.25(1.80/3.28) = 0.137 
g 


D=A/@,, =1445 in. 
Z, =I'D = 24.7 in. 

4. Determine peak dispalcement at the top. 
u,(L)=w(L)z,=24.7in 

5. Determine equivalent static forces. 


fg(x) =Tm(x)y(x)A 
= 1.709[1.738-(1523x10™ )x] x 
2 3 
OF oiate 
232 273 


6. Determine shear and bending moment at mid-height and 
at base. 


L 
V(L/2) = | fol) dé = 1465 kips 
L/2 


L 
Vio = | F.Qa¢ = 1811 kips 
0 


L 
J (-Z) 202 
L/2 

0.244 x 10° kip-ft 


M , (L/2) 


H 


L 
M yy = | Efo(6) ag = 0759 x 10° kip-f 
0 
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Problem 8.9 
The excitation force over the height is 


p(x,t) = (=) P(t) 
1. Formulate equation of motion. 
mz + kz = p(t) 
nm = 134.5 kip-sec”/ft; k = 483.5 kips/ft; 


L 
Bit) = J plat) wa) dx 
0 


L 
x MX Zz 
= ie pto| ( = cos 3 | ds = 1612 p(t) 


2. Solve the equation of motion. 

Note that 1t,/T, = 0.25/3.313 = 0.075. Because 
t,/T, << 0.25, the excitation can be approximated as a 
pure impulse. Adapting Eq. (4.10.3) to this problem gives 


0.25 


1612 
~ (1345) (1896) J Pe 


0 


0.316 ft = 3.79 in. 


3. Determine peak responses. 
u,(L) = WL)z, = 3.79 in. 


f(x) = wem(x) W(x) Zz, = 1.136m(x) Wx) kip/ft 


L 
V .(L/2) = | fo(d& = 216 kips 
L/2 


L 
M ,(L/2) = i} (e-4] f,(O dé = 36,290 kip-ft 


L/2 


L 
Vio = | fo(G) ag = 263 kips; 
0 


L 
= i} Ef,(€ dé = 111,485 kip-ft 
0 
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Problem 8.10 
1. Determine the shape function. 5. Determine the peak value of z(t). 


For TJ, = 0.3405sec and ¢ = 0.05, the design 


Story Story Floor spectrum gives 


shear drift deflection 


A = 0.25(2.71g) = 0.6775g. 
4.5 w/k ( 7 e; 
0.5w 0.5 wk D= = = 0.768 in. 
4w/k n 
L5w 1.5 w/k z, = I'D = 1.216 (0.768) = 0.934 in. 
AWE 6. Determine floor displacements. 
2.5w 2.5 wk Ug = Wilo > 
uy, = 0.519 in., wy, = 0.830in., u4, = 0.934 in. 
Shape vector: 7. Determine equivalent static forces. 
r 2 
w = (5/9 8/9 1) fo =TmyjA = 
2. Determine generalized properties. 
fio = 1.216 1°) (;] (0.6775g) = 45.8 kips 
3 lo 
a _ 259 w 9 
m = Yi mvj = 162 © 
os : 100)\ (8 
3 35k fay = 1216 (2) (=) (0.6775g) = 73.2 kips 
Dect & 
k= VW; - Wj-1) = ar 
‘m 50 
3 fo = 1.216) — | (1) (0.6775g) = 412 kips 
~ 35 w 0 g 
L = Yi my; = 18 g 
ey 8. Determine story shears and overturning moments. 
Bete pnnuie aataial pono’. Static analysis of the structure with lateral forces f,, 
k kg gives the story shears in Fig. (c) and story overturning 
| 0.520,/—= moments in Fig. (d). 
WES 0.934 in. «41.2kips | 
w = 100 kips 41.2 kips | 
paige ene Viagem: 0.830 B.2 114.4 H 494 kip-ft 
(12 x 12)? | \ 
160.2 
Thus 0.519 45.8 867 
w, = 0-520,,228:3 * 386 = 18.45 rads/sec 
100 
" ‘3 V. M, 
T, = 2% = 0.3405 sec (a) 4) (b) fi (c) Vio @) Mie 


QW 


n 


4. Determine the equation of motion. 


= 1.216 


fon 


Z+ oz = -Ti,(t);T = 


10 
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Problem 8.11 
1. Determine deflections to applied forces. 
story san noor 
w/2 shear drift deflection 
é 25w/12k 
w/2 w/2k 
19w/12k 
2EI3 3w/2 3w/4k 
10W/12k 
5w/2 Sw/6k 


WL 


In this figure, the stiffness of the top story is 


12(E£1/3)  8El 
aay eae 
2. Determine shape vector: 


y=(2/5 19/25 1)" 


3. Determine generalized properties. 


3 
m= > my ;’=1237w/ g 
j=l 


we 3 
k= > kj (W j-W j-1)°=0.797k 
j=l 


~ 3 
L=Y my ;=1.66w/g 
j=l 


4, Determine the natural period. 
o,=Vk /m=0.803Vk/m 

For E = 29000 ksi, J = 1400 in*., and h =12 ft, 
k=108.77 kip/in 


For w= 100 kips, m = w/g = 0.259 kip-sec”/in. 
@, = 16.45 rad/sec 


T, =22/@,, = 0.381sec 
5. Determine the equation of motion. 
T=L/m=1342 


Z+@, z= —1342 ii, (t) 


11 


6. Determine the peak value of z(t). 


For T,=0.38lsec and ¢=0.05 ,the design spectrum 
gives: 
A 


Oo,” 


Al g=2.71x0.25=0.677 ; D= 


= 0.966 in. 


z, = FD =1297 in. 
7. Determine floor displacements. 
Uig=V j% => 
Uy9=0519 ; uy9=0.985 ; u39=1.297 ; all in inches (Fig. a). 
8. Determine equivalent static forces. 
fjo=T'm jy ;A=350.69 myy ; 
=> fin =36.34 5 fo9= 69.04 ;  f59=45.42 ; all in kips (Fig. b). 
9. Determine story forces. 


Static analysis of the structure due to external forces 
fio gives the story shears and floor overturning moments 


in Figs. (c) and (d). 


3728 


1.30 45.42 45.42 
0.99 69.04 114.46 545 
0.52 36.34 150.8 1919 
(8) up ,in (b) fro ikips (c)V, ,kips (d) M, Kips-tt 
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Problem 8.12 
1. Determine the shape function. 
Story Story Floor 
shear drift deflection 
wl2 
3 p/k 
P plk 
2 p/k 
Pp plk 
p/k 
p plk 


Shape vector: 
iy 
w = (V3 2/3 1) 


“ 2. Determine generalized properties. 


3 
- 19 w 
ne) av, =. 
j=l 8 
a 3 k 
k = YW Wj) = 3 
j=l 
3 
~ 3w 
L= 3S my; = =— 
al Jed 28 
Pee e041 
m 


3. Determine the natural period. 


Oo, = ie = 0.5620,|£8 
m w 


100 kips and k = 326.3kips/in. (from 


where w = 
Problem 8.9). 


@, = 19.94 rads/sec; T, = 0.315 sec 


4. Determine the peak value of z(t). 


For T, = 0.315sec and ¢ = 0.05, the design 
spectrum gives 
A = 0.25(2.71g) = 0.6775g; 


D = = 0.6577 in. 
Dy, 
z = TD = 0.935 in. 


12 


5. Determine peak responses. 


The floor displacements using Eq. (8.4.14) are given in 
Fig. (a). The equivalent static forces, calculated from Eq. 
(8.4.15) are shown in Fig. (b). Static analysis of the 
structure gives the story shears and story overturning 
moments in Figs. (c) and (d). 


0.935 in. 48.2 kips 48.2 kips 
0.624 64.2 112.4 [\578 kip-f 
0.312 32.1 sate 1927 
(a) 4 jo (b) fio (c) Vio (d) Mio 
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Problem 8.13 


1. Determine deflections due to applied forces. 


floor 
story story 
w/ ghar drift deflection 
P 11p/6k 
P p/k 
5p/6k 
2EV/3 ‘i aa 
2p/6k 
p p/3k 
\ 
2. Determine shape vector: 
y=(2/11 5/11 1)" 
3. Determine generalized properties. 
an ue 2 
m= ¥ my ; =0.739w/ g 
j=l 
Lee lad 
k=> kj (w j-w ;-1)°=0545k 
j=l 
3 
L=¥ my ;=1136m 
jel 
T=L/m=1537 
4. Determine the natural period. 
o,=V k /m=0.858V k/m 
From Problem 8.11: 
k =108.77 kip/in.; m = 0.259 kip — sec”/ in. 
Substituting in above equation: 
@,, = 1758 rad / sec 
T,,=22/@,,=0.357 sec 
5. Determine the peak value of z(t). 
For 7, =0.357sec and ¢=0.05,the design 


spectrum gives: 


A/g=2.71x0.25=0.677 ; D= Zz 


n 


= 0.846 in 


zZ,=1 D=13 in 
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6. Determine the peak responses. 
Uig=W j25 > 
Uy9=0.236 ; Uy9=0591; uy9=1.3; all in inches. (Fig. a). 
7. Determine equivalent static forces. 
fig=lm,y ; A=401.65 my ; 
=> fig=18.91; f9=47.29 5 f49=52.02 ; all in kips (Fig. b). 


8. Determine story forces. 


Static analysis of the structure due to external forces 
fio gives the story shears and floor overturning moments 


in Figs. (c) and (d). 


4.30 52.02 52.0 
0.59 7.29 99.3 624 
0.27 18.91 118.2 1816 
3235 
(A) Up ,in (b) fio .kips (C)V, ,kips (a) M,,kips-ft 
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Problem 8.14 
Rigid Beams 
k, kips/in ; 
100 
4/5 
150 
3/5 
Nu 
4 150 
2/5 


200 
1/5 


1. Determine generalized properties. 
bes 2 Op 
m= Ym,y, = 0.44 kip — sec” /in 
j=l 


~ 


oo 
It 
Me 


, KW, =“Wia) = 32.0 kips / in 


J 


W 
_ 


5 
~ _ bh 2 scary 
L PL, = 0.647 kip — sec” / in 


P=L/m=1471 
2. Formulate the equation of motion. 
é+o, 2= Ti, (t)=-1471i,(¢) , 


where z is the lateral displacement at the location where 
Ws = 1, in this case the top of the frame. 


3. Determine the natural vibration frequency and period. 
oO, = VEim = 8.528 rad/sec 
T, = 22/@, = 0.737 sec 

Note that the exact value of w,=8.262 rad/sec. 


4. Determine the peak value of z(t). 


For T, =0.737 and ¢=0.05, the design spectrum 
gives 


A/g = 0.25(1.80/0.737) = 0.61; D = A/ aw = 3.244 in. 


2)=1.471 D=4.77 in. 
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5. Determine the peak values ujo of floor displacements. 


se a ves 


=> Uy = 0.95 3 Uy = 190 5 Wyg=2.85 ; 
Uyg=3-80 ; Usg=4.77 ; all in inches. (Fig. a) 
6. Determine equivalent static forces. (Fig. b). 
fjo=l'mw ;A=346.6 my; kips 
=> fig=l7.94 3 fo9=35.88 3 fy9=53.82 ; 
fag=71.76 5 f59=44.85 all in kips 


4.77 44.85 
538 
3.80 
1937 

2.85 53.82 

3982 

1.90 35.88 
0.95 17.94 6458 
9149 
(2) up ,in (>) fio .kips (C)V, ,kips (d) M,,kips-ft 


7. Determine story forces. 


Static analysis of the structure subjected to external 
forces f jo gives the story shears and floor overturning 


moments in Figs. (c) and (d). 
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Problem 8.15 6. Determine the peak value of z(t). 
For T,=0.754sec and ¢=0.05,the design spectrum 
Story Story Floor . 
shear drift deflection gives: 
6w/1200 
A 38 025 =0597 ; D=—4 5 =332in 
w2 -w/200 g T, O, 
|. 80w/1206 
awa ——~w/100 7. Determine the peak values U jo of floor displacements. 
68/1200 
5w/2 5w/300 Uig = W j2, 
48w/1200 


7w/400 = Uy) =1.34 Un9=2.389 49 =3.385 
7w/2 wi 


27w/1200 Uyy=3.98 — Usg=4.28 all in inches. (Fig. a). 
gw/2-—- 9w/400 


8. Determine the equivalent static forces. (Fig. b). 


fjo=T mj ;A=297.03 my; 
In the above figure, w = 100 kips 


= f,,=24.16 =42.94 =60.87 
1. Determine the deflections due to applied forces. fio fro fro 


The static deflections are determined by calculating the fag=T156 fs =38.47 all in kips 


story shears and the resulting story drifts,and adding these 


9. Determine story forces. 
drifts from the bottom to the top to obtain 


Static analysis of the structure subjected to external 


T . 
u = (w/ 1200) (27 48 68 80 86) forces fj gives the story shears and floor overturning 
2. Determine the shape vector. moments in Figs. (c) and (d). 
T 
y =(0314 0558 0.791 0.93 1) 428 [9847 | 98.47 
3. Determine generalized properties. 3.98 71.56 410.0 
5 
m= yim iV ‘ = 0.622 kip — sec”/ in. 3.39 Oe! 170.9 
j=l 
2.39 42.94 213.8 
5 
— _—_ . 2 = 2 i in. 
K= Lk W y j-1)? =4315 kip/in be or ot 
: 2 9255 
ie Ww , =0.801 kip —sec”/ in. 
2 ue : (A) wp ,in (b) fio ikips (C)V, ,kips (d) M,,kips-ft 


fT =L/m=1.289 


4, Determine te natural vibration period. 


o, =Vk | m = 8.329 rad / sec 


T, =22/ w,, = 0.754 sec 
5. Formulate the equation of motion. 


f+ az =—Tii, (t) = -1289ii, (£) 
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Problem 8.16 


1. Determine deflections due to applied force. 
u=(p/600)(3 6 10 14 20)7 
2. Determine the shape vector. 


y=(3 6 10 14 20)" 


floor 
story story : 
k , kips/in 50 kips shear drift displacement 
) 20p/600 
100 Pp p/100 
14p/600 
150 p p/150 
10p/600 
150 P p/150 
6p/600 
ad p p/200 
3p/600 
200 
P p/200 


3. Determine generalized properties. 


P) ~ 5 
i= mys =140.2 5 k= Dk, -y 1)” =12,000 


~ P) ~ ~ 
L = Ymjy,=11.14; P=L/m=0.0795 


4. Determine the natural vibration period. 


o, =Vk /m =9.25 rad/sec 

T,, = 22 /@, = 90.679 sec 
5. Formulate the equation of motion. 

2+ 72 =—Ti, (t) = -0.0795i, (¢) 
6. Determine the peak value of z(t). 


For T,=0.679sec and ¢=0.05 ,the design spectrum 
gives: 


fa 309920 663 Da 
§ qT, @ ; 


n 


= 2.989 in. 


z, =I'D =0.237 in. 
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7. Determine peak responses. 


U ig =VW ;Z 
=> Uy = 0.713 Ugg = 1426 yg =2.37 
Ugy=3.32  — Usg=4.75 all in inches. 


8. Determine equivalent static forces. 
Fio=lm jy ; A=20.345 my ; 


=> fig =1581  fog=3162 fg =52.71 


fgg =73.79 fgg =52.7 all in kips. 
9. Determine story forces. 


Static analysis of the structure subjected to external 
forces fj9 gives the story shears and floor overturning 


moments in Figs. (c) and (d). 


4.75 


52.70 52.7 
73.79 126.5 
52.71 179.2 
31.62 210.8 
15.81 226.6 
9550 
(8) up in (>) fio ,kips (C)V;, ,kips (d) M, ,kips-tt 
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Problem 8.17 
1. Determine the shape function. 
wii) = | J vO eas; 
0 0 
yw4(0) = w(0) = 0 
ee) 
a ae ys i 
i w(x’) =(L- x’) /El 
Le, L = 
C v(x) = L/El 
ie 
Moment diagram Curvature 


W(x’) = i i wr(d)dgd¢; 
0 0 


7? 
W,(0) = 0, W(0) = W(L) = — 
EI 
, ie , L 2 1 3 
— ee! +-_ —- —(x 
ae MRO ae op ea 
ib 4D 
= L) = Sit = L) =-— 
uy W(L) EI Uy W,(L) 3 EI 
2. Determine the natural frequency. 
: 91mL° 
fa = (2m + m)up + my = Doar 
L L 3 
L ” 7 Nye , 4L 
k= | el[vicof ax + | eryier] a’ = 


0 0 
oO, = ie = 0.726 I 
m mL 
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Problem 8.18 


1. Determine a shape function. 
: 0.366 


v(x)= 1- FU- ¥) 
For y, = —1.366, @, = 9.464k/m and the vibration 
1 vy, shape is shown: 


[= 


2. Determine natural frequency. 


k =k) + 2ky =k + 2w) 1.366 


m(x)[w(x)]° dx 


Z 
rT 


Biixteyoiifr = ma + ¥, + vB 


k 2 
ow he 3k + 2H) 


7m milt+ty, + W) 


A plot of w? vs. y, is shown. 


3. Find stationary values of a. 
dw? 
dy, 
4y,(1 + ¥, + Wi) - + 2%) + 2y,) _ 9 
(l+ y+ wy 
=> 2y+2y,-1=0 
=> yw, = 0.366 or —1.366 


For W, = 0.366, @, = 2.536k/m and the vibration 
shape is shown: 


= 0 => 
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Problem 8.19 


Mass =m R 
o.| 


1. Determine the shape function. 


Assume that the slab is rigid in flexure and column is 
axially rigid. The system has two degrees of freedom: 
lateral deflection u(L) and rotation 9 of the slab. To 
represent the system as a generalized SDF system, we 
assume a suitable deflected shape for the column: 


MX 
x) = 1 - cos— 
W(x) oT 


Then 
u(x,t) 


Z W(x) sin @,t'; ug(x) = Z W(x) 
u(x,t) = 0,2, W(x) cos @,t' ; U(x) = @,2, W(X) 


2. Determine E,, and Ex,. 


L 
1 
Es, | 5 Ea) [uray] de 
0 


L 
1 2 ” 2 
Ee J El(x) [wa] dx 


L 


4 4 
1 1 El 
= ay EI (=) | cos” ta = 5 z 
2 2L 2L 64L 


1 : 1 Pe 2 
Ex, = 5 m[u.(L)]° eA [Ww (L)] 
= 50% % [my(L)? + Io w'(L)’| 
2 
ee R? ( =| 
= —@ + a 
2. "7% AD AOE 
2 2 
2.2 “) 
=—@ je ae an 
ae 16 (4 


3. Determine @,,. 


Exo = Eso = O, = 


m1 + (77/16) (R/L)’| 
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Problem 8.20 er , - 
Ex, = a J m(x) [a, (x)] dx 
: 0 
aoe ee es Moment diagram age my oe 
1 m 2 2 1 3 L 
a ae a a ord) [| -—2| de 
0.5 1 2 (EI) 12 3 
1.5 L L/EI 0 
3L 2 
+ | a ree ely FF dx 
6 2 3 
1. Determine the shape function. 2L 
Calculate the deflection due to a unit force applied 7 51m L’ w? 2? 
at the free end: 280(EI)y> " ° 
: as O<x<2L 3. Determine @,,. 
” 2El 
u'(x) = = 
oe Or ge aL Exo = Eso > 
El _ L/2EI _ 1.657 [EI 
Boundary conditions: Op = 51m L’ /280 (El)’ ~ iba m 
u(0) = u(2L) = 0,uw’(2L) = w’(2L") > 
2 
als” -£, O<x<2L 
El \ 12 3 


u(x) = 
1f 15, 3L . 102 
x + — x= 

El\ 6 2 


r+ 20) 2Lsx<3L 


Assumed shape function y(x) = u(x). 
u(x,t) = z, W(x)sin @,t'; u,(x) = z W(x) 


u(x,t) = @, Z, W(x) cos @,t'; u(x) = @, Z, W(X) 


2. Determine E,, and Ex. 
1 3b 
” 2 
p= =| El(x)[ut(x)]} dx 
0 


2 2L Y x 
ee (=) de | GL-»? & 
2EI 2 J 
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Problem 8.21 


The beam shown in Fig. P8.21 is statically 
indeterminate. We will first compute the deflection of the 
simply supported beam by releasing the two bents. Then, 
we’ll solve the unknown reactions in the two bents and the 
total deflection. This is the flexibility method. 


noe 18 .45 


QL p(@)=1 


Fig. P8.21 


1. Determine the total deflection of the beam by the 
flexibility method. 


We will make the structure statically determinate by 
releasing the two bents. The resulting primary structure is a 
simply supported beam. 


1.1 Determine the deflection of the primary structure. 
The deflection ug(x)of a simply supported beam 
under uniform force p(x) =1 is 


x 3 Piad 
= Lo -2Lx" +x a 
Ug (x) AEI, ( ) (a) 
and the deflection at the midspan is 
5L* 
L/2) = b 
Ug (L/2) 38451, (b) 


1.2 Determine the unknown reaction force F at the 
bent. 

Since the structure is symmetric about x=L/2, we 
can utilize the property of symmetry and thus reduce the 
problem to one-degree indeterminacy. It can be shown that 
the deflection of the beam due a unit force at the bent is 
given by 


x 


Wy (2) = (3x7 +2L’?) O0<x<L/3 (c) 
y 
L , L? 
u, (x) = (~3x? +3Lx-—) 
18EI , 9 (d) 


L/3<x<L/2 
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Thus, at x = L/3 the compatibility condition states 

Uy (L/3) + Fu, (L/3)+ F / peg = 0 (e) 
where the first term is computed from Eq. (a) and the 
second term is from Eq. (c) or (d). 

Substituting L = 375 ft, E = 3,000 ksi, J, = 65,550 ft’, x 
= L/3, and ken, =12,940 kip/ft into Eqs. (a) and (c) and 
after some simplifications, the unknown reaction force F in 
the bent is 


__ Uy (L/3) 
u,(L/3)4+1/ Kyent 
F = —58.65 kips 


1.3 Determine the total deflection. 

The total deflection is 

U(X) = Ug (x) + Fu, (x) : (f) 
It is convenient to express F =—58.65kips =-—0.1564L 
kips. Substituting Eqs. (a), (c), and (d) in Eq. (f) gives the 
total deflection: 


u(x) == (0.04167%° — 0.05727 Lx? +0.02429L’) 
y 


O<x<sL/3 (g) 
~2 
u(x) = = (4.167x* —8.333Lx? +2.6065L7 x?” 
y 
+1.5602L?x+0.09654L*) L/3<x<L/2 
(h) 
2. Compute natural frequency. 
From Eq. 8.6.1, specialized for p(x)=1 and 
m(x) =m, the natural vibration frequency is: 
- 
| u(x)dx 
w? : (i) 


aT ee ee 

I, m[u(x)]° dx 

Substituting Eqs. (g) and (h) into Eq. (i) and evaluating the 
integrals using MathCAD gives 


Oo, = ft = 20.612 rad/sec. 
0.00296 


Fis = 0505 sec: 


n 


n 
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Problem 8.22 
1. Determine the mid-span deflection u, of the beam due to 
p(x) =1. 


Substituting L = 375 ft, E = 3,000 ksi, I, = 65,550 ft‘, 
and x=L/2 into Eq. (h) of Problem 8.21, the mid-span 
deflection is 


u, =5.217x10™ ft (a) 
2. Compute natural frequency. 

The deflection is given by 

u(x) =u, sin(zx/ L) (b) 


with u, given by Eq. (a). From Eq. 8.6.1, specialized for 
p(x) =1 and m(x) =m, the natural vibration frequency is: 


‘ [. u(x)dx 


7 eh ©) 
ik m{u(x)]? de 


Substituting Eq. (b) into Eq. (c) with m=18.45/g and 
evaluating the integrals gives 


L 
| Sa ae 
2 0 L 4 
oe L fi! oa 
up | msin* —— dx 4 
0 L 
= ba SE pee = 20.639 rad/sec. 
18.452 -5.217x10> 
T, == =0.304 sec. 
Qo 


n 
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Problem 8.23 
1. Determine the mid-span deflection u, of the beam due to 
p(x) =1. 


Substituting L = 375 ft, E = 3,000 ksi, J, = 65,550 ft’, 
and x=L/2 into Eq. (h) of Problem 8.21, the mid-span 
deflection is 


u, =5.217x10° ft 
2. Determine the deflection u(x). 

The deflection is given by 

u(x) = u,W(x) (a) 
where w(x) will be taken as the deflected shape of a 


simply supported beam without bents. Dividing Eq. (a) of 
Problem 8.21 by Eq. (b), also of Problem 8.21, gives 


eae en (b) 
© 5{/L s L 


Substituting y(x) in Eq. (a) gives 


l6u, | x x) (x\ 
oe] 


3. Compute natural frequency. 


From Eq. 8.6.1, specialized for p(x)=1 and 
m(x) =m, the natural vibration frequency is: 


: i u(x)dx 


7 ea (d) 
ip mlu(x)]? dx 


Substituting Eq. (c) into Eq. (d) with m=18.45/g and 
evaluating the integrals gives 


On, = | = 20.614 rad/sec. 
0.00295 


Los call = 0.305 sec. 
1) 


n 
n 
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Problem 8.24 

Including the torsional stiffness of the bents adds 
another degree of freedom to the system, namely, the 
rotational degree of freedom. Thus, the beam is now 


indeterminate to two degrees. We will use the classical 


flexibility method in solving this problem. 


1. Determine the total deflection of the beam by the 
flexibility method. 


Note that the deflection u g(x) of the simply support 
beam (the primary structure) as well as the deflection 
u,(x) of the beam due to unit lateral force at the bend 
(first released structure) were given by Eqs. (a), (c) and (d) 
of Problem 8.21, respectively. Next, we need to determine 
the deflection u.(x) of the beam due to unit rotational 
moment at the bend. 

It can be easily shown that the deflection of the beam 
due to unit moment at the bent is given by 


#24) = 7 O<xsL/3 (a) 
y 
1 | Lex LY 
ua (8) =———|=-| x- 
2El,| 3 3 
L/3<x<L/2 (b) 


The compatibility conditions at the location of the bents 
(x=L/3) state 


Aro + Fi (Ai + kent + FoAr2 =0 
Ax + FiAg + Fy(Ax +1/kp )=0 


(c) 
(d) 
where the torsional stiffness of the bent, 
kg =1.941x10° 
between the adjacent columns in the bent is 30 ft. 


Substituting L = 375 ft, E = 3,000 ksi, 7, = 65,550 ft’ 
and x = L/3 into Eqs (a) and (c) of Problem 8.21 and Eqs. 
(a) and (b) above, we have 


Aig =U (L/3) =7.903x10™ ft 


kg is 


kips-ft assuming that the distance 


Any =u’, (L/3) = 3.736x10™ rad 
Ay, =u, (L/3) =5.748x10° ft 
Ay, =u’, (L/3) =2.759x107" rad 
Ay =U (L/3) =2.759x107 ft 
Ay =u’, (L/3) =2.207x10~” rad 


Thus, solving Eqs. (c) and (d) simultaneously gives 
F, =-58.56 kips. 


24 


F, =—40.98 kips-ft. 
Finally, the total deflection is 

U(X) = Up (x) + Fyu, (x) + Fyu2 (x) (e) 
where u(x) is defined by Eq. (a) of Problem 8.21; u, (x) 
is defined by Eqs. (c) and (d) of Problem 8.21; and u,(x) 
is given by Eqs. (a) and (b) above. 


2. Compute natural frequency. 


From Eq. 8.6.1, specialized for p(x)=1 and 
m(x) =m, the natural vibration frequency is: 
L 
J u(x)dx 
2=—— (f) 


Sane ee 
I, mlu(x)]? dx 


Substituting Eq. (e) into Eq. (f) and evaluating the integrals 
using MathCAD gives 


Oo, = | = 20.628 rad/sec. 
0.002946 
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t= = 0.305 sec. 


n 
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Problem 8.25 


Infinitely long 


I. 
Fig. P8.25 


1. Determine the generalized mass, generalized stiffness, 
and natural frequency. 
2 


. AX ” NM. OX 
= sin — x) =-—> sin — 
y (x) =sin = WV") =- sin 
L 
m= | msin? 2 de = 
L 9 
(a) 
2 
~ 6 (7? 2 1X m* El 
k=[E FO} sin? a= 
eee L 20° 
(b) 
‘ alee EI 
nn aa tr. s 
fe: ae a (c) 


2. Determine the generalized force. 
The front of the load p(x,t) traveling with a velocity 
v takes time t, = L/v to cross the bridge. At any time ¢ 


its position is as shown in Fig. P8.25. Thus the moving 
load can be described mathematically as 


Po, OSxsvwt OStSt, 
P(x,t)=40 vwt<xsL OStSt, (d) 
Po, OSxSsL t2t, 


From Eq. (8.3.26) the generalized force is 


22 


L 
Be) =| platyy(x) dx 
0 


vi 
Ie p, sin(ax/L)dx O<t<t, 


L 
| p. sin(a/L)dx tt, 
0 


L 1 
Pet) cose O<t<t, 
1 L 


2p,L 
£Po™ t>t d 
1 
(e) 
This generalized force is plotted next: 
Pp 
2poL 
1 


t 
L/v 


Observe that this excitation has some similarity to Fig. 
4.5.1b. 


3. Solve the equation of motion. 


(f) 


mi +kz = p(t) 
Response for 0StStq. 
The particular solution to Eq. (f) can be obtained by 


superposing the steady-state responses to the constant and 
the cosine term on the right-hand side of Eq. (e). The 


steady-state response to the constant term is p, / k , where 
P, = p,L/m, and that for the cosine term is adapted from 
Eqs. (3.2.3) and (3.2.26), noting that ¢ =O and replacing 


p, and k by p, and k respectively. The complete 


solution is obtained by adding the complementary solution, 
given by Eq. (3.1.4), to the particular solution, and 
determining the constants A and B by imposing zero initial 
conditions. The result is 


_2Po 1], mm 
z(t) a c of (mL) cos a 
2 
pe ay 
ar ~(a/LY 
t<L/v (g) 
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Equation (g) is valid ifw, # m/L; otherwise the particular 
solution to the cosine term should formulated similar to 
that in Eq. (3.1.12), noting that the forcing function is a 
cosine function instead of a sine function. 


Response for t2t,. 


The motion is described by Eq. (4.5.3) with z instead 
of u, tq instead of t,, and z(t,) and z(t,z) determined 


from Eq. (g): 


2p, 1 Qo 
zt,)=— 1+ 
(ta) mm 2 2 


2p, 1 (m/L) 


sino ta (i) 
mm Oy wn —(m/LP 


Substituting these in Eq. (4.5.3), using trigonometric 
identities, and manipulating the mathematical quantities, 


we obtain 
2 
z(t) = *Po ae 2S —— cos@,, (t—tg) 
Tn OW, a, — (m/L) 
2 
Je L) 5 COSM,t 
QO, -(m/L) 
t>=L/v—(j) 


The generalized coordinate response is given by Eq. 
(g) while the front of the load is on the bridge span and by 
Eq. (j) after the front has crossed the span. 


4. Determine the deflection at midspan. 
_ 1X 
u(x,t) = z(t)y (x) = z(t) sin 3 (k) 
At midspan, x = L/2 and 


(> z(t) 


Thus the deflection at midspan is also given by Eqs. (g) 
and (j). 
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Problem 8.26 
DP, cosat 
—> v 
m, El 
-——+l vt 
——— oe 
I, 
Fig. P8.26 
1. Determine the generalized mass, generalized stiffness, 
and natural frequency. 
2 
5 te e Mu | 7X 
= sin— = —-—~ sin— 
w(x)=sin= "(x)= - sin 
f L 
fa = | msin? > de = (a) 
L 2 
0 
L a7 4 
b=[fel= sin? ay = 2 (b) 
, AL L 2L 
kn [EI 
oO, == =a c 
n Je Na (c) 


2. Determine the generalized force. 

A load p(x,t) traveling with a velocity v takes time 
t, =L/v to cross the bridge. At any time ¢ its position is 
as shown in Fig. P8.26. Thus the moving load can be 
described mathematically as 
p,cosw@t d(x—vt) OStSty 
0 t2t, 


p(x,t) = | (d) 
where 6(x—vt) is the Dirac delta function centered at 
x=vt; it is a mathematical description of the travelling 
concentrated load. From Eq. (8.3.26) the generalized force 
is 


a 


L 
Be)= | pany) de 
0 


L 
J p,coswt 5(x—vt)sin(rx/L)dx O<tSt, 
0 


0 t2ty 
p,coswtsin(m/L) OS<tSt, 
-| 0 t>ty 
ee O<tSt,y 
0 t2t, 


This can be re-written as 
F bsin(wo + 24/14 )-sin(@—z8/t4)) O<tSt, 
0 t2ty 


(e) 


p(t) = 


3. Solve the equation of motion. 


mi+kz = p(t) (f) 
Forced vibration phase 
The response z(t) can be obtained by superposing the 


responses due to the two sine terms in the right-hand side 
of Eq. (e). The individual responses are adapted from Eq. 
(3.1.6b) by changing the notation from u(t) to z(t), 


substituting for @ with w+zt/t, in one case and with 
w@—mt/t, in the other, and noting that 


_ Po _ 
. Coase 


The result is 


ti = 


z(t) = Po at o+e t 
mL| w? -(w+m/L) L 


n 
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and w, #@-m/L; otherwise Eq. (3.1.13a) should be 


used instead of Eq. (3.1.6b). Thus the deflection at midspan is also given by Eqs. (g) 
Free vibration phase. and (j). 


The motion is described by Eq. (4.7.3) with 
z(t)instead of u(t), and z(t,) and z(t,) determined 
from Eq. (g) : 


Based on Eq. (3.1.6b), Eq. (g) is valid if w, #@+m/L 45 ‘|= 0) 


BeBe ct = sl ae a Be a 
ntl ale iy 


2 { o-alv went snout) 


@, |@?-(@-m/L)* w2-(@+m/L)* 


n 


(h) 


. Po (@-7/L) (@ +7/L) 
a(ty) = 22| ($<, -_ 


mL| \@2-(w-m/L)* @2 -(w+m/L)* 


o,L oL | | 
xX <4COS +cos—— 
y y 


(i) 
Substituting these in Eq. (4.7.3), using trigonometric 
identities, and manipulating the mathematical quantities, 
we obtain 


z(t) = £2 ee eae ee 
mL| | @2-(@-m/L)* 2 -(w+m/L) 


. @L L 
Xsin-—cosq@,| t -— 
Vv Vv 


“4 (@-m/L) (w+ m/L) | 


@, |@2-(w@-m/L)? wo? -(w@+m/L)* 


aL . L : 
X4{cosS-—sing@,| t-— |+sing,t 
Vv Vy 


t>L/v 


The generalized coordinate response is given by Eq. (g) 
while the moving load is on the bridge span and by Eq. (j) 
after the load has crossed the span. 


4, Determine the deflection at midspan. 
. 7X 
u(x,t) = 2(t)W(x) = 2(t) ra (k) 


At midspan, x = L/2 and 
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Problem 9.1 


1. Determine the force vector. 


Introduce a virtual displacements du, along DOF 1. 
The work done by the applied forces p, and pg, and by the 
equivalent forces p, and p, is 


OW = p, (du,) + pg (0) 


(a) 
= p, (Ou) + p2(0) 


Py P, 


Similarly, introduce a virtual displacement du, along DOF 
2. The work done by the applied and equivalent forces is 


OW = 


(b) 


| 

3 
LF aN 
£ 


=) + Dg (dur) 


P; (0) + po (du2) 


From the above equations, the vector of equivalent forces is 


P; 
p = PE + Bp (c) 


2. Determine the stiffness matrix. 


Apply a unit displacement u, = 1 with uw, = O and 
identify the resulting forces and the stiffness influence 
coefficients, k,, and k,,. 


ki 


By statics, 


kk, =k + k ky, = KL 


Similarly, apply a unit displacement u, = 1 with u, = 0 


and identify the resulting forces and the stiffness influence 
coefficients, k,. and k,,. 


By statics, 
ky = KL ky = bE 
Thus the stiffness matrix is 
k, + kp koLb 
Kees. oe (d) 
k,L kL 


3. Determine the mass matrix. 


Impart a unit acceleration wu = 1 with uw = 0, 
determine the distribution of acceleration and _ the 
associated inertia forces, and identify the influence 
coefficients, m,, and m,. 


By statics, 


mL 


p 


m, =m mM, = 


Similarly, impart a unit acceleration u, = 1 with uy, = 0, 
determine the distribution of acceleration and the 
associated inertia forces, and identify the influence 
coefficients, m,. and m.. 


mi 


Inertia forces = (m/L)/x 
a 


Moo x 
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By statics, 


mL mL 
m2 eas 3 
Thus the mass matrix is 
mL 
aa mL mp (e) 
a 8 


4. Write the equations of motion. 


Substituting Eqs. (c), (d) and (e) in Eq. (9.2.12), with 
c = 0, gives 


mL 
"OI fit, Z ky t+ ky kyL | jul _ if 
mL mL | li, kok kyl? ||] rae Pe 
2 3 


(f) 


These two differential equations are coupled because of 
mass coupling and stiffness coupling. 
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Problem 9.2 


P(t) —_p{t) 


mL/3 mL/3 
L/3 L/3 | LB ! 


Part a 


The elastic properties of the beam (neglecting axial 
deformation) are represented by six DOFs: two 
translational displacements and four rotational 
displacements. 


The coefficients of the stiffness matrix corresponding to 
these DOF are computed following Example 9.4. For 
instance, to obtain the first column of the stiffness matrix, 
apply a unit displacement u,=1 while the other 
displacements u, =0, j=2,3,°", 6. Identify the resulting 


elastic forces and the stiffness influence coefficients. 


ky ky 
ks, ke 
k3, kay 
324 E1/L?* 
54 E/L? 
54 E1/L? 
54EI/L? 
324 El/L? 
By statics, 
648 El — 324EI 
ky = i ky = — Pp k;, = 0 
54EI — 54EI 
ky = iz ks = — Pp ke, = 0 


Similarly to obtain the third column, apply u, = 1 with all 
other u; = O and identify the resulting elactic forces and 


the stiffness influence coefficients. 
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k 13 ky 
ky keg 
ky ky 
54EI/L? 
C | 6EI/L 
6EI/L 
WEL gy ML 


Other elements of the stiffness matrix are obtained 
similarly. Apply a unit displacement u; = 1 while u; = 0, 
j # i. Identify the resulting elastic forces and by statics 
obtain the stiffness coefficients k;. 


The complete stiffness matrix is 


648 -324' 0 54L -54L 0 

324 648'-54L 0 0 S4L 

EI| 0 —-54L' 242 62 62 0 
K-73] saz 0! 62 242 0 62 
—54L 0: 6L? 0 122 0 

0 S54L 0 6 0 122 

(a) 


The stiffness matrix is partitioned: 


k, k 
e=[te fe fe 
Ko, Koo 
where the subscript ¢ identifies the translational 
displacements, u, and u,, and the subscript 0 identifies the 


rotational displacements, u;, U4, Us and ug. 


Part b 


The DOF representing the inertial properties are the 
two translational displacements u, and u, associated with 


the concentrated masses. 


To obtain the coefficients of the mass matrix for these 
DOF, apply first a unit acceleration u%, = 1, while uw, = 0. 
Next apply a unit acceleration u, = 1, while u, = 0. 
Determine the associated inertia forces and identify the 
mass coefficients: 
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i,=1, ii, =0 i, =0, ii,= 1 


my, my Mi Mo 
€) €3 €) G5 
mL /3 0 0 mL/3 
mL mL 
ji) ras m, = 0 m2 3_ m, = 0 


Thus the mass matrix is 


mLil 0 
m = — (c) 
3/0 1 
Part c 
The condensed stiffness matrix for the two vertical 
DOF is 


-1 
k, = Ky — Kio Kop ky, => 


n 162EI| 8 -7 
poe (d) 
=) a 
The force vector is given by 
Py (t) 
(t) = (e) 
° (nol 


Substituting Eqs. (c), (d) and (e) in Eq. (9.2.12) with 
c = 0, gives the equation governing the translational 
motion of the beam: 


mL{1 0| fi, é 162EI/ 8 atet ee 


(f) 
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Problem 9.3 mL{|1 0 ii.) , L62El 8 -7Th}my{ — jrA@) 
3 01 Uy 5c -7 8 Uy P2(t) 


Pit) ppt) 


(f) 


mL/3 mL/3 


L/3 | L/3 | L/3 | 


1. Determine the stiffness matrix. 


The flexibility matrix is calculated first and inverted to 
obtain the stiffness matrix. The flexibility influence 
coefficient jf, is the displacement in DOF i due to unit load 
applied along DOF j. The deflections due to unit load at 
node 1 are computed by standard procedures of structural 
analysis to obtain two of the influence coefficients: 

, 40 , 7L 
o————___ a ow a 
= 3m! > GReE “) 
The deflections due to unit load at node 2 are computed to 
obtain the other two influence coefficients: 


, TL , 4D 
eee = b 
fo = qgger | * Qasr - 
fa f 21 f 12 fn 
F F 
Thus the flexibility matrix is 
a 3 [8 7 
f=— (c) 
486EI|7 8 
The stiffness matrix is obtained by inverting f: 
: 8 -7 
kafle 162 EI (a) 
5 |-7 8 


2. Determine the mass matrix. 


The mass matrix for the translational DOF is same as 


in Problem 9.2: 
1 O 
m = wae (e) 
3 |0 1 


3. Write the equations of motion. 


Using Eqs. (d) and (e), the equation governing the 
translational motion of the beam is the same as in Problem 
0.2: 
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Problem 9.4 


—> ll, 

L Rigid; total mass = m 
— u, 

L EI, massless 


1. Determine the mass matrix. 


Impart a unit acceleration u, = 1, with uw = 0, 
determine the acceleration distribution and the associated 
inertia forces. 


u,=0 | mo 
Inertia forces 
. = (m/L)(x/L) 
By statics, 
my == my == (a) 
3 6 


Similarly, impart a unit acceleration u, = 1, with m4 = 0, 
determine the acceleration distribution and the associated 
inertia forces. 


i,=1 meme Le 
x Inertia forces 
if y = (m/L)(x/L) 
iy = 0 _—_——~»- mM 


By statics, 


m m 
m2 = 6 My = 3 (b) 


Thus the mass matrix is 


m a 1 
m= 2 i . 


2. Determine the flexibility matrix. 


Apply a unit force p, = 1 along DOF 1 with p, = 0 
along DOF 2. The first two displacements or influence 
coefficients due to this force are computed following 
standard procedures of structural analysis: 


* i. & c be 5D 
fi a EI fray 351 (d) 


Similarly, apply a unit force p, = 1, with p, = O. The 
other two displacements or influence coefficients due to 
this force are 

- SD 3 SE 3L 7L 
iia > SS 2 2 .(2).-2 


“3a | ( 


6EI 6El 2EI 


fazfrt ob 
[+i 


fuafiut OL 


—— P,=1 


a 


6=17/2EI + VIEI 


6=1/2EI : 
=3L7/2EI 


p,=1 : 


fu=LI3EI fy=DBEl+ (VREDL 


=5L/6EI 


Thus the flexibility matrix is 


eee eee 0 
~ 6EI|5 14 
The stiffness matrix is computed by inverting the flexibility 
matrix f : 


k =f = el ib =| (g) 
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Problem 9.5 
1. Determine the stiffness matrix. 
The story stiffness is 


a (25) 7 “a 


Apply u, =1, u, =0 and determine k,;: 


Thus, the mass matrix is 


—~ ky =-k 1 
mie 405 


3. Write the equations of motion. 


ml! oslte} #1 act = {Peel 


Thus, the stiffness matrix is 


a. Sl 
k= | 
-1 1 


2. Determine the mass matrix. 
Apply uy, =1,%=0> 


m, = Mm m, = 0 
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 m/2 
Problem 9.6 bs sects 
P,(t) eee 
h CD poy 
p(t) @ 
h 
u 
L=2h | u=u, = | i 

ba 

Part a The mass matrix is 
The elastic properties of the shear frame (neglecting wt 1 (c) 
axial deformation) are represented by six DOFs: two 05 
horizontal displacements and four rotational displacements. 
The coefficients of the stiffness matrix corresponding 
to these DOF are computed following Example 9.7. Part c 
The condensed stiffness matrix is 
u, : ie 
kK, = Ky — Kyo Kog Ko, 
EI 37.15 ~—15.12 (a) 
“a ~ A> |-1512 1019 


Substituting Eqs. (c) and (d) in Eq. (9.2.12) gives 


1 i,) EY 3715 -1512] fu) — frye) 
3 ™) ostla,f ” a |-1512 1019} }uf — |pp(e) 


U4 
Us 
Ug 
—~6h —-6h 
ch __6h 
2h? 0 
0 2n2| 
6h? Ih? 
lh? 6h? 


This matrix can be written in partitioned form as follows: 


k = Re a (b) 
Ko; Ko 


Part b 


The DOFs representing the inertial properties are the 
two translational displacements u, and u. 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 9.7 The stiffness matrix is 

Since the beams are rigid in flexure and axial 2-1 0 
deformation is neglected in columns, three DOFs k=k|]-1 2 -1 (c) 
associated with each story represent the properties of this 0-1 1 


three-story shear building. The corresponding story masses 


tiffness are: : . 
and story s 2. Determine the mass matrix. 


m =m Mm =m m, = — (a) Applyz =1,%=u4=0> 
; 0 Wea My, = Mm, = 0 


k =k =k, = 2 = 


1. Determine the stiffness matrix. 
Apply u, = 1, u% = u, = 0 and determine kj: 
—~ ky, = 0 


—+ ky =-k 


Apply uw, = 1, 4, = u, = O and determine {,,: 


—~ k= -k 


Apply u, = 1, 4 = uw, = 0 and determine ;;: 
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The mass matrix is 


05 


3. Write the equations of motion. 


1 uy 2 -1 O}fy, py (t) 

m 1 inp + kl[-1 2 -1l4uye = 4 polt) 
05 | {| u, 0-1 Ili\wy P3(t) 

(e) 


10 
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Problem 9.8 


Since the beams are rigid in flexure and axial The stiffness matrix 1s 


deformation is neglected in columns, the three floor Sad -6 
displacements are the three DOFs. The floor masses and 


k=k)-2 3 -1l (c) 
story stiffnesses are: 
0 -1 1 
m=m m =m m,=m/2 (a) 
2. Determine the mass matrix. 
12(EI/3) _ 8ET _ k 
aoe ge Re Apply iiy=1, tg =iiq=0= 
k, = 3k k, =2k (b) m,=mM — mM, =m, =0 


1. Determine the stiffness matrix. 


Apply u,=1, u,=u,=0 and determine &,, : 


Apply =I, t=i,=0> 


Mm2=-m M2=My7=0 


Apply #,=1, 4,=ii,=0= 


M,,=m/2 M,3=M3=0 
m/2 
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The mass matrix is 


10 0 
m=m|0 1 0 (d) 
00 1/2 


3. Write the equations of motion. 


10 O |/u, 5 -2 O};uy p,(t) 

miQ 1 0 Uy +k/-2 3 -1 Un (= )P2 (t) 

00 Y2\\u, O -1 1 |iu p3(t) 
(€) 
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Problem 9.9 
B (t) El m/2 
h 
h 
h 


Parta 


The elastic properties of the frame (neglecting axial 
deformation) are represented by 9 DOFs: three horizontal 
displacements and six rotational displacements. 


ug 
Us 
uy 
u u 
u= | U; = uz Uo = 6 
uo uz 
U3 
ug 
ug 


The coefficients of the stiffness matrix corresponding to 
these DOFs are computed following Example 9.7. The 
complete stiffness matrix is 


13 


48 -—24 0 0 0 
-24 48 


0 6h Of10)? 1? 277 20 0 0 
k= 0 6h 01 1h? 10h? 0 207 +O O 
W l_6h 0S 6h! 2h? ~=—0 :'10h?s th? 2h? 
6h 0 6h! 0 2h? th? 10K? 0 2n2 
0 -6h 6h! O 0 2h 0 6h? 1h? 
0 -6h 6hi O O 0 2h? 1h? 6h? 

(a) 


The stiffness matrix can be written in partitioned form as 


follows: 
K 40 | 
Koo 


k 
k = i 
Ko; 
Part b 

The DOFs representing the inertial properties are the 
three translational displacements, u,, wu, and u. 


(b) 


m2 

€) — U., 

ES aN 

ES — i) 
uy 
U3 

The mass matrix is 
1 
m=m 1 (c) 
0.5 


Partc 


The condensed stiffness matrix for the three lateral 
DOFs is 


A 


k,, = kK, ra Kyo Koo Ko, 
40.85 -23.26 5.11 
== ~ 23.26 31.09 14.25 (d) 
h 5.11 14.25 10.06 
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The equation governing the translational motion of the 
building is 
1 ii, 40.85 ~23.26 5.11] | uy Py (t) 


m| 1 ii + Fl 93.26 31.09 14.25 |4uy} = 4 p9(t) 
0.5} |ii,} 7 5.11 14.25 10.06 | |u3 P3(t) 


(e) 
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Problem 9.10 48 -24 0 0 O -6h -6h 0 O 
48 -24 6h 6h 0 0 -6h -6h 
Evy2 m2 24 0 O 6h 6h 6h 6h 
© P3(t) 9h? ch? 2h? 0 0 
h k= Ft 977 0 2h 0 0 
ue : 9h? =n 2h? 0 
2 
Symm 9h27 02h? 
: | Sh? in? 
2 
P,(t) 2h? 
h 
(a) 
The stiffness matrix can be written in partitioned form 
s follows: 
L=2h : 
: [i te] 
Part a Kor Koo (b) 
The elastic properties of the frame (neglecting axial Part b 


deformation) are represented by 9 DOFs: three horizontal . oii 
displacements and six rotational displacements. The DOFs representing the inertial properties are the 
three translational displacements, u,, U, and u,. 


uy 
U4 
u=Ut = 72 
U5 
u u 
u= u= 442 (U9 = 
ug ” uz 
3 ug The mass matrix is 
ug 
0 0 
i : m=m0 1 0O (c) 
The coefficients of the stiffness matrix corresponding to 00 1 
these DOFs are computed following Example 9.7. The 2 


complete stiffness matrix is 
Partc 


The condensed stiffness matrix for the three lateral 
DOFs is 
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A 


k,,=k,—-k,,.K>5k 


oo" ot 


39.38 -22.68 5.486 


== 27.13. -11.75 (d) 
hl symm 7.418 


The equations governing the translational motion of the 


building are 
10 Olfii 39.38 -22.68 5.486 I{u] {p() 
m.O 1 0 iin — 27.13 -11.75 Kug } = 4 po(t) 
00 = lis n” | symm 7.418 |lu3} | p3(0) 
(e) 
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Problem 9.11 


L=2h 


Parta 


The elastic properties of the frame (neglecting axial 
deformation) are represented by 9 DOFs: three horizontal 
displacements and six rotational displacements. 


uA 
U5 
uj 
. U6 
us u=4{42;U9Q = 
ug uz 
U3 
ug 
ug 


The coefficients of the stiffness matrix corresponding to 
these DOFs are computed following Example 9.7. The 
complete stiffness matrix is 


17 


40 -16 0 2h 2h -4h -4h 0 O 
24 -§ 4h 4h 2h 2h -2h -2h 
8 0 0 2h 2h 2h 2h 
2 
Sh h2 Sh? 0 oO oO 
5 Sy 0 Sh 0 
16,2 4,2 212 
ae ie aur 
Symm sh 8) zh 
on 1p 
3 
2h 
(a) 


The stiffness matrix can be written in partitioned form as 
follows: 

= 

Ko9 
Part b 


k 
k = . 
The DOFs representing the inertial properties are the 


Kot (b) 
three translational displacements, U4, , U, and u,. 


| 


u=Ut = 4142 
U3 


The mass matrix is 


1 0 0 
m=m0 1 0 (c) 
0 0 2 
2 


1 
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Part c 


The condensed stiffness matrix for the three lateral 
DOFs is 


k, =k, —k ok 35K o 
33.36 -14.91 1.942 


(d) 
-= 15.96 -5.489 
h Symm 3.923 
The equation governing the translational motion of the 
building is 
10 Olf% ; 3336 -14.91 1942 |} uy P(t) 
0 1 Oi, ar 15.96 -5.489 {u,b =4 po(t) 
0 0 : ii, Symm 3.923 || us; P3(t) 
(e) 
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Problem 9.12 40 -16 0 2h 2h -4h -4h 0 O 
24 -8 4h 4h 2h 2h -2h -2h 


8 0 0 2h 2h 2h 2h 


El/6 m2 3,2 1,2 472 
. P3(t) ao at Ge ee 8 
EI Fe 0 She 
Ee A caer My? 1, 242 
14,2 2,2 
P2(t) Symm sh oy sh 
2 1,2 
2EI/3 h sh Gh 
Pi(t) 5 hh? 
EI h 
(a) 
The stiffness matrix can be written in partitioned form as 
{,—________ follows: 
L=2h ki Kyo 
k= (b) 
Parta Kg Ko 
The elastic properties of the frame (neglecting axial Part b 
Gclormanen) a pep Feseties oy DOES duce nonzonie The DOFs representing the inertial properties are the 
displacements and six rotational displacements. ; ; 
three translational displacements, u,, U, and u,. 
ba 
Uy uj 
i Ug = 
u= u,=ju, Uy = U=Ut = 442 
Uy uy “3 
U3 
Ug at 
The mass matrix is 
Ug 
; 1 0 0 
The coefficients of the stiffness matrix corresponding to 
these DOFs are computed following Example 9.7. The m=m/0 1 : (c) 
complete stiffness matrix is 0 0 5 
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Part c 


The condensed stiffness matrix for the three lateral 
DOFs is 


. —-1 
Ky =Ky —KpoK ook ot 


30.77 -14.01 2.43 
13.82 -—4.80 (d) 


—t Go: 
Symm 2.92 


The equation governing the translational motion of the 
building is 


10 o|fi| [3077 -1401 243 ](m] fry 
m0 1 O|iis b+ 13.82 -4.80 Hus t= 4 pole) 
0.0 5 |liz}) ™ | Sym 2.92 |{u3} | p3(2) 
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Problem 9.13 


m m 
© o © 


Parta 


The elastic properties of the umbrella (neglecting axial 
deformation of the elements) are represented by six DOFs: 
three translational displacements and three rotations. 


The coefficients of the stiffness matrix corresponding 
to these DOFs are computed following Example 9.4. For 
instance, to obtain the first column of the stiffness matrix, 
apply a unit displacement u,=1 while the other 
displacements are zero, i.e., u; = 0, j= 2,3, -~, 6; identify 
the resulting elastic forces, and by statics obtain the 
stiffness coefficients: 


ky u,=l1 ky 


6EI/L? 
—+12 E1/L? 


12ET 

1 = 7 ky, = 0 ky, = 0 
6EI 

ay ks, = 0 ke, = 0 


Other columns of k are determined similarly. The complete 
stiffness matrix is 


2 0 oO! 6& oO 0 

0 12 O!'-6L 0 -6L 
_f| 0 0 12! 6L 6L 0 
=e lon “6. 6LibP 3P ae |” 

0 0 6Li 2% 41 0 

0 -6L 0} 22 


The stiffness matrix can be written in partitioned form as 
follows: 


k, k 
k = tt _ (b) 
Ko, Koo 
where the subscript +¢ identifies the translational 
displacements, u,, u, and u,, and the subscript 0 identifies 


the rotational displacements u,, us and ug. 
Part b 


The DOFs representing the inertial properties are the 
three translational displacements u,, uv, and u,. 


ly Uy 


——e Ui 


u= U;= 442 
U3 


To obtain the coefficients of the mass matrix for these 
DOF, first apply a unit acceleration u, = 1, while u, = 0 


and u, = 0. 
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=——| 67 3 (d) 


The equations governing the translational DOFs are 


5 ii; 28 6 -6]{m) {0 
wt 3EI _lo 
my = 5m Mm, = 0 M3; =*0 m 1 Un + 3 6 7 3 under = 
1) | it 1OL"|_¢6 3 7/{u3} [0 
Next apply a unit acceleration u, = 1, while uw, = O and 
u, = 0. (e) 
Ms, My (i) If the excitation is horizontal ground motion u,,(¢), the 


total and relative displacements are related as follows: 


uy uy 1 
us = 4ug¢ + 40P ug, (f) 
my = 0 eg en MoO Substituting Eq. (f) in Eq. (e) gives 
Finally, apply a unit acceleration % = 1, while u, = 0 . i 28 6 -6) (4 a 
and uw, = 0. m 1 uy et 6 7 3]4unp =-4 0 Ugy(t) 
i) pay TOE ee: a as 0 
(g) 
(ii) If the excitation is vertical ground motion u,,(t), 
ui uy 0 
us = jude t+ 51pugy (h) 
m3 = 0 m; = 0 Mag. IO us 43 1 


Substituting Eq. (h) in Eq. (e) gives a matrix equation with 


Thus, the mass matrix is its left hand side same as Eq. (g) and the right side is 


5 0 


©) Pett (t) = 4m} iigy (t) (i) 
m 


=| 
ut 
3 


(iii) If the excitation is ground motion u,,,(t)in the 


direction b-d, 


Part 
is uy uy if V2 
The condensed stiffness matrix for the three ul ating b+4] / V2 U aba (j) 
translational DOFs is ; 
U3 U3 if V2 


. -1 
k, = Ky, - Kio Koo Ko, 
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Substituting Eq. (j) into Eq. (e) gives a matrix equation 
with its left hand side the same as Eq. (g) and the right 
hand side is 


5m/ V2 
Peg (t)=—{ m/V2 bid gag (0) (k) 


m/ V2 


(iv) If the excitation is ground motion u,,,(f) in the 


direction b-c, 


uy uy -/ V2 
Uy p= 4 Uy pt V/2 U abe (1) 
W3 ge V2 


Substituting Eq. (I) into Eq. (e) gives a matrix equation 
with its left hand side the same as Eq. (g) and the right 
hand side is 


—5m/ 2 
Peg ()=—\ — m/V2 Siig. (t) (m) 
m[ V2 


(v) If the excitation is rocking ground motion defined by 
counter-clockwise rotation u,¢(in radians) in the plane of 


the structure, 


uy Uy -L 
Uz p=sUg rts Lhttgg (n) 
uy u,| |-L 


Substituting Eq. (n) into Eq. (e) gives a matrix equation 
with its left hand side the same as Eq. (g) and the right 
hand side is 


—5mL 


Peg (1) =| mL fiigg (t) (0) 
—mL 
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Problem 9.14 Apply uy = 1,u, = u, = 0: 


Parta 
1. Formulate the stiffness matrix. 


Apply u, = 1,u, = ug = 0: 


By statics, 
kg = 0 
b b 
kyg = 2[k> - 2% > | = —kb 


b\b b\b b\b 
= |3k—|— + | 3k—|— + | 2k—-|— 
Koo (385) ( a [ ab 


Hence the stiffness matrix is 


a 6 0 0 
By statics, k=k|0 6 —6b 
0 -b 3b? 
where 
k = a 


2. Formulate the mass matrix. 


Apply i, = 1,u, =u =O0> 


m, =m m, =m, = 0 


ky = 0 

ky = 6k 

kg = 2(45 - 2% 3 = -kb 
2 2 
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(ii) Ground motion in the y-direction. 


i’ u,. 0 
a) me 

Uyp = {uye + VUgy 
iif lig 0 


Substituting Eq. (b) in Eq. (a) gives an equation with 
the left side same as Eq. (b) but the right side is 


0 


Pex (t) = —m41hii,,(t) 
0 


(iii) Ground motion in the d-b direction. 


Apply ug = 1,4, =u 


Meg = lo 


The influence vector is 


//2 
C= //2 
0 


1 
m=m 1 The equations of motion have the same left side as Eq. (b) 
r2 but the right side is 
where ; V2 ; 
Pea Lg eee Per (@) = —meiig(t) = —myW/V2 7 iig(e 
m m 12 6 0 


Part b: Formulate the equations of motion. 
mu’ + ku = 0 (a) 
(i) Ground motion in the x-direction. 


fc i, Woy 
id, = {lye + 4 0 
ii’ iig 0 
1 6 0 0 l 
m| 1 i+k/O 6 —-blu=—m40hi,,(t) 
b?/6 0 -b 3b 0 


(b) 
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Problem 9.15 By statics, 


Apply 4 = 1,4, = uw = 0: 


Parta 
1. Formulate the stiffness matrix. 


Apply uy = 1,m = wu = 0: 


By statics, 
Hence the stiffness matrix is 
5 ~-2 2 
k = k|-2 5 -2 
2 -2 6 
By statics, 
ky, = 5k ky, = -2k ks, = 2k 2. Formulate the mass matrix. 


Apply & = 1,% = uw = 0: 


Ip(1/b) = mb/6 


- 
a 


ml2~«-- 


N 


‘y 


. 


v 
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By statics, (1) Ground motion in the x-direction. 


m = = es 4 =0 
11 Di m3; > t=] 


1 


Pep (t) = -my4l Up, (t) 
0 


1/2 
= —m41/2 U px (t) 
By statics, 0 


(ii) Ground motion in the y-direction. 


By statics, = —m4-1/2 id gy (t) 
m m 


Hg et a= A a 1 


Hence the mass matrix is 
2/3 -Y6 12 
m=m|-1/6 2/3 -1/2 
W2 -¥2 1 


Part b: Formulate the equations of motion. 
mu + ku = —m lu, (t) (a) 


Pere (¢) 
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(iii) Ground motion in the d-b direction. 


ts = W//2 = W//2 


= V2 


yv2 
—m 41/2 } ii, (t) 
2 


Perr (t) 


2 
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Problem 9.16 By statics, 
k, =0 
ky = 6k 
kg, = 2kb 


Apply ug =1, u, =u, =0: 


Parta 


1. Formulate the stiffness matrix. 


Apply u, =1, uy =ug =0: 


By statics, 
kg =0 
k yg = 2kb 
b\b b\b 
keg =| 3k— |— +] 3k— |—+ (2kb 
w= (385 5 +( 385 pt Ceo) 
By statics, =! pp? 
k. = 6k hye = ke = 0 2 


Hence the stiffness matrix is 


6 0 0) 
k=ki0 6 2b 
0 2b 7b*/2 
where 
k=1255 
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2. Formulate the mass matrix. Part b: Formulate the equations of motion. 


Apply u, =1, uy =ug =O=> 


mii’ +ku = 0 (a) 
Mm, =m My, = Mg, =0 (i) Ground motion in the x-direction. 
iit u, U gx 
ii, p= jy fp +4 0 
iis lig 0 
1 O 0 6 O 0 1 
moO 1 b/2 fwt+ki0 6 2b u = —m40 pu, (t) 
0 b/2 5b7/12 0 2b 7b7/2 0 
(b) 
(ii) Ground motion in the y-direction. 
ui u, 0 
lis, p= 4 lky p+ \lbgy (c) 
ii lig 0 


Substituting Eq. (c) in Eq. (a) gives an equation with the 
left hand side the same as Eq. (b) but the right side is 


0 
Apply ug =1, u, =u, =O=> Peg (t) =—m4, 1 fu, (t) 
b/2 
My = 0 
a (iii) Ground motion in the d-b direction. 


o LB 2 
//2 


The influence vector is 


2 


l= Ve V2 
Hence the mass matrix is 0 
1 O 0 
m=moO 1 b /2 The equations of motion have the same left side as Eq. (b) 
0 b/2 5 b2 h2 but the right side is 
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1//2 
Peg (ft) =—m vid, (t)=—-m) Y/J2_ hi, () 


b/ 2/2 
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Problem 9.17 By statics, 


Apply u3 =1, u, =u, =0: 


Parta 


1. Formulate the stiffness matrix. 


Apply uw, =1, u, =u, =0: 


ky kay 
By statics, 


2k 


Hence the stiffness matrix is 


6 -3 3 
k=k|-3 5 -3 
3 -3 7 
where 
2k | 
EI 
By statics, ie are 


ky, = 6k ka, = —3k k3, = 3k 2. Formulate the mass matrix. 


Apply uz =1, u, =u; =0: Apply uw, =1, uw, =u, =0=> 


k39 


2k 
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Apply uy =1, Uy =U; =0> 


_ 2m 
my = 


m 

Mm. =-— 
12 

2 


ii, =1 


7% 


Iy(1/b) = mb/6 


= m/2 


4 m3 


Ip (1/b) = mb/6 


a. 
m/2 a Be 
| 


m/2 


Hence the mass matrix is 


1 -Y2 Y¥2 
m=m|-1/2 2/3 -Y/6 
Y2 -6 2/3 


Part b: Formulate the equations of motion. 


mu +ku =—-mvi, (t) (a) 
ee 


Pest (t) 
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i) Ground motion in the x-direction. 


t, =0 


1, =0 


1 
Peg (¢) = —m40 U px (t) 
0 
1 
=—m)-1/2Fii,, (t) 
1/2 


(ii) Ground motion in the y-direction. 


0 
Pepe (¢) = —m4 1 pu, (t) 
1 
0 
—m41/2 U gy (t) 
1/2 
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(iit) Ground motion in the d-b direction. 


1, = 1/2 t =1J2 


, = V2 


//2 
Peg (t) = —m41/V2 bai, (@) 
//2 


V2 
=-m, 0 }u, (t) 


fJ2 
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(i) Apply real force P, 


Problem 9.18 


1. Sign Convention. 
The assumed positive sense of the internal bending Curvatures, y Rate of twist, @ 


moments and torques acting on each element are as shown: 
(ii) Apply real force P, 


“t 


a em 


a 
y 


x 


2. Determine mass matrix. 


The mass matrix, m, for this structure is f 
Curvatures, y Rate of twist, @ 


(iii) Apply real force P, 


3. Determine flexibility matrix. 


Compute the flexibility matrix, f , in terms of the DOF 


and u, using the principle of virtual forces. 


u u 


x? 


y 


3.1 Establish the curvatures and rates of twist in the 
elements due to real forces P,, Py and P, applied at the 
mass in the x, y and z directions respectively: 


Rate of twist, @ 


Curvatures, y 
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3.2 Determine deflection u, due to forces P,, Py and P,. 3.3 Determine deflection u, due to forces P,, P, and P,. 
Apply virtual force OP, in the direction of DOF u, Apply virtual force dP, in the direction of DOF uy 


aM, = OP(z—-L) E 
Virtual Virtual OM , = OP, (L —~z) 
Bending Moments Torques 
Virtual Virtual 
T 
Equate external and internal virtual work due to 6P, Bending Moments erdece 
L 
APS J OP.(L-y) P,.(L—y) dy Equate external and internal virtual work due to oP, 
. EI 
0 , P,(x~L)+P,L 
; 5P,u, = [ SP, (x-L)| 2 lar 
P,L+P,(x-L) EI 
ra) sana eel 
EI 
0 Py(L-z)-P,L 
L + [ oP, (L-2| > ae 
P.(z-L)+P,L 
EI ‘ 
0 —P,L+P,L 
L + | = OP, L Zz 
P.L-P,L GJ 
+ | PL —*-——— |dx 0 
GJ 
0 Hence, 
oes re 5 2B OB B 
uy, = P,|-——-— |+ P,| ——+— |+P,|-—— 
Dy Sam | a be B z 2EI GJ 3EI GJ 2EI 
2 = P| + | +P, |---| + P| -- 
3EI GJ 2EI GJ 2EI 
and 
oe a Seay eS 
n) Sle he a BB é B * 2EI GJ ” 3EI GJ ORY 
= H+ = =-—— 
*  3EI GJ v  -2EI GJ “ 2EI 
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3.4 Determine deflection u, due to forces P,, P, and P,. 


Apply virtual force dP, in the direction of DOF u,, 


i SP, 


o 


Ct 


Virtual 
Torques 


Virtual 
Bending Moments 


Equate external and internal virtual work due to 6P, 


L 
P.(y-L 
OP,u, = [ P.0 1) 20-2 My 
0 


L 
P,(L-x) 
+ | OP, (w= 0) 2 
J z 


L 
—-P.L+P,(L-z) 
+ [-6P,L] = le 
EI 


L 
+ fof BeReD), 
“ El 


GJ 
Hence, 
3 3 3 3 
u, = P, Lf Py _f +P, jae 
2ElI 2ElI 3EI GJ 
and 
te Bee, | eee 
z 2EI _ 2EI “ 3EI GJ 
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Therefore the flexibility matrix, f , is 


Cae Ses os Slee: Se a 8 
_3EI__GJ__. 2EL__GJ_____2EI__ 
Pam eae he ee 
o2El .GJ_L_3El. GJ... 2EI_ 
Ee oA. BEE dle 
2EI | 2El |13EI GJ 


4. Determine stiffness matrix. 


The stiffness matrix, k, is obtained by inverting f. 


For the case when GJ = 4/5 EI: 


0.9088 0.2345 
1.4294 0.2985 
0.2985 0.3234 


5. Formulate the equations of motion u=[U,, Uy, U, , 
mu+ku=-mtu, 


where m and k are given above and influence vector 


l= static displacements of DOF due to u, = 1. 
=[100]' 


(ii) ground motion in y-direction: 1 =[0 1 0 ia 


(i) ground motion in x-direction : 1 


(iii) ground motion in z-direction: 1 =[0 0 1 ee 


(iv) ground motion in direction a-d: 


(eet ot iy 


_— 
B 
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Problem 9.19 4. Write the equations of motion.. 
mu + ku = py (t) 


where 


- - [2/3 3) fii) 
a mi eo 


1. Determine the stiffness matrix.. 
Uy Uy Ug 


rn rn 
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Problem 9.20 Stiffness matrix in DOFs u, u,, and u,: 
1 
k k 6EI 
a 
Ug} u Uy? fe k — aoe 1/2 BR (1 = 1/2 =, 1/2) 
A a | 8 88 ae V2 
El mh 
7 2 se 1;-Y/2 -1/2 
aa ie i eis Leal oes et ees aes Sw wd 
L ! L a -2! 1/4 1/4 
{ 
-I/2! 4 1/4 
1. Formulate the stiffness matrix.. 
= 
is k = areas 
fi L 
6EI 
k, = ms (-/2 -1/2) 


1 _ 6EI 4 1/4 
e ral a 
7, - GbE 
" 48FEI 6EI 2. Write the mass matrix.. 
ky, = ont re 
L 


Coordinate transformation: 


3. Determine the influence matrix.. 


Uy, =1 
- w= 1/2 
=1 
Ug u Us2 


By kinematics 
v= (1/2 1/2) 
Alternatively, 
= _E_ SEL 
: 6EI 13 


(/2 1/2) 


1. =-k—?k 


(-y2 12) 


u=1 4. Write the equation of motion. 
ge ee ., OEE it» (t) 
eA mi + nae m (1/2 ae 
u 
uy = (1 -1/2 -1/2)4u,, 
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Problem 9.21 
Element c-e 
4 U6 u7 
u2 
Aes 24 -6L -6L 
(- k..=—-|-6L 27 VP 
aXe ure Vi-ek 2 oP 
Element e-b 
U2 u2 uy 


Fe _ 4El 24 6L 
e b Key = Bl6L 22 
uy 


Add element stiffness matrices into global stiffness 
matrix 


48 0 -24 -24' 0 -6L O 

0 48 0 0:0 -6L 0 

ke tkel an|72t 9° 2 29 | ~6L 0 O 
i ee a a ee 
0 0 -6L 6Li4av Po 
-6L -6L 0 6L Po 4p oY 

0 0 0 0:0 LP 47 


2. Formulate stiffness matrix.. ; T 
ifn Condense out the rotational DOF [us. Us; u, | 


Construct the element stiffness matrices 


Element a-d . E ie ee 
et fhe =Ky, —KigK 998 9; 
kK, K og 
| U3 us 
(4 —— i 176 —48;-100 —76 
t 
Us 24-24 6L 6EI| -48 176! 12 36 
: 4EI Se eae ee eee 
ond =F —24 24 —6L 73|-100 12! 67 33 
6L -6L 2L -76 36! 33 43 
a U3 = Ug uy uy Ug, Ug? 


Element d-c ‘ , r ’ 
1 4 5 6 
C = ug= Ugo Uy U2 
ug 24 -24 -6L -6L m 
t,o 4H -24 24 6L 6L vs -| 7 
Bi|-6L 6b 272 PL 
-6L 6L mB 27 4. Determine the influence matrix. 
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1 | 266 182 
v=-k-Ik, =—— 
448; 42 —-42 


Note that each column of 1 can be interpreted as the 
displacement {u;, uy}" due to a unit displacement of one of 
the supports. The first column corresponds to u,; = 1 and 
the second column corresponds to ug, = 1. 


5. Write the equations of motion. 


mu +ku = —m vii, (t) (a) 


Ug (t) 


ig (t) 

6. For the case of identical ground motion. 
Ug (t) = Ug (t), le. Uy (t)= 1 Ug, (t) 

Therefore, the equations of motion become 


1 : 
mii + ku =—mi{ hai (t) =—mtlii, (b) 


1 1 
where 1=1 = 


Note that this influence vector can be interpreted as the 
displacement {u, u2}' due to a simultaneous unit 
displacement of u,; and ug. 


Observe that 


my.. 
Peg (¢) = {Shinto ’ 


implying that the effective force in the vertical DOF is zero 
because the horizontal support motions are identical. 
When different, even horizontal support motions create 
effective force in the vertical DOF; see Eq. (a). 
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Problem 9.22 


—_—— Us2 


1. Define the degrees of freedom. 


u2 
{ eer ed 
us Ug u7 
_—_o- _ 
U3 = Ug) U4 = Ug 


2. Formulate stiffness matrix. 


Construct the element stiffness matrices 


Element a-c 
uy 3 Us 
Cc. —— ly 
Us 24 -24 6L 
A 4EI 
fo lene -24 24 -6L 
L 
6L -6L 20° 
9 —— W4= Ugi 
Element b-e 
uj U4 uy 
cy ; 24 -24 6L 
as (eo 294) D461 
L 
6L -6L 21° 


b _— u4= U2 


Element c-d 


Element d-e 
2 ue uy 
24 6L 6L 


U2 
c ( ~ ge 6L 22 VP 
us \d u7\e Lien 2 2n 


Add element stiffness matrices into global stiffness matrix 


48 0 -24 -24' 6L O 6L 
| 

0 48 O O'-6L O 6L 

-24 0 24 


6L -6L -6L 01 41? LV? 0 
0 oO oO ! 
6L 6L 0-6L' O L? 4L? 


Condense out the rotational DOF [us, us, u7]" 


kik, os 
cartons | =Ky —Kek ako, 


128 01-64 ~ 64 
6EI O 140;-42 42 


-64 42! -3 67 


uy U2 Ug; U2 


3. Write the mass matrix. 


uy, U2 


lw 
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4. Determine the influence matrix. 


05 05 
0.3 -0.3 


Note that each column of 1 can be interpreted as 
the displacement {u,, uz}* due to a unit displacement of 
one of the supports. The first column corresponds to ug, 
= 1 and the second column corresponds to ug. = 1. 


= 6 
\=-k'k, -| 


5. Write the equations of motion. 


mii + ku = —mvii, (1) (a) 
uy i 
where u = and ii, (t) = 
i 


6. For the case of identical ground motion. 
U ,2(t) =U,,(t), Le. U, (t) = , U 9 (t) 


Therefore, the equations of motion become 


mi +ku =—m aH it(t) =—-m1 it, (t) (b) 


ra 1 1 
where l=1 = 


Note that this influence matrix can be interpreted as the 
displacement {u,, usin due to a simultaneous unit 
displacement of u,; and ug». 


Observe that 


mi.,. 
Peg (t) =— 0 Us (t), 


implying that the effective force in the vertical DOF is zero 
because the horizontal support motions are identical. 
When different, even horizontal support motions create 
effective force in the vertical DOF; see Eq. (a). 
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Problem 9.23 pone lu? 'u?|=[0 101000 0] 


Je J é 


w=1f{( 
tb, 
ee 
k k 
petsnee ee yy =0 ky = 4k key = 
. Define the degrees o eeaom. 
fi & ay> k,y =0 Key 0 kqy =0 


iiutlbe wie ty He Hal 
ap ee ye ella pee ga 


Apply lu” !u7|=[0 0 110 0 0 0]. 


kb/2 
S 


2. Formulate mass matrix. 


From Problem 9.10 


2. Formulate stiffness matrix. 


T 
Apply lu? iu? |= 00!:000 0] fer 
u,=l 
Ae k IX —. a ‘saad 
ma fk, kg = 0 kyg =0 keg = 2kb? 
kag =kb[2 kyg =kb/2 kg =—kb/2 kag = — kb/2 
Kx 
—> ‘ 
Apply la? iu? |= [0 0011000] 
Kax kex 
ke = 4k ky, =0 kg, =0 
kay = —k ky =k ok =k kag =—k 
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Apply [u7 iu7]=[0 0 0/0 1 0 0] 


Ky =—k ky, =0 ko, = kb/2 
Apply [u7 'u7|=[0 0 of0 0 1 0] 
Pply iu ;U, Pa, ! 
k 
cc Prey, =1 
kee =k ky, =0 kg. = —kb/2 
Kae = 9 ke = koe = Kap = 9 
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Assemble the stiffness influence coefficients 


4 0 0 j-1 -1 -1 =1 

04 0:0 0 0 0 
ct, ] [00.2 12, b/2 —o/2 — 2/2 
ret |-# -10 b/2'1 0 0 0 
ee -10 2:0 1 0 0 
-1 0 -b/210 0 1 0 

-1 0 -b/2'0 0 oO 1 


4. Determine the influence matrix. 


1 1 Lok 
0 0 0 0 


-/b -Yb Wb Yb 


Note that each column of 1 can be interpreted as the 
displacement [u, uy ug] due to a unit displacement of one 
of the supports. The first column corresponds to uz, = 1, 
the second column to ug, = 1, the third column to u,, = 1 
and the fourth column to ugg = 1. 


a eee 
l=-k"k, = (a) 


i 
4 


5. Write the equations of motion. 


mu +ku =-m1u, (t) 


where 


and 


oo oe oo T 
tig (t)=[tigg(t) ign (t) tige(t) tiga (2) 


Observe that the equations of motion are uncoupled 
(matrices k and m are diagonal). Therefore, because the 
second row of the influence matrix, which corresponds to 
displacement u,, consists of zeros, there is no response in 
the y-direction. However, although the ground motion is 
only applied in the x-direction, torsional motion will occur 
in general due to the non-zero terms in the third row of the 


‘influence matrix. See Eq. (a). 


6. For the case of identical ground motion at all supports. 


U gq (t) =U gy (t) =U ge (t) =U gy (t) =U, ( 


1 


ie, tip(e)=1 7ii,@) (e) 


1 
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Therefore, the equations of motion become 


1 
mii +ku =—mt) | it, (t) = mii, (t) 
1 
1 
1 
4 1 
where t=1 1 =40 
0 
1 


Note that this result implies that, for the case of identical 
ground motions, the structure responds in the x-direction 
only. 
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Problem 9.24 Apply u, =1, u, =0, u, =0, u, =0 


Data (from Problem 9.10). : 
m = 0.2331 kip - sec? /in ‘ 
k =1.5 kip/in 
b=25ft 
C, = 5%, n=1,2 and 3 
1. Define DOFs. 
u= (u, uy Us \ 
2. Formulate the mass matrix. 


From Problem 9.14: 


=0 
1 
m=m 1 (a) 
be 
6 
3. Formulate the stiffness matrix. 
From Problem 9.14: 
6 0 0O 
k=k|O0 6 -—-b (b) 
0 -b 3b’ | 
The stiffness matrix associated with support degrees of 
freedom, k,,, and the coupling stiffness matrix between 
the support degrees of freedom and the structural degrees 
of freedom, k,, are computed by giving a unit k,, =0 k,, =0 Ko = ky, =O 
displacement at a support degree of freedom, and k,, =—k ky. =0 koe = -0.5bk 


computing the reactions at the support and structural 
degrees of freedom. 
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Apply u, =1,u, =0, u, =0, u, =0 where 
T 
3529 
- = (0.333 -0.0588 -22 
T 
ly = (0.1667 -0.0294 hee 
T 
1765 
is =(0.1661 0.0204 2 , 
T 
Kay =0 sas fea = 0 kaa =e lg - (0.333 — 0.0588 - 93529) 
kg =-2k ky =0 kg = —bk 


6. Special case: Identical support motions. 


Equation (f) applies with 
Assembling the stiffness influence coefficients gives k,, 7 
Per (t) =-mt Us (t) 


and k,: 
where 
20 0 0 2 
eg 0 2 a 1=(1 0 0) 
e 001 0 
000 2 
-2 =-1 21). 2 
k, =k| 0 0 0 0 (d) 
b 05b -05b —b 
4. Determine the influence matrix. 
0.3333 0.1667 0.1667 0.3333 
l=-k"k, = —0.0588 -0.0294 0.0294 0.0588 
0.3529 (0.1765 0.1765 = 0.3529 
b b b b 
(e) 


5. Formulate the equations of motion. 


The dynamic components of the displacements are 
governed by 


miu + ku = p,, (t) (f) 
where m and k are defined by Eqs. (a) and (b), and 
Peg (t) = ~Emtiig (t) 
=| mnt jiigg(t) + Umgiigy (t) + mnt dig, (t) + mt yiigg (s)| 


(g) 
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od 2 
Problem 9.25 - Li ae Lh 
2EI 3 
2 hg 
fa = 35 
pe 
fa = Say 
2 
LE 
A if 2 42 
f23-FEi| 3 
Ae 2 [cosy — (22.5)?] = 13,430.31 in Lp LA(L-1y/3) Le (Ly -y/3) 
13. 430.31 3EI 2EI 2EI 
w = 150 Ib/ft° x = 13,989.9 lb/ft ‘ B L5 (L-L2/3) 
7 3EI 2EI 
m, = ee = 1.812 kip —sec?/in. ions i 
ni aes 
a 3EI 
m, = 2m, = 3.624 kip—sec”/in. 
2 ROS). R52 4 
ae 4 ee 0.9359 0.7701 -1.3063 
A ins a-l _ he 4 
EI = 4.9225 x 10" kip -in2 k=ft= 1.5088 -2.1375 (x10 
(sym) 3.1294 
1. Formulate the stiffness matrix. Define the following transformation: 
The stiffness matrix can be formulated by the direct 
stiffness method and condensing the rotational DOFs. uy u, 
Instead we use a different method. U2 3 
We use the flexibility approach to determine k for 
DOFs u,, u, and u;: uy PY 
uy 
us Me 
L u 
ie ' 
Ei a a 
uj 1 0 -1 0 
D a 
uy+=|0 1 -1 O 
: v3} [oo 11] | ® 
f _—e Upg2 
 3EI 
pi 
f= fr 
2EI 
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The stiffness matrix in DOFs u,, uw), u,, and u,» is 


_ x k &k 
k -sTia-| T 8 
ky K ge 
0.9359 0.7701! -0.3998 1.3063 


i 

' 0. —2.1375 ; 
|______ 15088 | 0.1415, 241375 | otros in 
0.2269 0.3143 


3.1294 


2. Formulate the equations of motion. 


mii+ku =—mtii, (t) 


where 


Ug] 
o= {| us| g | 
uy U2 
_ [3.624 
sa 1.812 


_ [0.9359 0.7701) . 94 
0.7701 1.5088 


8 


= pa ee 
l=- = 


—0.2143 1.2143 
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Problem 10.1 


The mass and stiffness matrices were determined in 
Problem 9.1 with reference to the indicated DOF: 


_| m mL/2 
ae Re moh 


= ky +ko koL m 3k 2kL 
| koh kyl? | \2kL kL? 
Second mode, ®, =./9.464 k/m 
Then Pio= 1 eo Pas 1 Pan =—2,366/L Ue 
3-A ye swe wert 
k-w*m = k o. (a) Pn =-~1.366 
ap-Ae. 272g Example 10.1 Problem 10.1 
2 2 
where 
Aza b 
, (b) 


Substituting Eq. (a) in Eq. (10.2.6) gives the frequency 
equation: 


RX -12A+24=0 
which has two solutions A = (6 — 23) = 2.536 and 


A = (6 + 2¥3) = 9.464. The corresponding natural 
frequencies are 


QO, = 2.536 = QO, = [9.464 = (c) 
m m 


The natural modes are determined from Eq. (10.2.5) 
following the procedure shown in Example 10.1 to obtain 


1 1 
a = Lae oe gee o 


The natural frequencies are the same as those obtained in 
Example 10.1, and the mode shapes are equivalent to those 
obtained in Example 10.1. The mode shapes in Example 
10.1 can be obtained from the mode shapes obtained in this 
problem, using the transformation matrix 


1 0 
ar 
1 L 
that relates the displacements in the two sets of DOFs: 


®£10.1=48P pj0.1 


u 
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Problem 10.2 


Part a: Determine natural frequencies and modes. 


The mass and stiffness matrices were determined in 
Problem 9.2: 


mL|1 0 
m = — 
| 3 10 1 


n al 8 a 


5D 7 8 
Then 
162EI |8 -~ A -7 
k - om = 
ao 53 —7 oe (a) 
where 
4 
Bs 5mL we (b) 
486 EI 


Substituting Eq. (a) in Eq. (10.2.6) gives the frequency 
equation: 


Rk -16A +15 = (A- (A - 15) = 0 
The solution of the frequency equation gives: A, = 1 
and A, = 15. The corresponding natural frequencies 


@, = 9.859 ma @, = 38.184 | BE (c) 


The natural modes are determined from Eq. (10.2.5) 
following the procedure shown in Example 10.1 to obtain: 


neff eeLy ; 


5=1 %n=1 Pin=)1 


are 


$o=-] 
@, = 38.184 VEI/mL ‘ 


Second mode 
(antisymmetric) 


@, = 9.859 JEI/mL * 


First mode 
(symmetric) 


Part b: Verify orthogonality properties. 


gone af IL 


Thus the natural modes satisfy the orthogonality 
properties. 
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Part c: Normalize modes so that M, = 1. 


L 1 1 2m L 
M, = gma, = Eq -1)' |f of = At 


Divide ¢, of Eq. (d) by J2mL/3 and @, of Eq. (d) by 
{2m L/3 to obtain normalized modes: 


_ [3 A? ee [3 1 
—, = 71) ~. = saa (e) 


% = V3/2mL %o1= 3/2 mL ? 19 = 43/2 mL 


/ ca as 
XN ue 
a Pri Ne 
95 =- V 3/2 mL 
First mode Second mode 


The modes of Eq. (e) are scalar multiples of the modes 
in Eq. (d); the shapes of the two sets of modes are the 
same. 
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Problem 10.3 


The free vibration response of the system without 
damping is computed using Eq. (10.8.6), 
Gn (0) 
Qn 


2 
u(t)= >) bn a (0)cosw,,t+ sind (a) 


n=l 


where according to Eq. (10.8.5) 


T Te 
an 2O 4, Q-2 EO () 
Pn mg, Pn md, 


Using m and k from Problem 10.2, the values of q,(0) and 
q,(0) for the initial displacements u(0) are 


(I i) fo 


0 


Similarly, 
q,(0) = (0.5 0.5) u(0) 
g,(0) = (0.5 -0.5)u(0) 


q\(0)= =(0.5 0.5)u(0) (c) 


=(0.5 -0.5)u0) —) 


(a) For u,(0) = 1 and uw, (0) = 0, 


qual! sds” 
y= te uO) =", 


Substituting in Eqs. (c)-(d) gives 


q(0)=0.5 (0) =05 4(0)=0 (0) =0 
(e) 
Substituting Eq. (e) in Eq. (a) and using the modes from 


Problem 10.2 gives 


0.5cos| 9.859 et +0.5cos 38.184 ce 
foe mL mL (f) 


u(t) 
0.5cos| 9.859 a —0.5cos 38.184 ae 
mL mL 


(b) For u,(0) = 1 and u,(0) = 1, 


1) fo 
vol so 


Substituting in Eqs. (c)-(d) gives 
q,(0) = 1 4q,(0) =O 4,(0) =90 q,(0) =0  (g) 


Substituting Eq. (g) in Eq. (a) and using the modes from 
Problem 10.2 gives 


cos 9.859 ss 
fies _ mL (h) 


(c) For 4 (0) = 1 andu,(0) = —-1, 


(0)= 3(0)=1" 
u sen u =Vo 


Substituting in Eqs. (c)-(d) gives 


q(0)=0 4(0)=1 4(0)=0 40) =0 


(i) 


Substituting Eq. (i) in Eq. (a) and using the modes from 
Problem 10.2 gives 


cos 38.184 ee 
{0 |- | mz (i) 
u(t) EI 
—cos| 38.184 |———t 
4 
mL 


In case (a) both modes contribute to the response because 
the initial displacement condition has components in both 
modes. In case (b) the initial displacement is proportional 
to the first mode and therefore only this mode is excited 
and contributes to the response. In case (c) the initial 
displacement is proportional to the second mode and 
therefore only this mode contributes to the response. 
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Problem 10.4 


The free vibration response of the system of Problem 
9.2 including damping is computed using Eq. (10.10.4): 


2 
u(t)= ¥\ dpe 22 n" [gq (cosy pt 
ca (a) 


7, (O)+ 0 
-4nO)+6n@ndn(O) )+6n@ndn( ed 
Onp 


where @,p) = 0,1 ~ 0, @, are given by Eq. (c) of 
Problem 10.2 and ¢, = 0.05. Therefore, 


EI EI 


Op = 9847 ——Z Op = 38.136) 


(b) 


For the given initial conditions u,(0) = 1 and u,(0) = 0, 
Eq. (e) of Problem 10.3 gives 


q(0)=05 q(0)=05 4q(0)=0 4@(0) =0 
(c) 


Substituting Eqs. (b) and (c) in Eq. (a) gives 
u(t) = u,(t) + u(t) (d) 


where the modal contributions are 
1 
uy (=e 9-49" (0. Scosay pt +0.025sina, o'),| 
(e) 


1 
uy (t)=e 190 (0, Scoswg pt +0.025sinw, oil | 


(f) 
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Problem 10.5 


Parta 


From Problem 9.4, the mass and stiffness matrices are. 


m2 1 
m= 
6/1 2 


_2EI| 14 -5 
pi|-5 2 
Thus 
2 2H 2-2A -5S-A 
k-o"“m= a 
[2 |-S-A 14-24 ”) 
where 
3 
= mL wo (b) 
12 El 
Substituting Eq. (a) in Eq. (10.2.6) gives the frequency 
equation: 


RR -144+12=0 


The solution of this equation gives: A, = 0.0718 and 
A, = 13.928. The corresponding natural frequencies are 


EI EI 
QM, = 0.928 — iz Ds 12.928 3 (c) 
mL mL 


Following the procedure used in Example 10.1, the natural 
modes are determined from Eq. (10.2.5): 


1 1 
a1 “|, 301 2 “| gran om 


>>, = 2.7321 b--————>| $9 = — 0.7321 eH 


9, =1 9.=1 


First mode Second mode 


w, = 0.928 JEI/mL?3 , = 12.928 JEI/mL3 


Part b 


The free vibration response of the system is computed 
using Eq. (10.8.6): 


t 34 (0)cosw r+ (0) sin@,t (e) 
u( La nl 4n n iy n 
where 
_ gamu(0) =... _ g, mut(0) 
q, (0) = go" m¢, Qn (0) ¢' m¢, (f) 


Substituting u(0) = (0 1)" and u(Q) = (0 0)" gives: 


at 2301) ‘legen 


m {1 -0.7321) lee 


q(0) = 0 4,(0) = 0 (h) 


Substituting Eqs. (g), (h) and (d) in Eq. (e) gives the 
displacements: 


uy (t))_ |mt3 0.3110sina;t-0.0223sinwyt 
uo(t)} \ EI |0.8947sina@t+0.0164sinwt 


q\ (0)= (g.1) 


q2(0)= =—0,.2882 (g.2) 
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Problem 10.6 


From Problem 9.5, the mass and stiffness matrices are 


=m asl 


where 


Part a: Determine the natural frequencies and modes. 


det[k - w;m] = 0 = 


? 
5 pts m oe +k? =0 = 
k 


wo =—(2+ ¥2)> 
m 
| k 
a, = 0.765 ad QO, = 848 | 
m m 
Substituting for k gives 
EI EI 
@, = 3.750,;—z @, = 9.052, |—> 
mh mh 
First mode: 


[k - wm] ¢, = 0 


fe yalleat =O 


Select #,, =1=> @) = J2 


Second mode: 


[k - om], = 0 


fF pelea} ( 


Select $. = 1 => @) = -V2 


Part b: Verify orthogonality. 


Part c: Normalize modes to unit value at roof. 


af fA 


re = 
-H ae 


@, = 3.750 VEI/mh? w, = 9.052 ¥ El/mh? 


First mode Second mode 


Part d: Normalize modes so that M, = 1. 


aatan al lh 


tetas ol lm 


Divide ¢g, from part (a) by ~2m and @, from part (a) by 
42m to obtain the normalized modes: 

vm | 1 vm | -1 
These modes differ from these obtained in Part (c), only by 


a scale factor; the shapes of the two sets of modes are the 
same. 
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Problem 10.7 


1. Determine the stiffness matrix. 


24EI 


Define k = 3 


Apply u, = 1 and u, = 0 and determine k;,: 


n= k+k /4 
=5k/4 


2. Determine the mass matrix. 


7 l 
m= m| 7 


3. Determine natural frequencies and modes. 


det[k - om] = 0 


2 2 
(0.5m?) we — (1.625km) w + 0.25k" = 0 


| EI | EI 
o@, = 1.971./—~ @, = 8.609. ;——~ 
: mh? mh? 


Determine first mode: 


[k - wm] ¢, = 0 


, {1088-1 Jf] _ [0 
-1 0.919 ||¢2,| {0 


Select @, = 1 => @, = 0.919 


_ {0.919 
a= 1 


Determine second mode: 


[k - om] ¢, = 0 


[71837 lf _ [0 
1 -0.544 |l@a2 |_| 0 


Select Pr ae 2:2 = —0.544 


-0.544 
92 -| 1 | 


4. Compare vibration properties for hinged and clamped 
cases. 


wens clamped 


— o,= 1.971 JEI/mh? —a,=8.609 J EI/mh3 
a @, = 3.750 VEI/mh? — ----- @, = 9.052 J El/mh3 


First mode Second mode 


The system with columns hinged at the base is more 
flexible, and thus has lower frequencies; the first frequency 
is reduced by a factor of almost two whereas the second 
frequency is affected much less. 
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Problem 10.8 


From Problem 10.7, 


meals} HG 


-l/V¥2 
nasi ek’ 
= 3.750 Ie as @. = 9.052 cae 
mh? mh 
Case a 
0) = 1 4(0) = 0 
u(0) = Pi u(0) = 0 


¢; mu(0) 
(0) = +—— = 1.707. g, (0) = O 
a oi mg, 
¢; mu(0) 
(0) = +—— = 0.293 q,(0) = 0 
2 ¢,m¢, : 


Substituting in Eq. (10.8.8) gives 
q(t) = 1.707 cos a,t qz(t) = 0.293 cos Mt 


Substituting q, (t) and @, in Eq. (10.8.7) gives 


. A 7 " 1? soos ant + ie ie 0.293cos wt 


u(t) 
1.207 es — 0.207 ; 
= COs COs 
1.707 “1 0.293 2 
The first mode contributes more to the response than the 


second mode because the first mode has the more 
significant component in the specified initial conditions. 


Case b 


oa wo) = 1° 
ied Sag ~ Jo 


Following the procedure of part (a) we obtain 
q,(0) = —0.207 q,(0) = 0 
qz(0) = 1.207 q,(0) = 0 
q(t) = —0.207 cos Mt qz(t) = 1.207 cos Mt 


ee v2 —0.207) cos at + “Yv2 1.207 cos @t 
iol 1 


ioe cos Wyt + seas cos Wot 
—0.207 “1 1.207 2 
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The second mode contributes more to the response than the 
first mode because the second mode has the more 
significant component in the specified initial conditions. 
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Problem 10.9 
From Problem 10.8 
q(0) = 1.707 q,(0) = 0.293 
q(0) = 0 q,(0) = 0 


Substituting q, (0) and q,,(0) in Eq. (10.10.2) gives 


q(t) = e7 § | 1.707 cos @ pt + L076) sin @, pt 
ae 
= 1707 e °° (cos 0.999@,t + 0.05 sin 0.999w,1) 
(a) 
y(t) = 0.293 e0%2 (cos 0.999w t + 0.05 sin 0.99941) 
(b) 


Substituting Eqs. (a) and (b) in Eq. (10.8.7) gives 
ee 5 ee a (cos0.999a@,t + 0.05 sin 0.999w,1) 
up (t) 1.707 


‘i 0.207 


e7 295%! (cos 0.999w,t + 0.05 sin 0.999w,1) 
0.293 


where 


EI 
@, = 3.750 3 @, = 9.052 a 
m m 
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Problem 10.10 ~0164 -0411 
1|/-0164 -0411 

~ hl 0904 -0.740 
0.904 —0.740 


The joint rotations associated with the first mode are 
obtained by substituting u, = ¢, in Eq. (a): 


Us -0164 -0411 — 0.490 
U4 1}-0164 -0411//0482| — 1 |-0490 
With reference to the lateral floor displacements u, Us ~ hl 0904 —0.740 1 ~ A \-0304 
and u,, the mass matrix and the condensed stiffness matrix lg 0904 —0.740 ~ 0304 
(from Problem 9.6) are 
Similarly, u, = in Eq. (a) gives the joint rotations 
1 . Er { 3715-1512 aN eS ; 
mM, =m k, =—= associated with the second mode: 
7 05 * 73 [-1512 1019 
U3 -0164 —-0411 — 0.241 
1. Determine natural frequencies. U4 1/-0164 -0411 f fa, a 0.241 
det[k, - o2my] = 0 us(  h| 0904 -0740]| 1 h |-1677 
Ug 0.904 -0.740 — 1677 
EI | EI 
5. Summary. 


2. Determine first mode. 


[ic Bi aim, | 9, = 0 


EI[ 3136 -1512][¢,] _ {0 
ym |-1512 7.2951|¢,{ 0 


El 
0.482 im bal ans 
?, a 1 
3. Determine second mode. 
2 5 First mode 
lic, in om, | % = 0 
EI |-1459 -—1512] | ¢, _ 0 
n> |-1512 -15.68]|¢{  |0 
_ f- 1037 El 
= 1 mh? 


4. Determine joint rotations. 


The joint rotations corresponding to the lateral 
displacements ¢, are computed using Eq. (9.3.3): 


Second mode 


Up = Tu, (a) 
where 
T = —ky ko, (b) 


Substituting kp and ky, from Problem 9.6 in Eq. (b) gives 


10 
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Problem 10.11 


From Problem 9.7, 
1 
m=m 1 
05 
see 
k= : —-1 2 -1 
0 -il 1 


Part a: Natural frequencies and modes. 


sae a ar 0) 
k - w*m = = Sh: Deeg as] (a) 
‘ ) at 1-052 
where 
_ mh? wo 
24EI 


Substituting Eq. (a) in Eq. (10.2.6) gives the frequency 
equation: 


B- 62 +92 -2=0 
The solution gives A, = 2 - V3 = 0.2679, A, = 2 


and A, = 2 + 3 = 3.7321. The corresponding natural 
frequencies are 


| El | El | El 
QQ; = 2.5359 ane ©, = 6.9282 ane 3 = 9.4641 mh 
(b) 


Following the procedure used in Example 10.1, the mode 
shapes are determined from Eq. (10.2.5): 


05 -1 05 
?, =40866- @,=4 OF $3 ={—- 0866 (c) 
1 1 1 


Third mode 


Second mode 


First mode 


11 


Part b: Verify modal orthogonality. 


1 -1 
gimg, = m{0S5 0866 1)| 1 0} = 0 
05 
1 05 
gimg, = m(05 0866 1)} 1 -—0.866$ = 0 
05 1 
1 05 
g3mg, =m(-1 0 1)| 1 — 0866} = 0 
05 1 
(e) 
2-1 O|f-1 
"kd, = =F (05 0866 1)}-1 2 -1]; 0} =0 
0-1 1{ 1 
2-1 0 05 
o{kd, = — (0S 0866 1)}-1 2 -1]\-0866; = 0 
0-1 1 1 
2-1 O 05 
$3k¢3 = = (1 0 1)\|/-1 2 -1])-0866} = 0 
0-1 1 1 
(f) 


Thus the computed modes satisfy the orthogonality 
properties. 


Part c: Normalize modes so that M, = 1. 


M, = gi m¢, 
1 05 
= m(05 0866 1)| 1 0.866 
05 1 
= 15m 
M, = ¢;m¢, = 1.5m 
M; = ¢5mg, = 1.5m 


Divide ¢, by ¥1.5m, ¢, by V1.5m and @, by 1.5m to 


obtain the normalized modes: 
—1 05 


05 ; ; 

f= 0.866> 2 = i ?, = {= — 0.866 
3m 3m 3m 

1 1 

(g) 


These modes are scalar multiples of the modes in (a); the 
shapes of the two sets of modes are the same. 


?, = 
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Problem 10.12 Let ¢,; = 1, then the third and first equations give: 
From Problem 9.8, —,. + (0.686)1 = 0 => ¢,, = 0.686 
10 9 4.3723¢,, - 2(0.6862) = O=> g,, = 0.314 
m=m/|0 1 0O 
00 1/2 0.314 
¢| =| 0.686 
5 -2 0 l 
k=ki-2 3 -1l 
0 -1 1 Substituting 4,=3 in Eq. (a) gives 
where k=8EI/h? 2 -2 O |[¢;] [o 
Part a: Natural frequencies and modes. ky-2 0 -1)| 22 |=|0 
O -1 -=]| 3 0 
5-A -2 0 
k-w*m=k| -2 3-4 -1 (a) Let ¢,,=1, then the third and first equations give: 
A 
es La $y) -05=0=> by) = -05 
where A=ma’/k | . -29,, -1=0=> ¢,, = -05 
2 A A —0.5 
det (k -@ =(5-A)| (3-A)(1-—)-1]+2] -20-— 
et ( m) = ( |< )( >) ( 5) rome 
3 1 
=- = Calne 
Substituting 4,=6.372 in Eq. (a) gives 
Substituting Eq. (a) in Eq. (10.2.6) gives the frequency 
equation: mel gf2.. 2 0 fh, | |0 
k| -2 3.372 | =| 0 
A107? +25A-12=0 (b) 032 
0 -1 -—2.186}} 33; |0 
The solution gives: 
Let $33=1, then the third and first equations give: 
A, = 0.6277 
An=3 — 3. — (2.186)1 = O= ¢,, = -2.186 
A; = 6.372 ~1.37233 1 —2(-2.186)= 0 => 31 =3.186 
The corresponding natural frequencies are: 3.186 
[ £1 [ EI [zl 93 =| — 2.186 
@, =2.241,,—~— w, =4899.;,— w,=7.14,/— 
mh? . mh? : mh? 1 
~ In summary, the modes are: 
Substituting 4,=0.6277 in Eq. (a) gives 0.314 -05 3.186 
4.3723 -2 0 P11 0 g, =|0.686| ¢,=/-05] 63 =| —2.186 (d) 
Kk} -2 2.3723 -1 || @2 |=|0 1 1 1 


0 ~1 0.686] 3) | 0 
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Part c: Normalize modes so that M n=l. 


M, = ¢; m9, 
10 0// 0.314 
=m(0.314 0.686 1)|/0 1 0 || 0.686 
oot] 1 
First mode Second mode Third mode 9 
Part b: Verify modal orthogonality. =1.069m 
1 0 OF -0.5 7 
df mg, = m[0.314 0.686 1]/0 1 0] -05|=0 M, = $,m9, 
00 —i|| 1 
2 1 0 Oj}, -0.5 
=m[-05 -0.5 1]/0 1 0|/-0.5 
1 0 O/jf 3.186 oo +l 1 
df mg; =m([0.314 0.686 1]}/0 1 0||-2.186]=0 2 
0 0 ; 1 =m 
M, =93mé, 
1 O O}} 3.186 
gm¢g;=m[-05 -05 1/0 1 0]|-2.186}=0 1 0 O|f 3.186 
oot 1 =m[3.186 -2.186 1]]/0 1 0|/-2.186 
oo +i} 1 
(e) 2 
=1546m 
§$ -2 0[|/-05 
ee _ et ee Divide , by V1.069m, @, by Vm and @, by V15.46m 
¢ kd =k [0.314 0.686 1]/-2 3 -1]-}-05 
0 -1 1 1 to obtain the normalized modes: 
5 -2 0 || 3.186 , [034 , [705 3.189 
T 
kg, =k [0.314 0.686 1|;,-2 3 —-1]|-2.186)=0 = === | 0.686 | ¢ =—=| - 0.5] ¢, = ——| -2.186 
Af ds =k a ¥1.069m ae *3 = TS a6m 
0 -1 1 1 1 1 1 
5 -2 Of 3.186 These modes are multiples of the modes in (a); the shapes 
ol kgs =k [-05 05 1 9 3. -1/|-2.186!=0 of the two sets of modes are the same. 
0 -1l 1 1 
(f) 


Thus the computed modes satisfy 


properties. 


the orthogonality 
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Problem 10.13 


When the columns are hinged at the base, the stiffness 
of the first story is 


3EI 6EI 
n= 2(35) = 
The stiffness of the second and third stories does not 
change. Following the procedure in Problem 9.7 gives 


ee 125 -1 0 

kee eb eel 
h 

0-1 1 


The mass matrix is the same as in Problem 10.12: 


1 
m=m 1 
05 
Then 
125 -A —1 0 
k - o aa -~—l 2-A  -1 
‘ 0 —1 1 - O5A 
(a) 
where 
= mh? se 
24 EI 


Substituting Eq. (a) in Eq. (10.2.6) gives the frequency 
equation: 


AA = DIFP 4 4A oe = 0 


Following the procedure of Problem 10.12 we obtain 


EI EI EI 
Q, = 1.4726 — B= 6.0413 —z = 9.3453 ae 
mh mh mh 


(b) 
0.8234 — 0.8851 0.3430 
9%, = 409548 6, = 4 0.2396 ~, = 4- 0.8195 
1 1 1 
(c) 
First mode Second mode Third mode 
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The structure with columns hinged at the base is more 
flexible than the structure with clamped columns, and thus 
has lower natural frequencies. The fundamental frequency 
is less than half, whereas the higher frequencies are 
affected less. 


The modes are also affected by the column fixity. 
Notice that the fundamental mode of the structure with 
hinged columns indicates a flexible first story relative to 
the other stories. 
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Problem 10.14. 


When the columns are hinged at the base, the stiffness 
of the first story is 


a) |= 
h 


The stiffness of the second and third stories does not 
change. Following the procedure in Problem 9.8 gives 


6EI 
ry 


11 
22 -16 O oe 2) 0 
kat} _-i6 24 -glezl-2 3 -1 
A“ | 9 -8 8 a 


where k=8EI/h?. 


The mass matrix is the same as in Problem 10.12: 


10 0 

m=m!0 1 O 

0 0 1/2 

Then 

ey ok 

; 4 

k-a“m=k| -2 3-A —] (a) 

a: Sh ey 
2 


where 1 = o 


Substituting Eq. (a) in Eq. (10.2.6) gives: 
BRB 3? 


55A 3 
-——+—=0 
2 8 8 2 


Following the procedure of Problem 10.12 gives: 


oy =142a EE, BE aysicae = 
m 


-— 0.549 1.301 
Q1 =| 0.873 |p =| — 0.133 |g3 =| —1.614 


419 


Third mode 


= 4.257 


First mode Second mode 
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The structure with columns hinged at the base is more 
flexible than the structure with clamped columns, and thus 
has lower natural frequencies. The fundamental frequency 
is less than half, whereas the higher frequencies are 
affected less. 


The modes are also affected by column fixity. Notice 
that the fundamental mode of the structure with hinged 
columns indicates a flexible first story relative to the other 
stories. 
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Problem 10.15 u, (t) 1.2440 — 0.3333 
un(t)p = 42.1547 > cos@it +4 O COS Wat 


) u;(t) 2.4880 0.3333 i 
of |/ = 0.0893 


+ 4— 0.1547? cos w@3t 


0.1786 
Case b 
; The initial conditions (from Fig. P10.15b) are 
Fig. P10.15a Fig. P10.15b Fig. P10.15c 
-1 0 
From Problem 10.11, u(0) = 40.25- uO) = 40 
1 0 
EI EI 
w, = 2.5359. |—~  @, = 6.9282 ES @, = 9.4641 ae 
mh mh mh Then from Eq. (d), 
(a) q(0) = 0.1433 q(0) = 0 
any g(0) = 1 (0) = 0 (2) 
05 1 05 q,(0) = - 0.1433 q,(0) = 0 
= (0.866 =, 0 = 4— 0.866 b) 
‘ 1 2 1 3 1 The displacement response is 
Uy (t) 0.0717 -1 — 0.0717 
The response of the system to initial displacements is 
= 401241 Mt +4 O>cos@.t+ 4 0.1241) cos at 
obtained from Eqs. (10.8.6) and (10.8.5): un (tp = 40 con 2 3 
u3(t) 0.1433 1 —0.1433 
3 : 
Gn(9) .. 
= 0 o,t + ——sing,!t c 
u(t) 2 On a Lene ean «| (c) i 
iene Case c 
wher 
° ?: Z The initial conditions (from Fig. P10.15c) are 
0 mu(0 
in(0) = 4 = eC 0 
poe oe u(0) = 4-1) u(0) = 40 
1 0 
ane Then from Eq. (d), 
The initial conditions (from Fig. P10.15a) are g,(0) = 0.0893 §,(0) = 0 
I 0 q,(0) = — 0.3333 q,(0) = 0 (i) 
u(0) = 42- (0) = 40 q,(0) = 1.2440 q,(0) = 0 
: : The displacement response is 
Toco fom Ed. (4), u(t)) (0.0447 03333 
q(0) = 2.4800 q(0) = 0 u,(t)> = +0.0774>cos@,t + 4 0 COS Wt 
q2(0) = 0.3333 g,(0) = 0 (€) u;(t) 0.0893 ~ 0.3333 
q3(0) = 0.1786 = q3(0) = 0 0.6220 
Substituting Eqs. (b) and (e) in Eq. (c) gives u(t) in inches: + 4—10774} cos @3t 


1.2440 


Although all three modes contribute to the response in 
each case, in the three cases the dominant response is 
due to the first, second, and third modes, respectively. 
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Fig. P10.15d 
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Problem 10.16 
3 


Fig. P10.16a 


Fig. P10.16b 


Fig. P10.16a 


From Problem 10.12, 


EI EI EI 
wo = 2.2415 o =4.899,| 21, wo =714,| 24 a 
: me? me? mh? (a) 


0.314 -0.5 3.186 
¢ =| 0.686| gd =|-0.5} ¢3 =| -2.186 (b) 
1 1 1 


The response of the system to initial displacements is 
obtained from Eqs. (10.8.6) and (10.8.5): 


3 . 
u(t) = 2 (0) cos @pt +O soon (c) 
n=l Dy 
where 
T Tt 
0 0 
Gn (0) - fam) Gn (0) -fe" (d) 
Pn MO, ?n MO, 
Case a 
The initial conditions from (Fig. P10.16a) are 
1 0 
u(0)={2+, u(0)= 0 
3 0 
Then from Eq. (d): 
q1(0)=2.98 41(0)=0 
q2(0)=0 42(0)=0 (e) 


q3(0) = 0.0205 4,(0) =0 


Substituting Eqs. (b) and (e) in Eq. (c) gives u(t) in 
inches: 
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0.935 0.065 
2.04 |cos @,t +| — 0.0668 |cos w3t 
2.98 0.0205 


uy (t) 
u(t) |= 


Case b 
The initial conditions (from Fig. P10.16b) are 
-1 0 
u(0)={0.25+, w(0)=/0 
1 0 
Then from Eq. (d): 
q, (0) = 0.334 q, (0) =0 
Gz (0) =0 
q3(0) = 0 
The displacement response is 


u(r)] [0.1048 — 0.4375 — 0.666 
uy(t)|=| 0.229 |cosayt+| — 0.4375 |coswt+| 0.456 |coswst 
u3(t)} | 0.334 0.875 — 0.2089 


q(0) = 0875 


g,(0) = -0.209 


Case c 
The initial conditions (Fig. P10.16c) are: 
1 0 
u(0) = +0 
1 0 


u(0) = 


Then from Eq. (d): 
q,(0)=0.12 
92(0)=05 gq, (0)=0 
q3(0)=0.38 = q3(0)=0 

The displacement response is 


u,(t)] [0.038 -0.25 1.21 
u(t) =| 0.082 |cos @, t+) —0.25 | cos w, t +| — 0.83 |cos @ t 
u;(t)| | 0.12 0.5 0.38 


q,(0)=0 


Although all three modes contribute to the response in each 
case, in the three cases the dominant response is due to the 
first, second, and third modes, respectively. 
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. Case a 


u,(t) 0 


Fig. P10.16d 
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EI EI 
O, , = 2.5327, J|—= @, = 0.1268. |—~- 
oa mh? $10 mh? 
Problem 10.17 EI EI 
Wp = 6.9195, |—> CW, = 0.3461 |—> (c) 
From Problem 10.11, mh mh 
EI EI 
EI = dias =0. Reade 
@, = 2.5359. |; @, = 6.9282 aT a= 9.4641 | 7 Day eonee mae $303 = 0.4732 ae 
mh mh mh 
(a) Substituting Eq. (c) and values of q,(0) from Problem 
The response of the system is given by Eqs. (10.8.7) and 10.15 in Eq. (b) gives the following response for the first 
(10.10.2): set of initial conditions: 
2 1.2440 0.0623 
u(t) = >) ob, ee" [qq (0) cos @, pt u(t) = 42.1547+ 2% cosa, pt + 40.1079) e7 $'" sin a; pf 
net (b) 2.4880 0.1249 
_ 460) + Sn@nIn() 0, ot — 03333 ~ 0.0167 
Dnp +4 0 e 2% cosa, pt + 4 0 e 2 sin Wy pt 
0.3333 0.0167 
yet | 0.0893 0.0045 
~O3@st ~$3O5t Gs 
Onn = Dy, i pe C + 4-015477 e COS 3p) + 4— 0.0077 re sin @3pt 
m 0.1786 0.0089 
For ¢, = 5%, 


9 Case b 
—wu4 
mii 


--= Uy 


tT, 


Fig. P10.17 
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Problem 10.18 
From Problem 10.12, 


| EI | EI 
Q, = 2.241 a OW, =4.899,|——  @, = La 
mh? mh mh 


The response of the system is given by Eqs. (10.8.7) and 
(10.10.2): 


3 
u(t) =). 9,6 5" [g, (0) cos @ pt 
aa (b) 
An O*Sn@ndn(O) o0 
®np 


For ¢, =5%, 
EI El 
1p = 2.2382,|— @, = 0.1121,;-—~ 
1D whe $10, whe 
EI EI 
Oop = 4.8929 @, = 0.2450,/|—— (c) 
2D ae $202 mihi 
EI 
@3p = 7.1311 s $30, = 0.3570,;—~ 
mh mh? 


Substituting Eq. (c) and values of q,(0) from Problem 
10.16 gives the following response for the first set of initial 


conditions: 
0.9358 0.0469 
u(t) = 42.0443 te75'" cos w,pt+ 40.1023 te 9 sin apt 
2.98 0.1492 
0.0653 0.0033 
+ 40.0448 te-93 cos @3pt + 4- 0.0022 te ™ sin W3pt 
0.0205 0.0010 
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Problem 10.19 


With reference to the lateral floor displacements u,, u, 
and u,, the mass matrix and the condensed stiffness matrix 
(from Problem 9.9) are 


1 
m=m 1 
05 
4085 -2326 S11 
k, = zak ~2326 31.09 -14.25 
511 -1425 10.06 


Obtained by using the same procedure as in Problem 
10.11, the natural frequencies and modes are 


@, = 1.4576 as W, = 4.7682 = @, = 8.1980 as 
mh mh mh 


(a) 
0.3156 — 0.7409 1.2546 
od, = 40.7451) o, = {-0.3572> $, = 4-12024 
1 1 l 
(b) 


The joint rotations corresponding to the modes of Eq. 
(b) are computed using Eq. (9.3.3): 


uy = Tu, (c) 
where 
T = -—kol ko, (d) 


Substituting Kp and Ky, from Problem 9.9 in Eq. (d) gives 


~0.1084 -—05342 0.0744 
-—0.1084 -05342 0.0744 

T = J 05961 ~—00619 —0.4258 
h| 05961 -—0.0619 -—04258 

— 0.1703 0.8748 — 0.7355 

— 0.1703 0.8748 0.7355 
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The joint rotations associated with each mode are obtained 
by substituting u, = @,, n = 1, 2 and 3, in Eq. (c); the 


results are 
~ 03548 03486 05837 
~ 03548 03486 05837 
1 |-02838 1 |-03453 1| 03966 
(io = F\_o2s3sf (0 = %)-osas3l (70 = 4) 03966 
~ 0.1374 - 09218 ~2.0011 
— 01374 ~ 0.9218 ~2.0011 


Third mode 


Second mode 


First mode 
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Problem 10.20 


With reference to the lateral floor displacements 
U,, Uz and u,, the mass matrix and the condensed 
stiffness matrix (from Problem 9.10) are 


10 0 
m=m;0 1 0 

00 05 

39.38 -22.68 5.486 
ky = 27.13 -11.75 

Symm 7.418 


Obtained by using the same procedure as in Problem 10.11, 
the natural frequencies and modes are: 


o, = L197} 5 O, = 4178, O, = 7.903 |=5 


(a) 
0.273 — 0.706 1.529 
¢, =| 0.698] ¢2 =|—0.441] 3 =| -1.315 (b) 
1 1 1 


The joint rotations corresponding to the modes of Eq. 
(b) are computed using Eq. (9.3.3): 


up=Tu, (c) 
where 
T =-ky, Kor (d) 


Substituting Kpg and Ky, from Problem 9.10 in Eq. 
(d) gives 
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~0.1512 -0.6084 0.0962 
~0.1512 —0.6084 0.0962 
_1{ 0.7184 -0.11 -0.457 
~ hl 0.7184 —-0.11 -0.457 
-0.2612 1.131 —0.925 
-0.2612 1.131 0.925 


The joint rotations associated with each mode are obtained 
by substituting u,=¢,, n = 1, 2, 3, in Eq. (c): The results 
are: 


— 0.369 0.472 0.667 
— 0.369 0.472 0.667 
1 | -0.338 1|-0.917 1| 0.782 
(1 )o ~ h| -0.338 (62 Jo ~ h| -0.917 (03 )o ~ hl 0.782 
— 0.208 —1.238 —2.808 
—0.208 ~1.238 ~2.808 
First mode Second mode Third mode 
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Problem 10.21 


With reference to the lateral floor displacements 
Uu,, U, and u,, the mass matrix and the condensed 


stiffness matrix (from Problem 9.11) are 


10 0 
m=m/0 1 0 

00 05 

33.36 -14.91 1.942 
k, == 15.96 —5.489 

Symm 3.923 


Obtained by using the same procedure as in Problem 10.12, 
the natural frequencies and modes are: 


0,= 1329, 0,=3514,|—5 W,= 6562,|—5 
mh mh mh 
(a) 


0.234 -0.512 3.324 
, =| 0.639] ¢ =|-0.591] ¢3 =| -2.032 (b) 
1 1 1 


The joint rotations corresponding to the modes of Eq. 
(b) are computed using Eq. (9.3.3): 


Up=T u, (c) 
where 
T=-k7, Kor 
(d) 


Substituting Koj and Ky, from Problem 9.11 in Eq. 


(d) gives 


—0.3006 —0.3695 0.0313 
—0.3006 -0.3695 0.0313 
1] 0.6795 -0.321 -0.227 
hl 0.6795 -0.321 -0.227 
-0.1942 0.9489 -0.7923 
-0.1942 0.9489 -0.7923 


T 


The joint rotations associated with each mode are obtained 
by substituting u,=¢,, n = 1, 2, 3, in Eq. (c): The results 


are: 
-—0.275 0.404 -0.217 
—0.275 0.404 —0.217 

170 “nl -0.273 |" 77° hh} -0.385 |" 3°" A} 2.684 
—0.231 —1.254 — 3.366 
-—0.231 -—1.254 — 3.366 

First mode Second mode Third mode 
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Problem 10.22 -0.4005 -0.4152 0.0458 
~0.4005 -0.4152 0.0458 
0.9530 -0.4569 —0.2803 
0.9530 -0.4569 —0.2803 
~0.3465 1.2570 —0.9890 
~0.3465 1.2570 -0.9890 


x] 


The joint rotations associated with each mode are obtained 
by substituting u,=%,, n = 1, 2, 3, in Eq. (c): The results 


are: 
—0.2819 0.5364 —0.4482 
— 0.2819 0.5364 — 0.4482 
; — 0.3626 — 0.5006 1] 3.6639 
With reference to the lateral floor displacements (A) = 0.4696 (t)o = 0.5006 (6) rier 
U,, uz, and uz, the mass matrix and the condensed stiffness 
matrix (from Problem 9.12) are =eous? cable Sane) 
— 0.3083 — 1.6240 ~ 4.5137 
10 0 
m=m/0 1 0O 
0 0 05 
30.77 -14.01 2.43 
“ El 
k= 13.82 -—4.80 eles 
( Symm 2.92 é . 
First mode Second mode Third mode 


Obtained by using the same procedure as in Problem 10.12, 
the natural frequencies and modes are: 


a, = 1.043 [zt @ = 3.081 is @; =6.314 en 
mh mh mh? 


(a) 
0.1997 ~0.5454 3.2201 
9, =|0.5966| ¢,=|-0.6555] ¢,=|-1.9163|  (b) 
1 1 1 


The joint rotations corresponding to the modes of Eq. (b) 
are computed using Eq. (9.3.3): 


Uy =Tu, (c) 
where 
T=-k> kor (d) 


Substituting Ko) and Ko, from Problem 9.12 in Eq. (d) 
gives 
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Problem 10.23 


Parta 


From Problem 9.13, the mass and stiffness matrices of 
the system are 


5 
m=m 1 
1 
af 28 6 -6 
k = 3 6 7 3 
10L 63 7 
Then 
a 28-5A 6 —6 
k-@? — ja 33 (a) 
10L -6 3. T-A 
where 
3 
- 1l0mL 4 (b) 
3EI 


Substituting Eq. (a) in Eq. (10.2.6) gives the frequency 
equation: 
5A - 982? + 520A - 400 = 0 


The roots of this equation are A, = 0.9219, 
A, = 8.6780 and A, = 10. The corresponding natural 
frequencies are 


Q@, = 0.5259 = @, = 1.6135 ane @, = 1.7321 eae 
mL mL mL 


(c) 


Following the procedure used in Example 10.1, the natural 
modes are determined from Eq. (10.2.5): 


1 l 0 
$1 =)-1.9492; 2=4 1.2826} $3 =41 (d) 

1.9492 ~ 1.2826 1 

05, = 1.9492 ?y=1 


First mode 
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9 45 = 1.2826 
$4, =—1.2826 


Second mode 


933 =1 


Third mode 


Part b 


The vectors of initial displacements and velocities are 


1 0 
u(0) = 40; wu(0) = 40 (e) 
0 0 


Substituting m, k and Eqs. (d)-(e) in Eq. (10.8.5) gives 


o1(0)= 21 0 3569 q(0)=0 

a mg, 

3 mu(0) | 
92(0)=2--——=0.6031 42(0)=0 () 

> m2 

T 

(0) 

93-3 =o q3(0)=0 

3 mgs 


The free vibration response is given by Eq. (10.8.6) as 


(0) 


Dn 


u(t)= y on C (O)cosw,,t+ In 


———sinw 7 (g) 
n=] 


Substituting for ¢,, g,(0) and q,(0) gives 


uy (t) 0.3969 0.6031 
u(t) p=) — 0.7736 pcos@yt+; 0.7736 pcos@ at (h) 
u3(t) 0.7736 — 0.7736 


The third mode does not contribute to the free-vibration 
response because the initial conditions do not contain a 
component in this mode. 
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Problem 10.24 0 2071 O 
® = | 2.0322 0O — 0.3988 


0.0033 0 0.0166 


The natural modes are sketched next. 


First mode 


1. Data. 
m = 90kips/g k = 1.5 kips/in. b = 25ft 


®, =5.96 rads/sec 


2. Determine the mass and stiffness matrices. 


From Problem 9.140, 


2.071 
1 1 er 
pera = 02331] 1 
386 5 
(25 x 12)?/6 15,000 2.071 
>| Second mode 
6 0 0 
k = 15 6 -—(25 x 12) @, = 6.21 rads/sec 
(sym) 3 x (25 x 12)? 
6 0 0 
= 15 6 —300 
(sym) 270,000 
3. Determine natural frequencies. 
det[k - wm] = 0 
Third mode 
9 — 0.2331w* 0 0 
0 9 — 0.23310” ~ 450 = 0 @, = 10.90 rads/sec 
0 ~ 450 405,000 -— 3495w* 


(9 - 02331w")(9 - 02331w7) x 
(405,000 - 3495m* - 4507) = 0 
The roots of the above equation are 
@, = 35.55 @, = 38.63 wy; = 118.85 


Thus the natural frequencies are 
@, = 5.96 @, = 6.21 @; = 10.90 
4. Determine natural modes. 


(k = wm) ¢, =0> ¢@, 
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Problem 10.25 The natural modes are sketched next. 


— 0.489 
1.5447 
First mode 
@, =5.96 rads/sec 
0.489 
1. Determine the mass and stiffness matrices. 
From Problem 9.15, 
2/ ae y 7 y e Second mode 
m = 0.2331/-1/6 2/3 -1/2 
2 ms 1/2 i} @, =6.21 rads/sec 
5 -2 2 aaa 
k=15|-2 5 -2 ane 
2 -2 6 
2. Determine natural frequencies. — 2.489 
det [k = o’m| = 0 (a) ie =| 
The roots of Eq. (a) are Third mode 
QO, = 5.96 @, = 6.21 @, = 10.90 @, = 10.90 radsisec 
which are the same as in Problem 10.24. 
2.489 
3. Determine natural modes. 
0.4885 2.071 2.4889 ade j ; en ey 
= ; t LF. 
® = |-04885 2.071 - 2.4889 (b) See ee en oe 
15437 0 ~ 2.8878 The two sets of DOF are related by 
uy Y2 Y2 Ojfuy 
uyp = {2 -Y2 llyu, (c) 


Ug Ib = Wb 0 3 


or 
u=au (d) 
where 
b = 25 xX 12 = 300in. 
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@,,n = 1, 2 and 3, from Eq. (b) in Eq. 


Il 


Substituting u 


(d) gives 
) 2.071 0 
® = a® = |2.0332 0 — 0.3988 
0.0033 0 0.0166 


These modes are the same as in Problem 10.24. 
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Problem 10.26 The natural modes are sketched next. 


First mode 


@, =5.96 rad/sec 


1. Data. 


m=90kips/g k=1.5kips/in. b=25ft Second mode 


2.0710 
2. Determine mass and stiffness matrices. @, = 6.21 rad/sec 


From Problem 9.16, 


om 1 0 0 
rrr: 0 1 (25x12)/2 
0 (25x12)/2 5(25x12)?/12 
1 0O 0 
=0.2331)0 1 150 
0 150 37,500 Third mode 
6 0 0 @, = 10.90 rad/sec 
k=1.5 6 2(25x12) 
7(25x12)? /2 
oy) ( ) / 5. Compare these modes with Problem 10.24. 
6 O 0 
=15 6 600 The two sets of DOF are related by 
(sym) 315,000 u,| | Uy 
Uy p= 1 b/2\;u, (c) 
3. Determine natural frequencies. Ug 1 lu, 
det [k - om |=0 (a) e 
The roots of Eq. (a) are u=au (d) 
@; =35.55 ws =38.63 ws =118.85 where 


Thus the natural frequencies are b = 25 x12 = 300 in. 


@,=5.96 @,=621 «a =10.90 In Eq. (d), u represents the degrees of freedom defined in 


Problem 9.14, while u represents the degrees of freedom 
which are the same as in Problem 10.24. defined in Problem 9.16. 
4. Determine natural modes. 


0 2.0710 ) 
® =| 1.5437 ) — 2.8878 (b) 
0.0033 ) 0.0166 
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Substituting =¢,, n=1,2 and 3, from Eq. (b) in 
Eq. (d) gives 


) 2.071 0 
® =a® =| 2.0322 0 ~ 0.3988 
0.0033 0 0.0166 


These modes are the same as in Problem 10.24. 
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Problem 10.27 


First mode 
Q@, =5.96 rad/sec 
acl 
1. Determine mass and stiffness matrices. 
From Problem 9.17, Second mode 
1 -¥2 1/2 @ = 6.21 rad/sec 


m = 0.2331}-1/2 2/3 -1/6 
Y2 -Y6 2/3 >| 2.0710 


6 -3 3 
k=1.5,-3 5 -3 A 
3 -3 7 Y 2.0901 
2.8878 
2. Determine natural frequencies. 
; Third mode 
det |k m |=0 (a) 
The roots of Eq. (a) are @, = 10.90 rad/sec 
w? =35.55 w2=38.63 w? =118.85 b>} 2.4889 


Thus the natural frequencies are 


4. Compare these modes with Problem 10.24. 
O,=5.96 @,=6.21 @; =10.90 


The two sets of DOF are related by 
which are the same as in Problem 10.24. 


3. Determine natural modes. uy 1 -/2 Y2\lu 
| uyt=|0 Y2 Y2Ku, (c) 
0.4885 2.0710 2.4889 us| |0 Wb -Ybllu, 
® =|2.5207 0 2.0901 (b) 
15437. 0 —2.8878 is 7 
u=au (d) 
where 


The natural modes are sketched next. 
b = 25x12 = 300 in. 


In Eq. (d), u represents the degrees of freedom defined in 
Problem 9.14, while u represents the degrees of freedom 
defined in Problem 9.17. 


Substituting u=¢,, n=1,2 and 3, from Eq. (b) in 
Eq. (d) gives 
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0 2.071 0 
® =a® =| 2.0322 0 ~ 0.3988 
0.0033 0 0.0166 


These modes are the same as in Problem 10.24. 
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Problem 10.28 


1. Determine mass and stiffness matrices. 


From solution to Problem 9.18: 


m 
m = m 
m 
and 
0.9283 0.9088 0.2345 
k= 0.9088 1.4294 0.2985 


0.2345 0.2985 0.3234 
. 4 
assuming GJ secs 


2. Determine the natural frequencies. 


det[k -w*m]=0 


Solving for the roots of the characteristic equation yields 


the natural frequencies of the system. 


Q@, = 0.4834 eet. 
mL? 

4 = 0.4990 — 
mL 

ow, = 1.4827 |~L 
mL} 


3. Determine the natural modes. 
(k-o,;m)~,=0 = 9%, 
0.7767 —0.2084 0.5943 
® =| —0.4923 0.3875 0.7794 
-—0.3928 -—0.8980 0.1984 


Note: ¢7¢, =1. 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 10.29 


m/2 

G2 —~ hl, 
k 

E —~ uy, 
k 

ED Sales 
k 


1. Data: 
w = 100 kips => m = 0.2588 kip-sec? /in. 
k = 326.32 kips/in. 


1 
m = 02588 1 
05 
2-1 O 
k = 32632/-1 2 -1 
Cex 41 


Inverse iteration equations: 


XK, kx 
ey kx 
At ) = it 11 (b) 
Xj+1M Xj 41 
Implement Eqs. (a) and (b) to obtain Table P10.29. 
Table P10.29 
Iteration x; X j41 AUD X j+1 
0.0036 0.7777 
1 2 0.0063 338.68 1.3826 
0.0075 1.6418 
0.7777 0.0024 0.7989 
2 1.3826 0.0041 337.87 1.3894 
16418 0.0048 1.6094 
0.7989 0.0024 0.8020 
3 13894 0.0041 337.86 1.3899 
1.6094 0.0048 1.6055 
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The fundamental natural frequency and mode are 


@, = V¥337.86 = 18.3809 


@ = (0.8020 1.3899 1.6055)" 
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Problem 10.30 
Excitation frequency: 
f = 40rpm = = = 7.17 Hz 


2af = 45.03 rads/sec 


@ 
Shifted eigenvalue problem: 
k@ = Am ) 
k =k -yum Az=A-uU 
and m and k are given in Problem 10.29. 
Inverse iteration equations: 
k Xj41 = m Xj 
=F Se 
HEM 2. Xj41 K Xj41 
== 
X41) MXj41 


Use st = w” = (45.03)* = 2027.7 as a shift and 
implement the inverse iteration equations to obtain Table 


P10.30. 
Table P10.30 
Iteration xj ft X j41 AG) X +1 
1 0.0017 15839 
1 2027.7 ~0.0001$ 2517.3 }701323 
0 -16357 
0.0017 
-—05 
15839 0.0033 1.6239 
2 -01323$ 2027.7 0.0000} 2521.3 0.0143 
-1.6357 0.0032 -15663 
1.6239 0.0032 1.6020 
3 0.0143} 2027.7 0.0000$ 2521.7 nee 
-15663 -0.0033 a 
1.6020 0.0033 1.6063 
4 0.0087} 2027.7 0.0000; 2521.8 0.0017 
0.0032 
-16110 -1.6023 


The natural frequency of the structure closest to the 
machine frequency is 


o, = ¥2521.8 = 50.2174 
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Problem 10.31 
Table P10.31b: Second Mode 


Shifted eigenvalue problem: 


; i Iteration Xj L X j41 Auth X 41 
kg = Am¢ 1 0.0016 | a 
zg 4 1 2000 0.0001} 2516.5 — }~0:1405 
=k - ae ae 0 cs 
k k um aA aA L - 0.0016 16394 
and m and k are given in Problem 10.30. 7 
15813 0.0031 1.6264 
Inverse iteration equations: 2 0.1405 2000 0.0000} 2521.1 0.0171 
me -1.6394 0.0030 -15611 
KxX;,, = mx; 
=f <= | 
. oo. 1.6264 0.0031 16011 
AitD = = rhs. 3 0.0171$ 2000 0.0000} 2521.7 4-0.0106 
Xj 41M Xj -15611 0.0031 -16126 
1. First mode. 
Select “4 = 300 and implement the inverse iteration The second natural frequency and mode are 
equations to obtain Table P10.31a. 
@, = ¥2521.7 = 50.2167 
Table P10.31a: First Mode d, = (1.6011 — 0.0106 — 1.6126)" 
Iteration x; lu X ju Ath X 41 
1 0.0327 0.7993 3. Third mode. 
1 2 300 0.0569} *°786 aie Select 4 = 4000 and implement the inverse iteration 
3 0.0659 equations to obtain Table P10.31c. 
Table P10.31c: Third Mode 
0.7993 0.0212 0.8024 jieration = u 7 (j+1) 2 
2 13891} 300  Jog367$ 78° 413000 a 
1.6096 0.0424 1.6051 1 ee epee 
1 -] 4000 0.0015} 4669.7 —13977 
f 0.0020 1.7735 
The fundamental natural frequency and mode are 05813 0.0013 0.9010 
@, = 337.856 = 18.3809 2 -13977} 4000 0.0019; 4697.6 -13837 
1.7735 0.0021 15084 
g = (0.8024 1.3900 1.6051)" 
0.9010 0.0011 0.7550 
2. Second mode. 3 ~1.3837+ 4000 0.0020} 4703.9 413901 
0.0023 
Select 4 = 2000 and implement the inverse iteration ove von 
equations to obtain Table P10.31b. 0.7550 0.0012 08248 
4 Ss -0.0020 - 
13901, 4000 ee 4705.3 13897 
1.6503 15827 


The third natural frequency and mode are 
@, = V4705.3 = 68.5952 
~; = (0.8248 — 1.3897 1.5827)" 
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4. Compare with exact results. / 


@, = 18.4883 ¢, = (0.8024 1.3898 1.6048)" 
@, = 50.5111 g = (1.6011 0 1.6011)" 
@; = 68.9994 g, = (0.8248 ~1.4286 1.6496)" 
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Problem 10.32 3. Third mode. 
Implement the iteration procedure of Eqs. (10.14.3) to Table P10.32c: Third Mode 
(10.14.5) with the starting shift computed from Eq. = a ie 
(10.14.4) using the starting vector. The results are Meraney i) M “yal Ar is 
summarized below. 1 0.0036 0.7645 
1 4539.2 0.0065} 4704.6 -13936 
1. First mode. a 0.0076 1.6355 
1 
Table P10.32a: First Mode 0.7645 0.7275 0.8025 
Iteration Xj ll X 41 Ag+) X +1 2 ~1.3936 4704.6 ~1.2600 4705.7 —13900 
1.6355 14549 1.6050 
1 ~0.0208 0.8078 
1 a) 398.18 0.0358} 337.89 ~—13913 
—0.0410 -15973 
3 The third natural frequency and mode are 
—0.8078 22.2645 0.8025 
@, = V¥4705.7 = 68.5981 
2 -1.3913} 337.89 {385633} 337.86 1.3900 2 
-15973 445291 1.6050 ¢, = (0.8025 ~1.3900 1.6050)" 


The fundamental natural frequency and mode are 
@, = ¥337.86 = 18.3809 
g, = (0.8025 1.3900 1.6050)" 


2. Second mode. 


Table P10.32b: Second Mode 


Iteration Xj i X 41 RD X j41 

1 0.0017 1.4524 
1 05 2063.3 0.0022; 2478.1 —0.1647 
—0.0021 —18587 

—05 
14524 0.0364 1.6070 
2 —0.1647> 2478.1 0.0001> 2521.8 0.0048 
—18587 —0.0363 —1.6010 


The second natural frequency and mode are 
@, = ¥2521.8 = 50.2175 
g, = (1.6070 0.0048 -1.6010)" 
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Problem 11.1 


1. Set up mass and stiffness matrices. 


; 100 
m= — 
386 se 
50 
ie 16-7 0O 
k sar -7 10 -3 
0-3 3 


2. Determine ay and a, from Eq. (11.4.9). 


1 
38.90 
a = 0.9177 a = 1.964 x 103 


3. Evaluate the damping matrix. 


c = aym + ak 


0.824 -—0257 0 
= 0.604 —0.110 
(sym) 0.229 


4. Compute ¢, from Eq. (11.4.8) 


1 
6 = pars + F % = 0.0430 
2 
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Problem 11.2 
1. Caughey series for a 3-DOF System: 

¢ = am + ak + akm™'k (a) 
(b) Determine ay, a, and a, from Eq. (11.4.14). 


1 
—— 1201 (12.0193 
12.01 Ap 0.05 
—— 25. a 3 = 
ye 547 (25.47)>| 4a, 2 40.05 
a, 0.05 


1 
——— 38 90)3 
ao 90 (38.90) 


a = 0.7400 a = 3.3137 x 10° a, = -8.1417 x 107 
(c) Evaluate c. 
Substituting a), a, and a, in Eq. (a) gives 

0.848 -0234 -0023 


c= 0.628 -0.133 
(sym) 0.252 
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Problem 11.3 


N 
Zz 
e =m) S) 2222 9, om (a 


1. Determine the individual terms in Eq. (a). 


2 (0.05) (12.01 
= aa oa m 9, ot m 


0.0328 0.0655 0.0491 
0.1310 0.0983 


(sym) 0.0737 
2 (0.05) (38.90) 
c5 = 20005) 380) 9, 9Tm 


0.6500 -0.4643 0.0929 
0.3316 - 0.0663 
(sym) 0.0133 


2. Determine c. 
c= c; + C3 
0.683 -0.399 0142 
0.463 0.032 
(sym) 0.087 


3. Check damping in the second mode. 
G = heh =0 


Therefore the second mode is undamped. 
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Problem 11.4 


1. Determine individual terms in Eq. (a) of Problem 
11.3. 


The first and third terms c, and c; are already 
computed in Problem 11.3 and 


2 (0.05) (25.47) 

= a ket m 0, o, m 
0.1651 01651 -—0.1650 
0.1652 -0.1650 
(sym) 0.1650 


2. Determine c. 


: 0848 -0.234 -0.023 
c= Se, = 0.628 -0133 
We (sym) 0.252 
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Problem 12.1 
Parta 


The equations of motion are 


alle} [2 “AN - {2} seere 


(i) Direct Solution 


The steady-state solution is assumed as 


ee 
= sin at (b) 
uy aX) 


Substituting Eq. (b) into Eq. (a) gives 
2k — mw? —k uio| _ [0 
—k k - ma*/2| ur, Po 
a _ [2k - mo? ee ae 
lrg —k k - mo*/2| |p, 
7 8S? 8 Se k 
(m?/2)(@? — wt) (w? - w3) \2k - ma’ 


where, from Problem 10.6, @, = 0.765./k/m and 
QO, = 1.848/k/m, or 


bee Polk 
[1 - (a/o,)"|[1 - (a/@,)"| 
a 2D, (2k eae 
mw; 5 [1 — (0/@,) Ip = (a/@,)"| 
(ii) Modal Analysis 
From Problem 10.6, the following data are 
available: 
Q, = 0.765./k/m Q, = 1.848./k/m 
¢ = (0.707 1)" g, = (-0.707 1) 
From Eqs. (12.3.4) and (10.4.7), M,, K, and P,(t) are 
obtained: 
M, =m M, =m 
K, = 0.586k K, = 3.414k 


A(t) = p, sin at P,(t) = p, sin wt 
1. Set up modal equations. 


MiQn + Kn, = P,, sinat; Pi, = p, (c) 


2. Solve modal equations. 


Pp 1 
= EEN et _C = —— 
qx (t) 0586h , sin ar; C, i oles? (d) 
p ; 1 
= ae i -C = — 
hag eee 
3. Determine modal responses. 
u(t) = q(t) uz(t) = 042 (t) (f) 


4. Combine modal responses. 


Hl 


u, (t) £2 (12076, — 0.207C,) sin wt 


u,(t) = “2 (LT07C, + 0.293C,) sin wt 


Part b 


By algebraic manipulation it can be shown that 
these results are equivalent to those obtained by 
solving the coupled equations. 


Part c: Frequency Response Curves 
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Problem 12.2 


Part a: Story shears from displacements. 
Vin (t) = kugy(t) = k DinGn(t) 


Van(t) = k[woa(t) ~ wn(t)] = kL Orn - An] an(t) 
From Problem 12.1, 


@, = 0.765.{k/m 


g, = (0.707 1)" 


g, = (-0.707 1)" 


q(t) = 1.707 - C, sin wt 


qx(t) = 0.293 i C, sin wt 


First mode responses: 
Vi,(t) = 1207p,C, sin at 
V(t) = 05p,C, sin at 
Second mode responses: 
Vi2(t) = —0.207p,C, sin at 
V(t) = OSp,C, sin at 


Total responses: 


V(t) = Yi) + Volt) 
= (1.207¢, — 0.207¢,) p, sin at 
V(t) = Vo, (t) + Voo(t) 


05(C, + Cz) p, sin at 
Part b: Story shears from equivalent static forces. 


= fan) 


—_ fin 


The equivalent static forces are 
Fin (t) = Oa; Vin dn (t) 
For first mode (n = 1), 


fi, (t) 


@;m (0.707) q,(t) = 0.707 p, CG, sin at 


fault) = of (=| (1) q,(t) = O5p, C, sinat 


For second mode (n = 2), 


fig(t) = w3m(-0.707) q,(t) = —0.707p, C, sin at 


m . 
fa (t) = ws () (1) q2(t) = OSp, C, sin at 
Static analysis of the structure shown in the figure 
gives the story shears: 
Vin(t) = fin) + fant) Vi,(t) = fon(t) 


Substituting for f,,(¢) and combining modal responses, 
we get the story shears: 


Vit) = Vi.) + Vio) 
= (1207C, - 0.207C,) p, sin at 
V,(t) = Vo,(t) + Vo (t) 


05(C, + C,) p, sin at 


These are identical to those obtained in part (a) 
directly from displacements. 
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Problem 12.3 
1. Set up modal equations. 
M1Qn + Cadn + Kn@Qn = Pi. sin ot (a) 


where M,, K, and P,, are available (Problem 12.1) 
and C, is known in terms of ¢,. 


2. Solve modal equations. 


q,(t) = 8 [C, sinar + D, cos at] (b) 
where 
1 = (@/@,)° 
"2 
1 - (o/@,)° | + [2¢, o/a,| 
ac (c) 
Dy = n O/O, 


[1 - (@/o,)*} + [2¢,0/0,) 


Substituting for P,, and K, into Eq. (b) gives 


p 
q(t) = eee [C, sin ot + D, cos at] 
= 1.707 =? [¢, sinat + D, cos at] 
q(t) = Po [C, sinat + D, cos ar] 


3.414k 
= 029382 [C, sinat + D, cos ar] 
3. Combine modal responses. 
W(t) = O91 (t) + 91292 (t) 
= £2 [ (1207¢, ~ 02072,) sin at 


+ (1207D, — 0.207D,) cos at] 


Uy (t) = $214, (t) + 92242 (t) 
= #2 [ (17076, + 0.2937,) sin wr 
+ (L707D, + 0.293D,) cos at] 


4. Determine displacement amplitudes. 


it, = ma (1207C, - 0207€,)? + (12072, - 0207D,)’ 


ly, = 22 (1707C, + 0.293¢,)? + (17072, + 0293D,)? 
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Problem 12.4 


1. Set up equations of motion. 


2 mallet * [a ella} {of 
0 m/2| li -k kj} \u 0) 
2. Set up modal equations. 


From Problem 12.1, 


@, = 0.765./k/m @, = 1.848,/k/m 


g, = (0.707 1)" 
M, =m 
K, = 0.586k 


@, = (-0.707 1) 
M, =m 
K, = 3.414k 
The generalized modal forces are 
R(t) = p(t) 
P(t) = ple) 


Substituting these in Eq. (12.3.3) gives the modal 


0.707 p, A(t) 


~ 0.707 p(t) 


equations: 
M,q, + K,q, = 0.707p,d(t) (b.1) 
M,q, + K,q, = —0.707p,d(t) (b.2) 


3. Solve modal equations. 


For an SDF system subjected to an impulse force, 
the governing equation is 


mui + ku = p,d(t) (c) 


and its solution is 


u(t) = —-2 sin w,t (d) 
mao 


Adapting this result, the solutions of Eqs. (b.1) and 
(b.2) are 


0.707p, .. -0.707p, . 
q(t) = ———* sin wt; q(t) = —— —4sin ont 
1 M0, b> 92 M0, 2 
Substituting for M,, gives 
0.707 . — 0.707 ; 
mo: mo, 


(e) 


4. Combine modal responses. 


2 
u(t) = Y dgn(t) 
n=l 


W(t) = O19, (t) + Pj292(t) = (Sa Tie ag 22) 


2m Qo, QO» 
(f) 
u(t) = Paign(t) + Png(t) = ——2 [see Pi es 
m Wy, > 
(8) 


Alternative method 
1. Determine initial velocities. 


Ignoring the stiffness elements and using the 
impulse-momentum relationship of Eq. (4.1.3) for each 
mass gives 


ix(0) = 72 in(0) = 0 (h) 
m 
2. Determine initial velocities in modal coordinates. 
, _ ¢mu(0) 
70) 
M,, 
(0.707 1)m Po/m 
| 2} | 0 5 
q,(0) = = 0.707% 
m m 
Similarly, 
g,(0) = - 0.707 £2 
m 
3. Determine free vibration response. 
qn(t) = 4n(0) sin @,t 
O, 
— 0.70 
q(t) = CEES Qt; q(t) = Poe Qyt 
ma, MO), 
(i) 


Note that these results are the same as Eq. (e). 
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Problem 12.5 


1. Set up equations of motion. 


m 0O ||u 2k —-kiluy p,(t) 
Bae fs = (a) 
0 m/2| li, -k k{|u 0 
2. Set up modal equations. 
From Problem 12.1, 


@, = 0.765./k/m @, = 1.848,/k/m 


g, = (0.707 1)" @, = (-0.707 1)" 
M, =m M, =m 
K, = 0.586k K, = 3.414k 


The generalized modal forces are 
R(t) = § p(s) 
P(t) = Gp(t) 

Substituting these in Eq. (12.3.3) gives the modal 


0.707 p, 


— 0.707 p, 


equations: 
M.q, + K,q, = 0.707p, (b.1) 
Myq + K3q, _ ~ 0.707 p, (b.2) 


3. Solve modal equations. 


For an SDF system subjected to a suddenly applied 
force, the governing equation is 


mi + ku = p, (c) 


and its solution is 
_ Po 
u(t) = ra — COS @,t) (d) 


Adapting this result, the solutions of Eqs. (b.1) and 
(b.2) are 


0.707 p, ( 
K, 
_ 1207p, a 
k 
— 0.707 p, 
K, 
-— 0.207 p, 
k 


q(t) — cos wt) 


— COS @,t) 


92 (t) (1 - cos @,t) 


(1 - cos @,f) 


4. Combine modal responses. 


u(t) = @q,(t) + q(t) 


u(t) = kien | — cos@,t) + Be PG — COS Wt) 
= (1 — 0.853cos @,t - 0.147 cos w,t) 
uy (t) = aa Pe (I — cos@,t) - oe (1 — cos @,t) 


= (1 — 1207 cos @,t + 0.207 cos w,f) 
5. Determine second story drift. 


A,(t) = u(t) — u(t) 
0.354 p, 


r (—cos@,t + cos@,t) 
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Problem 12.6 


write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Adapting this result, the solution of Eq. (b) is 


1. Set up equations of motion. . 0707 fi a cos 2) ree 
0 | fii 2k —-k = : ; 
3 A {2 + ; i {| _ ee, ies 2 = 1 goo7y, (2 m= *) salon t nate } ie 
m/ 5) = ro) 0 K, T, T, 27, = 'd 
where 
(t) = {Pe atest ges te 
cee Nae a ae a- 5 Substituting K, = 0.586k and t, = T;/2 gives 
2. Set up modal equations. 
1207 Be 2 cos 2 es 
From Problem 12.1, k T, 2 
q(t) = 1 r 
@, = 0.765fk/m @, = 1.848./k/m 2.4142 sinjam|+ - —|| r= 
k qT, 4 2 
¢, = (0.707 1) ¢, = (-0.707 1)" (f) 
M, =m M, =m Similarly the solution of Eq. (c) is 
K, = 0.586k K, = 3.414k 
9307 22) 1' = 65 Oo<r<4 
The generalized modal forces are o) k T, 2 
92 as 
T, T, 
0707p, O<t<t 0.252 22 sin De = | pS at 
— al -_ o d 2 
P(t) = ¢p(t) = he a k & 4 2 
(g) 
P,(t) = go; p(t) = ie OSS tg 4. Combine modal responses. 
0 t2t, 
u(t) = Oa(t) + q(t) (h) 


Substituting these in Eq. (12.3.3) gives the modal 


equations: 


3. Solve modal equations. 


For an undamped SDF syste 


<ts<t, 

(b) 
> ty 
Ostst, 

(c) 
t2 ty 


m subjected to a 


rectangular pulse force of amplitude p, and duration 


tz, the response is 


Nis 
aa |* 
Nee, 
| eran | 

~ 

IV 

~ 

i- 


(d) 
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Problem 12.7 
Part a 


From Problem 9.8, the mass and stiffness matrices 


are 
1 2-1 O 
m=m 1 k=k{/-1 2 -1 
05 0-1 1 


where k = 24EI/h?. 


From Problem 10.11, the natural frequencies a, 
and modes ¢, are given by 


k k k 
a = (2 - ¥3)—; a, = 2—; w = (2 + ¥3)— 
m m m 
05 -1 05 
d, = {0866+ ¢, = 4 OF 3 = 4-0866 
1 1 1 


(i) Direct Solution 


The equations of motion are 


1 ii, 2-1 Olfu, 0 
m| 1 lig} + k{-1 2 -1]4u,} = 40 sina 
(a) 
The steady-state response is assumed as 
u(t) Uo 
Uy(t)> = 4Uy,7 Sin at (b) 
u3(t) Uz, 
Substituting Eq. (b) in Eq. (a) gives 
jy : 0 
un, = [k - wm] 4 0 
U3 Po 
0 
= ————_ adj[k = o*n| 0 
det [k - @ m| 
Po 
(c) 


The determinant can be expressed in terms of the 
natural frequencies: 


det [k - won| = mmm, (a, — w7)(w} — w*)(w3 - w?) 
2 2 2 
2 QQ, M5 03 
2 2 2 
elt Si Si 
a; 2 03 


i 
| 
3 


(d) 
Similarly, 
0 1 
adj [Kk é o*m| Op = kp} 2(1 - w?/w}) 
Po 4(1 - w/w)" -1 
(e) 


Substituting Eqs. (d) and (e) in Eq. (c) gives 


Uo i 1 

in + et <=} 2(1- */0}) 
2 

wh Sl Ste Bl let oreay — 


(f) 
Substituting Eq. (f) in Eq. (b) gives u;(t). 


(ii) Modal Analysis 


Using Eq. (12.3.4), the generalized modal mass, 
stiffness, and force are 


M,=15m K, =1.5(2 - ¥3)k P(t) = p,sinat 


M, = 1.5m K, = 3k P,(t) = Po sin wt 
M, = 1.5m K, = 1.5(2 + ¥3)k B(t) = p,sinat 
(g) 


The modal equations and their steady-state solution are 


M,GQn + Kndn = P,, sin at 


q,(t) = “ C,, sin at (h) 
where 

a | (i) 

"1 = (a/o,) 


Substituting Eq. (i) in Eq. (h) gives 
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Pe oer Ne) v3) C, sin at 


q(t) = k 3 

One 
g(t) = 2 C, sin oo (j) 
q3(t) = P20 = Ve, sin wt 


Substituting Eq. (j) and @, in Eq. (12.3.2) gives the 
floor displacements: 


u(t) (24 :43)C =G. + 2 =W3)G 
u,(t)} = £24 (3 + 2V3)C, + 0 + (3 - 2V3)G, }sinat 
u;(t) (4 + 2V3)C, + G + (4 - 23), 
(k) 
Part b 


The direct solution Eq. (f) can be written in terms 


of C: 


n 


uy 

—— = 66,2. 

Po/k <r 

Ld) 

2 = ICC (1) 
Po[k oe 

Uz 4 

—2 = € C,C,|— - 1 

Po/k ak {é 


This result is equivalent to Eq. (k) from modal 
analysis. This equivalence can be proven for u, for 


example, as follows: The direct solution gives 


U6 
—+ =2C60C, =2 
Po/k = 


From modal analysis, 


Urq 1 | = 
elt = ale + 273) C, + (3 2/3) C, 


i] 


2 2 
a(c + 2¥3) “1 — + @ - =e | 
3 0; - oO 03; - w 


4 60303 - V3? [oi (V3 + 2) -— w3 (V3 - 2)] 
3 (w? — w*) (wt — w?) 
a 


(m) 


Hence, both methods give the same results. The same 
procedure can be applied to show such equivalence for 
displacements u, and w,. 


Part c 


The amplitude of displacements is given by Eq. (1) 
where C, are defined by Eq. (i). These amplitudes are 
plotted against @/@, in Fig. P12.7. 


Ist story 


2nd story 


3rd story 


o/@, 


Fig. P12.7 
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Problem 12.8 
Part a: Story shears from displacements. 
Vin(t) = kyu, (t) a Ki PinQn(t) 


Van(t) = ky [Uon(t) - min (t)] ‘5 
a ky (Qon 7 Pin) In(t) 
Van (t) = kg [uzn(t) — un (t)] 


= k3 (O3n — Pon) Mn (t) 


Substituting k, = k, = k, = k, and the values of 
Qj, and q, from Eq. () of Problem 12.7 in Eq. (a) 


gives the story shears for each mode: 


Mode 1 
V(t) = 2 (2 + V3), sin at 
V>,(t) = al + ¥3)G sin at (b.1) 


Vy,(t) = = (1) C, sin at 


Mode 2 
tices 
itt) = a 1) C, sin at 
Vo)(t) = rat) C, sin wt (b.2) 


Van (t) = 2 C, sin wt 
Mode 3 
V3(t) = alt — V3) C, sina 
Vo3(t) = al — 3), sin ax (b.3) 
V(t) = =) C, sin at 


The total story shears are 
Vi(t) = Va(t) + Vig(t) + Vis(t) (c) 
Substituting Eqs. (b) in Eq. (c) gives 
V,(t) = Pel(2 + V3)C, -G +(2- ¥3) C] sin ax 
22 4cb0: _ ; 
w(t) = = (2 + V3)G + + (I V3) C,) sin ox 
V3(t) = ala + €, +C;] sina 
(d) 


Part b: Story shears from equivalent static forces. 


Substituting g,(t) from Problem 12.7 in Eq. 
(12.6.2) gives the equivalent static forces: 


C 


2 
ee pe — ®nPo&n 
Ff in(t) = O7nM,9 inQn(t) = ee in sin @t (e) 


n 


Substituting w?, K,, m, and @,, (from Problems 10.11 
and 12.7) in Eq. (e) gives f,, for each mode: 


Mode I 
fault) = 26, sin wt 


fat) = Bp 2C, sin at (f.1) 


fat) = mae sin cot 


Mode 2 
2Po 


fot) =- C, sin at 
f(t) = 0 (f.2) 
f(t) = a sin at 


Mode 3 


f(t) = - C; sin wt (f.3) 


Static analysis of the system gives the story shears due 
to the nth mode: 


V3,(t) = f3,(t) 
Von (t) = fan (t) 7 fn (t) (g) 
Vint) = finlt) + font) + fan?) 


F3,(t) 


fi,(t) 


Fin) 
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Problem 12.9 C 1 - (w/@,)° 
Using the results from Problem 10.11 and : E sy (w/o,)?}" rs [2¢,0/,]° 
substituting m = 100kips/g and k = 24EI/h> = i -2¢,0/0, 


326.32 kips/in. gives @, in rads/sec and ¢,: 2 2 
‘ ; [1 - @/o,¥] + [2¢,0/0,] 


Q, = 18.38 @, = 50.22 @;, = 68.60 (a) 
Substituting q,(t) and @, in Eq. (12.5.2) gives the 


(g) 


o =a oi lateral displacements. In particular, the roof 
?, = 10.866 9, = 1 0 $3 = 4— 0.866> (b) displacement, u;(t) is 
1 1 1 
U3(t) = $3191 (t) + P3242(t) + 33932) 
The excitation force due to the shaker is C C C 
2, 8 1 2 3 \.: 
= 0° p,||—- + =~ + —|sinat 
m, vee K, K, K; 
p3(t) = 2 3 ew” sinwt 
4, , 42. , »; 
0.02 9s +) t+ a + | Ccos at 
= 2} —— |(12) a sinat K, Ky K; 
386.4 (h) 
= 1242 x 10° w” sinwt 
Thus 
0 
p(t) = 0 sin wt (c) 


1242 x 107 w? 


The amplitude of the roof acceleration is 


The generalized modal masses and stiffnesses have , ; 
been computed in Eq.(g) of Problem 12.7. U3, = Dis, Q) 


et dnd : 2}. 
Substituting je 400/ J00s4 = 1.0352 kip—sec’/in. The frequency response curves for roof displacement 
and k = 326.32 kips/in. gives and roof acceleration are shown in Figs. P12.9a-b. 


M, = 03882 K, = 13116 BP, = 1242 x 10° @? 0.04 
M, = 0.3882 K, = 97897 P,, = 1242 x 10° w ly,, 0-03 
M, = 03882 K, = 182680 P,, = 1242 x 10° a’ in 0.02 
0.01 
(d) : 
The modal equations are : iW is 
. ; Exciting frequency, Hz 
MiGn + Cada + Kndn = Fro Sin ot (e) Fig. P12.9a 
For ¢, = 0.05 and the values of @,, 9j,, K,, M, and 0.5 
P,, defined in Eqs. (a), (b) and (d), the solution is ot 
=e 
= 2 
q,(t) = K, a) [C,, sinat + D, cos at] (f) & fe 
en 0 5 10 15 
a Exciting frequency, Hz 
Py = 1.242 x 10 Fig. P12.9b 
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Problem 12.10 


Using the results from Problem 10.11 and 
substituting m = 100kips/g and k = 24E1/h° = 
326.32 kips/in. gives @, in rads/sec and @,: 


QO, = 18.38 @, = 50.22 Qo; = 68.60 


05 “4 05 
¢, = 10866 ¢, = 0 @, = 4-0866 
1 1 1 
(a) 


The generalized modal masses and stiffnesses have 
been computed in Eq.(g) of Problem 12.7. 
Substituting m = 400/386.4 = 1.0352 kip-—sec?/in. 
and k = 326.32 kips/in. gives 

M, = 0.3882 K, = 131.16 

M, = 0.3882 K, = 978.97 (b) 

M, = 0.3882 K; = 1826.80 


The generalized modal forces due to the impulsive 
force at the second floor are 


0 
P(t) = d{p(t) = (0S 0886 1)420d(t) a 
Cc. 
0 
= 17.32 d(t) 
P(t) = p(t) = 0 (c.2) 
P(t) = Gp(t) = - 17.32 &2) (c.3) 


The modal equations and their solutions are 


M14n + Ki9n = ae H(t) (d) 


q,(t) = ae sin @,t | (e) 


nn 
Substituting P,,, M, and w, in Eq. (e) gives 
qi (t) 2.427 sin Ot 


qz(t) = 0 (f) 
q3(t) = — 0.650sin wt 


Substituting ¢, and q,(t) in Eq. (12.5.2) gives the 
lateral displacements: 


1214 =0:325 
u(t) = 42.102; sin@,t + 0563; sin@3t (g) 
2.427 — 0.650 
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Substituting Eq. (f) in Eq. (g) gives V,,(t) for each 
mode: 


Mode 1 
_ Po ; 
V3, (t) — — C, sin at 
V>1(t) = mat + ¥3)C, sin ax 


Vit) = (2 + ¥3)G, sin ox 


(h.1) 

Mode 2 

eee 2 

32 (t) = or C, sin at 

Vog(t) = 2G, sin wt (h.2) 

V,2(t) = ae 1) @ sin ax 
Mode 3 

easels 

Vo3(t) = ae — ¥3)G sin ax (h.3) 


Via(t) = 2 (2 ~ V3) C; sin ot 


These modal contributions to the story shears are the 
same as in Eq. (b) determined from displacements. 


10 
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Problem 12.11 
Parta 
From Problem 12.10, 


QM, = 13.38 @, = 50.22 ow, = 68.60 
0S —1 0S 
?, = (0866> ¢@, = 4 0 ~; = +—0866 (a) 
a 
1 1 1 
M, = 03882 M, = 0.3882 M, = 0.3882 
K, = 13116 K, = 97897 K, = 1826.80 
The generalized modal forces are 
200 
P(t) = d{p(t) = (05 0886 1); 0 } = 100 
0 
P(t) = Gp(t) =- 200 (b) 
P(t) = @p(t) = 100 
The modal equations and their solutions are 
M,,Gn + Ki9n = ES (c) 
Fro 
q,(t) = e (1 — cos o,t) (d) 


n 


Substituting P 


o> M, and a, in Eq. (d) gives 
q(t) = 0.7624 (1 — cos @,f) 
qz(t) = —02043(1 -— cos @,t) (e) 


q3(t) = 0.0547 (1 — cos @3ft) 


Substituting ¢, and q,(t) in Eq. (12.5.2) gives the 
lateral displacements: 


05 -1 
u(t) = oe 0.7624 (1 — cos@,t) + | | (— 0.2043) (1 — cos wt) 
1 1 


05 
+ 4— 0.866} 0.0547 (1 — cos a3?) 
1 


Or, 


u, (t) 0.6129 0.3812 
Uz(t)p = 40.6129+ — 50.6603; cos wt 
u(t) 0.6129 0.7624 


0.2043 0.0274 
= 0 COS @,t — {—0.0474> cos wt 
— 0.2043 0.0547 


Part b 

The second-story drift is 

A, (t) = u(t) — u(t) 
— 0.2791 cos at + 0.2043 cos wt 
+ 0.0748 cos w3t 
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Problem 12.12 
From Problem 12.10, 
@, = 18.38 W, = 50.22 @, = 68.60 qn (t) = —0.3729 sin an( - ass? t2ty (fp 
T = 0.3418 TT, = 0.1244 TF = 0.0916 é 


gi(t) = 30498 sin 27 [z _ 0250] 
] 


~ 0.0895 sin 27 G 7 0933] 


05 -1 05 q3(t) = 
3 
?, = 50866 ?, =< 0 ~;, = 4—0866 
1 1 1 The story displacements are 
3 
M, = 0.3882 My, = 0.3882 M, = 0.3882 u(t) = > Pnr4n (t) (g) 
K, = 13116  K, = 978.97 Ky = 1826.80 - 
where @, are known and q,(t) is given by Eq. (e) if 
(a) O<t< 4, and by Eq. (f)ift > ty. 


The rectangular pulse force at the third floor is shown 
in the accompanying figure: 


p, kips 


200 


t, sec 
t,= T,/2 =0.1709 
The generalized modal forces are 


P(t) 05 0866 1]/0 200 
P(t)}=|-1 0 144 0 $ = {200 (b) 
P,(t) 05 -0866 1] |200 200 


The modal equations are 


Mé.+k a Figs OSS Ey 
nan nan = 0 t> ty (c) 
The solution of Eq. (c) is 
P 
[1 - cos O<stst, 
K, n 
anf) = P nt t 1 
~w.| 2 sin 2. |sinaazj/— - —| + >4, 
n Tq, T 27, 


Substituting P,, K, and TJ, in Eq. (d) gives 


q(t) = 15249 i - cos ont) 
1 


qo (t) = 0.2043]1 - cos ant] O<t<st, ©) 


2 


q3(t) = 0.1095 i — cos an | 
qT, 
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Problem 12.13 


P,(t) = p,d(t) 


E = 30,000 ksi I = 100in* L=150in. 


mL = 0.864 kip —sec*/in. p, = 10 kips 


1. Determine stiffness and mass matrices. 


From Problem 9.2, 


_ 162EI{ 8 -7 
bea 
5 |-7 8 


For the given data, 


230.4 


— 201.6 


— 201.6 
230.4 


lea 0 
2. Determine natural frequencies and modes. 
From Problem 10.2, 


EI 
9.859 zy Wz = 38.184 ai 
mL mL 


QO, 


1 
?, = (i ~. = 


| 
I 
— pm 
See’ 


0 0288 


| 


15 


For the given data, w,, in rads/sec are 
@, = 10 Q@, = 38.73 
3. Set up modal equations. 
Mn4Qn + KnQn = F(t) 
where 
M, = gmd, K, = OM, P(t) = gip(t) 
For the given data, 


M, = 0.576 M, = 0.576 


R(t) = Foot) = pdt) P(t) = Pd(t) = pdt) 


4. Solve modal equations. 


q,(t) = Fro sin @,t 
n®, 
t) = ——— sin 10r = 1.736sin 10¢ 
a1( 0.576 (10) 
10 
Q(t) sin 38.73t = 0.448 sin 38.732 


0.576 (38.73) 
5. Combine modal responses. 
2 
u(t) = Y O,9,(t) 

n=] 


or 


uy, (t) 1 ~ 1 
= 1.736 sin 10¢ + 0.448 sin 38.732 
Up (t) 1 —] 


The modal responses and total response are plotted in 
Figs. P12.13a-b. 
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Mode 1 Mode 1 
Ui Ur, 
Mode 2 Mode 2 
Uui2 u22 
Total Total 
uy U2 
in. 
0 0.5 1 1.5 0 0.5 1 1.5 
Time, sec Time, sec 
Fig. P12.13a Fig. P12.13b 
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Problem 12.14 


0 t<0 
100 kips t20 


P(t) = { 


1. Determine natural frequencies and modes and M,,. 


See Problem 12.13. 
2. Set up modal equations. 
MnQn + Kida = P,(t) 


where 


0 t <0 
P,(t) = @np(t) = = 
n(t) = 9, p(t) = p(t) _ =100 t20 


Mode 1 


Ur; 


Mode 2 
uj2 


Total 
u, . 
in - 
@ O60 a =o @ 
Time, sec 
Fig. P12.14a 


3. Solve modal equations. 


Pio 


q,(t) = (1 — cos @,t) 
100 
PS —— (1 S08 107 
4) = Fs76 aoe (t ~ 008108) 
= 1.736(1 — cos 10r) 
100 
qn(t) = = (1 — cos 38.731) 


0.576 (38.73) 
0.116 (1 — cos 38.73t) 


4. Combine modal responses. 
m1 IN 1736 (1 10 
1as(t) aa t cos 10r) 
1 
+ {_ 1 0.116 (1 - cos 38.73t) 


The modal responses and total response are plotted in Figs. 
P12.14a-b. 


Mode 1 
Ur, 
4 


Mode 2 
U22 
-4 
Total 
Uy 
in. 
ne EY 
0 0.5 1 1.5 
Time, sec 
Fig. P12.14b 
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Problem 12.15 p,{t  sina,t 
rats So ental Ost<t 
k \t, w,t, : 
u(t) = 


Po 1 ; : 
<1 - sing@,t — o,(t-t 2 
k ie pee al vo 


(c) 


In Eq.(c), replacing p, by 100kips, and k by 
K, = w-M,, and substituting for w, and t, = 0.15 sec 


n 


P,(t) = p(t) gives the solutions for gq, (t): 
; 1.736 
, kips 
ase 100 (ag - SS) eer 
is 0576(107) 015 ‘15 See 
q(t) = 1 
1.736 f - 75 Lsin 10r -sin10(¢ - 015) 
015 t, sec t 2 0.15 sec 
(d) 
1. Determine natural frequencies and modes and M,,. 0.116 
100 (sis : a pitove ons 
See Problem 12.13. sae 0576 (38732) (38737) (O15 581 St $ 015 sec 
. 2 > 
2. Set up modal equations. 0.116 {1 - = lsin 38.73t — sin 38.73 (t — 015) 
M,4n + KQn = F(t) (a) t 2 O15 sec 
where (e) 
t 4. Combine modal responses. 
100— Ost <t 
P,(t) = @7p(t) = p,(t) = t, "  (b) The total displacements are 
100 t2t, 2 
I= 
3. Solve modal equations. oe py Prdn(t) ” 
The solution of the equation of motion for an SDF In Eq. (f), 
system 
. 1 1 
mu + ku = p(t) ?, = ii ?, = | : 


where p(t) is a step force p, with rise time ¢, is 
and q,(t) is given by Eq. (d) if 0 < ¢ < 0.15sec and by 


Eq. (e) if t = 0.15 sec. 


The modal responses and total response are plotted in 
Figs. P12.15a-b. 
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Mode 1 


p< NS 


0.5 1 
Time, sec 


1.5 


Fig. P12.15a 


, Total 

-4 

0 0.15 0.5 1 1.5 
Time, sec 
Fig. P12.15b 
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Problem 12.16 
p, kips 


100 


t, sec 


0.30 


p,(t) = p(t) 


1. Determine natural frequencies and modes and M,,. 


See Problem 12.13. 


2. Set up modal equations. 


MiGn + Kind, = P,(t) (a) 
where 
100 O<t<t 
P(t) = @ p(t) = po(t) = i 
it) = Oo: p(t) = pp(t) f Sa 
-100 O<t<t 
P(t) = gi p(t) = —p,(t) = e 
” ( ?>p(t) P2(t) i Sie 
(b) 


3. Solve modal equations. 
The equation of motion for an SDF system is 
P(t) 


where p(t) is the rectangular pulse force shown: 


mui + ku = (c) 
P 


Po 


t, sec 
The solution of Eq. (c) is 


ra — cos@,t) O<tst, 
u(t, ) 


n 


u(t) = 


u(tg) cos@, (t — ty) + sin@, (t — tq) 
tg 


(d) 
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For mode 1, 
Po = 100; a, = 10; ty = 0.3sec 


k = K, = @7M, = 107(0.576) = 57.6 


Substituting in Eq. (d) fort < t, gives 
100 
q(t) = a6 — cos 10t) = 1.736(1 —- cos 10r) 


O<st<s03 
Q(tg) = 3.455 (tz) = 2.450 
Substituting q(t) and 4,(tz) for u(tg) and u(t,), 
respectively, in Eq. (d) gives 


q(t) = 3.455cos10(t — 0.3) + 


= sin 10(t — 0.3) 
t 2 0.3 (f) 


For mode 2, 


P, = —100;@, = 38.73; t, = 0.3sec 


k = K, = @,M, =(38.73)° (0.576) = 864.0 
Substituting in Eq. (d) fort < 


— 100 
864.0 


ty gives 
(1 — cos 38.73t) = —0.116(1 — cos 38.73¢) 


O<1t<03 (g) 
92(tz) = -— 0.0483 q(t,) = 3.648 


q(t) = 


Substituting q,(¢;) and q2(tz) for u(tz) and u(t,), 
respectively, in Eq. (d) gives 
Qz(t) = — 0.0483 cos 38.73 (t — 0.3) 


48. 
sin 38.73 (t — 0.3) 
38.73 


(h) 


t > 0.3 


4. Combine modal responses. 


(i) 


u(t)| {1 ee 1 Bin 
un(t)f {I a) +4 pat) O54 < 03 
T A Q) 


T 
(nel 
Uy (t) 
Eq. (f) Eq. (h) 


Eq. (€) Eq. (g) 
I 1 
fu) + 4_jfa@) #2 03 
The modal responses and total response are plotted in Figs. 
P12.16a-b. 
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Mode 1 Mode 1 
ui, Ur, 
- -4 
1 
Mode 2 Mode 2 
ui2 U2 
; 1 
Total Total 
u 1 Dy 
in. 
- -4 
0 0.3 0.5 1 1.5 0 0.3 0.5 1 1.5 
Time, sec Time, sec 
Fig. P12.16a Fig. P12.16b 
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Problem 12.17 v, 0 0 
V = = : ze 
obo g || Lg | 0327%4q - 1s27ha, 


0 


ee awl M, ly 0.00948 g, - 0.00376 q, 
a - 6928 q, + 22794, 


a 

Q 

> 

a 
I 


L/2 Li2 
b sm ‘| 250.37 q, + 66555 q, 
1. Determine displacements and rotations. Substituting q, = 1.217 in. and 92, = 0.0159 in. (from 


From Example 12.6, Example 12.6) gives 


u(t) = q(t) + q(t) Va — 48 


u(t) = 0.3274 q(t) — 1.5274 q,(t) (a) Vel _ | 48 
From Eq. (d) of Example 9.8 with L = 120in., Ma aes 
M. 411 
U3 (t) _ {0.0214 -— 0.0286} | u,(t) ; i 
ae 0.0071 0.0071] \u,(t) (b) 4. Determine forces in element 2. 
ae . In Eq. (d), substituting L/2 for L in k,, u, = w, 
Substituting Eq. (a) in Eq. (b) gives u, = &, 6, = uy, and O = uy, and using Fos) and 
U3(t) = 0.01207 q(t) + 0.06509 q,(t) () (c) gives 
u,(t) = 0.00948 g,(t) — 0.00376 g,(t : 
oa | 92(t) V, Uy 03274 4, - 15274q, 
. Write force-displacement relations. Vv; ia! ad 
: ana AY. ky, q + 
j u, M, Uy 0.00948 g, — 0.0376 q, 
8, A EI AN 6, M, U3 0.01207 g, + 0.06509 q, 
a b -421q, -— 1108q, ~ 6.88 
L _ 4.214, + 110.8 q2 6.88 
-2513q, - 66507q,{ |-411 
—0. : 
V, oS 2b. Lia. Bal eae ° 
V, | El 12 -6L -6LI|u, 
M, 7 3B 42 3p 8, 5. Draw shear and bending moment diagrams. 
M, (sym) 41? ||6, . - 
ps 
7 vekips [I 
d) 4.80 re 
699 


—_ 411 
3. Determine forces in element 1. ee a ee 


In Eq. (d), substituting L/2 for L in k,, u, = 0, 
uy = uy, 6, = 0, and 6, = u,, and using Eqs. (b) and These results are identical to those obtained in Example 


(c) gives 12.6. 
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Problem 12.18 


1. Determine natural frequencies and modes. 
From Problem 12.13, 
®, = 10 wo, = 38.73 


wtf etl 


2. Determine equivalent static forces for each mode. 


f(t) = wmd¢,q,(t) n = 1, 2 


Ai@| — 09 1 1 _ {288 
fh a = (10) o2se | {i q(t) = fa qi (t) 


(a) 
A@| _ 2 1 1 _ f 432 
ay = (38.73) o2se| j {_ i qn (t) = i: 4 q(t) 
(b) 
3. Combine modal forces. 
f(t) = 28.8q,(t) + 432 q(t) 
Alt) = 28.8 q(t) - 432. q(t) o 
4. Determine internal forces. 
fi® f@ 
By statics, the reactions are 
2 1 
R(t) = > Alt) + ~ A) 
; 3 (a) 
Ra(t) = 3 AC) a 3B) 
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Static analysis gives the bending moment 
M,(t) = M,(t) = 0 
i 


M,(t) = M(t) = ROS = S[240) + AO] O 


LAW) + 240)] 


of mol[ DE 


M,(t) = M,(t) = Ry) = = 


Static analysis gives the shears: 


V, (t) 


2 1 
MOE I) ten ta) 


1 
V0 = Vel) = SAO+ [Alo 


1 1 (f) 
Vit) = Raft) - fi) = 73 Ai) + 3 2) 


Val) = fal) - Rel) = FAO SAW 
where f\(t) and f,(t) are known from Eq. (c). 


5. Determine modal coordinates at t = 0.1 sec. 


From Problem 12.14, 
q(t) = 1.736(1 — cos 10r) 


q(t) = 0.116 (1 — cos 38.732) (8) 
Att = 0.1sec 
q, = 0.798 in. q, = —0.202 in. (h) 


6. Determine internal forces at t = 0.1 sec. 


Substituting Eq. (h) in Eq. (a) and Eq. (b) gives 
numerical values for the equivalent static forces shown in 
Figs. P12.18a-b where the shearing forces and bending 
moments due to each mode are plotted. The combined 
values are shown in Fig. P12.18c. 
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22.98 22.98 87.26 110.24 
fs(2), kips Ff it T | t ag | t fs (1), kips 
22.98 22.98 29.10 87.26 5910 52.08 64.28 6.12 
52.08 
er 29.10 29.10 Fs 
— Ci PTT at | ae 
22.98 {} {} 
58.16 58.16 
1455 
-_ 306 
M, kip-in. Se ee ——S M, kip-in. 
1149 1149 1455 
2604 
Fig. P12.18a Fig. P12.18b Fig. P12.18c 
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Problem 12.19 


u(t) u(t) 


p(t) = 100 sin25 ¢ 


1. Determine natural frequencies and modes. 


See Problem 12.13. 


2. Set up modal equations. 

Mydn + Kydn = Py sin ot 
where 

Pro = Po = 100 


3. Solve modal equations. 


P. 
Qn, (t) = —*¢C, sin at C, = ———— 
K, 1 - (a/@,) 
100 1 
gi) = i 
(10)“ 0576 1 — (25/10) 
= — 0.331 sin 25t 
100 1 


q(t) = sin 25t 


(38.73)? 0.576 1 — (25/38.73) 
0.198 sin 25t 


4, Determine displacements and accelerations. 


gesting e ee + q(t)| _ [0.133 sin 25¢ 
q(t) — qo(t) - 0.529 sin 25t 
= og = {BO * HO 
Q(t) — qz(t) 

: ee sin a 


=: 
| 


| = (25)* u 


— 330.63 sin 25t 


5. Determine amplitudes of displacements and 
accelerations. 


: 0133) 83.125) - /sec? 
. ae 
0529 330.63{ "7 °° 
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Problem 12.20 


1. Determine equivalent static forces. 

From Problem 12.18, 

f(t) = 28.89,(t) + 432q,(t) 

Alt) = 28.89,(t) - 432g, (t) (a) 
2. Determine modal coordinate amplitudes. 


From Problem 12.19, 


q(t) = —0.331sin25t q(t) = 0.198 sin 25t (b) 


To determine the response amplitude we specialize Eq. (b) 
when sin 25t = 1; thus 


ho = —90.331 Gro = 0.198 
Substituting q,,, for q,(t) in Eq. (a) gives 


fio = 28.8 (- 0.331) + 432 (0.198) = 76.00 kips 
Sogo = 28.8(- 0.331) — 432 (0.198) = — 95.07 kips 
3. Determine bending moments. — 
From Eq. (e) of Problem 12.18, 
150 
M,, = ~> (276.00) — 95.07] = 948.8 kip —in. 
150 
Mio = “> L(76.00) — 2(95.07)] = -—1902 kip-in. 
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Problem 12.21 4. Determine displacements. 


cae ee a | 
q(t) — q(t) 


‘ 0.139 sin 25t — 0.073 cos a 


u(t) u(t) > 


— 0517 sin 25t + 0.011 cos 25t 


p,(t) = 100 sin25 1 


5. Determine displacement amplitudes. 


1. Determine natural frequencies and modes. 2 

lio me 0.139)? + (— 0.073)? 0.157) . 

See Problem 12.13. ~ 2 2 {7 = 
\(-0517)? + (0010 0517 


6. Determine acceleration amplitudes. 


2. Set up modal equations. 


M1Qn + Cdn + KiQn = fa sin ct (a) 
ne 2 2 
where Uy = Wu, = (25) u, 
x 
bcs = ?,Po = 100 (b) fe 4 (25)? fe = ee in/ sec? 
u 12 
3. Solve modal equations. oa 
Pao 
q,(t) = [c, sin ot + 8, cos oot] (c) 
K, 
where 
_ 1 - (w/a,)° 
n~ 242 2 (d) 
[1 cad (o/a,,) ] a [2¢; o/,) 
—2¢,, w/a, 


(e) 


n 


~ f= (w/o,)*P + (2¢,0/0,7 


For the first mode, 


7) 25 

— =— = 2.5 = 0.10 
a, 10 4 

Bo _ 100 


= ————_. =_ 1.736 
K, _(10)* 0.576 


Substituting these numerical values in Eqs. (c)-(e) gives 
q(t) = —0.328sin25t — 0.031 cos 25t 


For the second mode: 


a) 25 

— = —— = 0.645 = 0. 
0, 38.73 e020 
PB 100 


= ——,——_ = 0.116 
K, (38.73)? 0.576 


Substituting these numerical values in Eqs. (c)-(e) gives 
qz(t) = 0.189 sin 25t — 0.042 cos 25t 


pa 
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Problem 12.22 The modes are normalized such that 


M, = ¢.m¢, = 1 


1.1411 bs 1.1411 
ee, 6, o, = 10.615 
1.6137 
f\ 
E = 30,000 ksi I = 100in.‘4 ae tae ®) ~ wo, = 42.164 
a ae 2 
L = 150in. Agee Fee oor 
1.1411 1.1411 
= 0.192 kip -sec?/in. 
os psec’ /in w, = 89.523 
-1.6137 
1. Define DOFs. 6. Determine modal expansion of s. 
T 
u, = (um uw uw) uy =(& &% 4) 3 3 
ss S, = Dy Ii, m 
2. Determine mass matrix in terms of u,. n=l n=1 
m, 0.192 where 
— —_ T 
m mM, 0.192 ae ¢, S 2 és 
mM, 0.192 M,, : 
3. Determine stiffness matrix. The s, values for force distributions S, and s, are 
apie nh , ! sgh sae , computed and summarized in Table P12.22a-b. 
SL’? 217? | 6 0 -6L’ 
ee Table P12.22a 
— EI hoes TL 1 0 6L’ -3L’ 
L3 15 -12..~«0 
i 
(sym) 24 -12 
15 
4. Determine lateral stiffness matrix. 
Table P12.22b 
Ko Ko, || Uo = 0 Gis Sate 
Kio Ky |[u, f, _~ se a 
. o 0.25 1.5 0.25 
kK, = Ky — Kyo Koo Ko, 0.3536 0 ~ 0.3536 
, | 63086 - 60343 24686 ~1 0.25 —1.5 0.25 
k, = ru 877.71 - 603.43 
(sym) 630.86 The modal expansions of s, and s, are shown graphically: 


5. Determine natural frequencies and modes. 
@, = 10.615, 42.164, 89.523 rads/sec 


11411 = 1.6137 11411 
® =| 1.6137 O -—16137 
11411 —16137 11411 
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2 
1 
Sa a eee Sp 
I 


0.25 0.3536 0.25 0.25 0.3536 0.25 


S; S; 
05 + 1.5 + 
S> bo S> 
0.5 1.5 
025 * 025 0.25 0.25 
S; $3 
0.3536 0.3536 


All three modes contribute similarly to force distribution 
S,, but the second mode has a predominant component in 
s,. Therefore the second mode will probably contribute 


more than other modes in response of the system to 
p(t) = s,p(t); however, this observation is tentative until 


we examine the dynamic response factor for p(t). 
7. Determine modal static responses M*. 


First determine M, for following load cases: 


1 

=—O—_®8—_®—z M,=-3L/I6 
ats ; 0.25 

© © © M,=-L/ 
0.5 1 0.5 

o—o—© M,=-L/l6 
0.25 0.75 

a eee 


The values of M* due to forces s, is determined by linear 


combination of the above three load cases; the results are in 
Table P12.22c. 


Table P12.22c 
Mode, n M;, due to s, M;, due to s, 
1 — 0.1067L — 0.1067L 
2 — 0.0625L — 0.1875L 
3 — 0.0183L — 0.0183L 
Sue ~0.1875L ~ 0.3125L 
Ms = — 28.125 k-in. = — 46.875 k-in. 
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Next we determine M;": 


2 
1 
0.25 
S, ce 
0.25 
ee 1.25 1 
L 
M; = ~ 3% =~ 0.18751 Me = 28 coast 
16 16 
3 
We have demonstrated that 3) My, = M;". 


n=] 


8. Determine modal contribution factors, their cumulative 
values and error e;. 


~ Table P12.22d 


Mode, n 
or no. of 
modes, J 


Force distribution s, 


0.5691 
0.3333 
0.0976 


0.5691 
0.9024 
1.0 


Table P12.22e 


Mode, n 
or no. of 
modes, J 


Force distribution s, 


0.6586 
0.0586 
0 


0.3414 
0.6000 
0.0586 


0.3414 
0.9414 
1.0 


In case of s,, the modal contribution factor is largest 


for the first mode and progressively decreases for the 
second and third modes (Table P12.22d). In case of s,, the 


modal contribution factor is largest for the second mode 
(Table P12.22e). As a corollary, for the s, case e, is larger 


but e, is smaller, both relative to the s, case. 


9. Determine response to half-cycle sine pulse. 


The peak modal response equation (12.11.2) is 
specialized for r = M, to obtain 


(Min), = Po M* Mp Ran 
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Table P12.22f 


Spectral Force Distribution _ Force Distribution 
values Sp 


10. Comments. 


(a) For force distribution s,, the modal responses decrease 
for higher modes, as suggested by the modal contribution 
factors Mini the decrease is more rapid, however, because 
Rin also decreases with mode number. For force 
distribution s,, the largest contribution is from the second 
mode, again as suggested by M,,- 


(b) No. The peak value of the total response can not be 
determined from the peak modal responses because the 
modal peaks occur at different time instants. Furthermore, 
the SRSS or CQC modal combination rules do not apply to 
pulse excitations. 
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Problem 12.23 


From Problem 9.13 the mass stiffness matrices are: 


5 ee ee 
wes of aaa k= 24 6 7 3 
1 eee ee 


From Problem 10.23 the natural frequencies and modes of 
the system are: 


EI | 

w, = 0.5259 —z M2 = 1.6135 aoe 
mL mL 

W, =1.7321, = 
mL 


od, =4-19492;, 0, =4 1.2826 +, 0; =41 The model expansions s,, s, and s, are shown 
1.9492 — 1.2826 1 graphically 


The generalized masses 
M, =o, mo, 
for the three modes are 
M,=12.60, M,=8.29, M,=2.0 


Part a 


1. Determine modal expansion of s: 


n=] n=l 
where 
T 
o.s 
_ tn 
r.=— 
M 


The s, values for force distributions s,, s, and s, are 
computed and summarized: 


Note that because s, and s, are anti-symmetric they do 


not have any component in the symmetric third mode, 
whereas, the main component of s., is in the third mode. 
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Part b 
2a. Determine the modal static responses of M*. 
First determine M, for the following load cases: 


The values of M;, due to forces s, is determined by 


linear combination of the above three load cases; the results 
are summarized below: 


Mode,n| My, due to | Mj, due to s,| MS due to s, 


MS =-L MS =L MS =2L 


We have demonstrated that: 
My = Mi, 


Partc 
2b. Determine M;': 4. Determine modal contribution factors, their cumulative 


values and error e;. 
is. 


ey MP ey ME 


1 These results for M, are as follows: 
1 
Mode, n 


or 
number of 


Force distribution s, 


MP=L+L+L Mf =L-L-L M* =L-2L+2L 
=3L =-[] =f 


2c. We have demonstrated that: 
Mit = DM 


3a. Determine the modal static responses of M¥.. 


ornumber of 
modes, J 


First determine M) for the following load cases: 


M,=0 1 M.=L 41 1 M,=0 
Mode, n or 
The values of M,, due to forces s, is determined by 


number of 
modes, J 


linear combination of the above three load cases; the results 
are summarized below: 


32 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 


This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 


likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


These results for M, are as follows: 


Mode, n or 
number of 
modes, J 


Force distribution s, 


Mode, n or 
number of 
modes, J 


Mode, n or 
number of 
modes, J 


Observe that: 


1. For force distribution s, and s,, the third modal 
contribution factor is zero for responses M, and M,. It 


will be zero for every response quantity, because the third 
mode, being symmetric, does not contribute to the 
antisymmetric force distributions s, and s, (see Part a). 


2. For force distribution s., the third modal contribution 
factor for response M,, is dominant relative to the other 


two modes; however, it is zero for response M, , because a 
symmetric mode will not contribute to M,. 


Part d 
5. Determine response to rectangular pulse. 


The peak modal response Eq. (12.11.2) is specialized 
for r= M, to obtain: 
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(Mi,)o = PoMi Ran 


Force 
Distribution, 


S 


Force 
Distribution, 


Force 
Distribution, 


Spectral 


Values 


Mode, 


0.457 
0.676 
0 


0.662 
0.338 
0 


Similarly for 


Force 
Distribution, 


Force 
Distribution, 


Force 
Distribution, 


Spectral 


Values 


0.758 
0.242 


0.524 
0.484 
0 


0.448 
0.552 
0 


0.310 
1.104 
0 


Parte 


6. Comments. 


The peak modal responses determined in Part (d) 
demonstrate that the relative response contributions of the 
three modes depend on the numerical values of the modal 
contribution factors (Mj ,, and M>,) and on the dynamic 
response factors ( Rg, ). As an early example for the force 
distribution s,, the second mode contribution to M is 
larger than the first mode contribution, although M1, > 


M2, because Rq2 is almost three times Ry}. 


Part f 


7. No. The peak value of the total modal response can not 
be determined from the peak modal responses because the 
modal peaks occur at different time instants. Furthermore, 
the SRSS or CQC modal combination rules do not apply to 
pulse excitations. 
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Problem 12.24 


Part a: Classical modal analysis 


The nth-mode response is given by Eq. (12.10.1), 
specialized for r = M;: 


M,,(t) = Mi M,, [@%D, (2)] (a) 


where D_ (t), the solution of Eq. (12.9.2), is 


= Pot j oe = Tq, 1 ee 
D, (t) oo? im (Taig)? sc Ga [2 sin [ox £) 


t St, (b) 
D, (tq) 


n 


t2 ty (c) 


D,(t) = D,(tq) cos @, (t — ty) + sin @, (t — tz) 


For force distribution s, , from Problem 12.22, 
Ms = -—0.3125L 
M,, = 0.3414, 0.6000, and 0.0586 


In Eq. (a) we substitute these data, and numerical values for 

7D, (t) from Eqs. (b) and (c) in witch 

_ 22 
10.615 


The resulting bending moment due to each mode and the 
total response is plotted in Fig. P12.24a. 


ty = 7, = 0.5919 sec (from Problem 12.22) 


Part b: Static correction method 


Specializing Eq. (12.12.6) for M, with N, = 1: 


M,(t) = MF {p@) + My, [o7D,@) - po)} 

(d) 
where M; = -—0.3125L, M,, = 0.3414, D,(t) was 
computed in Part a, and 


Tt 
in | — < < 
p(t) = 4? on =| ey eed (e) 
0 


t2t, 


Eq. (d) is plotted in Fig. P12.24b, where it is compared 
with the exact solution by classical modal analysis. The 
static correction method provides reasonable results; the 
error is primarily because the second mode has significant 
dynamic effects, as indicated by R,. = 1.14 being 
significantly larger than one. 
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Fig. P12.24a 


Classical modal analysis 


Static correction method 


0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 


Fig. P12.24b 
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Problem 13.1 


Fig. P13.1a 


Stiffness and mass matrices (from Problem 9.5): 


See 


Vibration properties (from Problem 10.6): 


m m 


—g = (0.707 1)" g, = (-0.707 1)" 
Part a 
The modal quantities given by Eq. (13.2.3) are 
M =m M, =m 
K, = 0.586k K, = 3.414k 
Li = 1.207m Li = -0.207m 
h h 
oe A = 1.207 Tee 4 0.207 
1 2 
Substituting [,, m, and @, in Eq. (13.2.4) gives 
ee 0.854 
s, = I,m¢, = 
pede eh 100604 


0.146 
Sp ORS IO) org 


The modal expansion of effective earthquake forces is 


shown in Fig. P13.1b. 


m/2 0.604 m 0.104 
h 
m= 0.854 m 4 0.146 m 
h 
Ss s, s, 


Fig. P13.1b 


Part b 
Substituting I, and ¢,, in Eq. (13.2.5) gives floor 
displacements due to each mode: 


Wy a7 [0-707 yey aes 
uw(t)f, 1 [2 = Jra07f 


m(t)| _ — {-0.707 _ f 0146 
an = 0207 | ow = 2 el D,(t) 


Combining the contributions of the two modes gives 
u(t) = 0.854 D(t) + 0.146 D,(t) 
u,(t) = 1.207 D(t) — 0.207 D,(t) 

Part c 


The modal static responses Vin for the story shears are 


determined in Fig. P13.1c. 


First mode Second mode 
5,7 0.604 m Sy = —0.104 m 
We22 et 
_a|.. 41 = 0-604 m 7 0.104 m 
s. 0.854 m 5. = 0.146 m 
yan 1.458 m V" = 0.042m 
wa}---4L.. > es 
Fig. P13.1c 


Substituting Vin in Eq. (13.2.8) gives the modal eeponsest 

Vist) = 1458 mA,(t) V,2(t) = 0.042 mA, (t) 

V2, (t) = 0.604 mA;,(t) Vo9(t) = — 0.104 mA, (t) 
Combining the modal responses gives the total responses: 
V(t) = Vit) + V(t) = 1.458 mA,(t) + 0.042 mA,(t) 
V2(t) = Va, (t) + Va2(t) = 0.604 mA,(t) — 0.104 mA,(t) 
Part d 

Static analysis of the structure for external floor forces 


S, gives the modal static responses Mj, and M;. for M, 
and Mj, the overturning moments at the base and the first 


floor, respectively: 


Mz, = mh[0.854 (1) + 0.604(2)] = 2.062mh 
M35 = mh{0.146 (1) — 0.104(2)] = —0.062mh 
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Mj, = 0.604mh 

Mj, = —0.104mh 
Substituting M;\, and M;" in Eq. (13.2.8) gives the modal 
responses: 
M,,(t) = 2.062 mhA,(t)  My,.(t) = — 0.062 mhA,(t) 


M,,(t) = 0.604 mhA,(t)  M,.(t) = —0.104 mhA,(t) 
Combining the modal responses gives the total response: 
M,(t) = My,(t) + My2(t) = 2.062 mhA,(t) — 0.062 mhA,(t) 
M(t) = My,(t) + Mi (t) = 0.604 mhA,(t) -— 0.104 mhA,(t) 
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Problem 13.2 
System properties: 
1 
ip eae ae 10 = 0.2591] kip -sec?/in. 
g 386 
_ 24 4 (72 10° 
DAB _ 24 (727)29 X 10°) _ 169 5 pinsfin, 
h (12 x 12) 


Vibration properties (from Problem 10.6): 


k 
@, = 0.765 4 = 19.565 
m 
k 
W, = 1.848, |* = 
m 


= 0.321 sec T, = 0.133 sec 
ae 1 {0.707| — 41389 
1 dm | 1 [41965 


A= TeL ats Lio! 


47.263 


Modal properties: 
Table P13.2a 
Mode M, i L/h 
1 1.0 0.614 0.869 
2 1.0 0.105 -0.149 
Parta 


The displacements D,(t) and pseudo-accelerations 
A, (t) of the two modal SDF systems are calculated using 
the procedure of Section 5.2 with At = 0.01sec and are 
shown in Figs. P13.2a and P13.2b. 


Part b 


The modal static responses for the various response 
quantities are given in Table P13.2b. 
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Table P13.2b 


Mode n 1 2 
ust 2.23x10" — 6,529x10° 
ust, 3.15x10°  -9.237x10™ 
Vi" fn 1.458 0.042 
vs" |m 0.604 — 0.104 
Ms /mh 2.062 ~ 0.062 
M% /mh 0.604 ~ 0.104 


Step 5c of Section 13.2.4 is implemented to determine 
the contribution of the nt4 mode to selected response 
quantities — floor displacements, story shears, and story 
overturning moments: 


7, (t) = 1'A, (t) 


where r-' and A,(t) are both known. These results for roof 
displacement u,(t), base shear V,(t), and base overturning 
moment M,(t) are plotted in Figs. P13.2c-e, where their 
peak values are noted. 


Partc 


The modal contributions to each response quantity are 
combined at each time instant to obtain the total responses 
shown in Figs. P13.2c-e. Table P13.2c summarizes the 
peak values of the total responses. 


Table P13.2c 


Overturning 
Moment, 
kip-ft 

594.65 
1959.25 
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Dyin. Mode 2 


0.118 


Time, sec 


Fig. P13.2a 


Time, sec 


Fig. P13.2b 
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Un, in. 


Von Kips 15 Mode 2 


2.933 


Time, sec 


Fig. P13.2d 


49.78 
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Problem 13.3 


From Problem 13.2: Verify Eq. (13.2.14): 
2 
O, = 076s OW, = as JE » M, = 1457m + 0.043m = 15m 
m m n=l = 
T T 2 m 
¢, = (0.707 1) ¢, = (-0.707 1) ry mj =mt— = LS 
2 n=1 
m 
Lt = ¥° mo, = m(0.707) + —(1) = 1.207m Bietn 
2 a 2 m= Dm, 
n=1 n=1 
2 m 
L = ¥ mb = m(-0.707) + 5) = ~ 0.207m 
j=l Verify Eq. (13.2.17): 


2 
Lo = ¥ him, = hm (0.707) + 2h— (1) = 1.707mh 
j=l 


7 n=l 
Ly = ¥ hymjGj. = hm(-0.707) + 2h (=) (1) ; 
j=l >, hym) = hm + 2n(2) = mh 
= 0.293mh n=1 
2 2 oo 2 
Ig = > hjmjQj. = hm(-0.707) + 2n(Z) cy => » h,M, = » hm, 
j=l n=1 n=1 


2 
M, = >) mg, = m(0.707) + 5 wy =m 


2 
M, = ¥. mG, = m(-0.707) + sy =m 
j=l 


From Eq. (13.2.9a), the effective modal masses are 


hy2 hy2 
M, = Ua) 457i M, = a)" — 0.043m 
1 M, 
From Eq. (13.2.9a), the effective modal heights are 
Ly -_L 
h = + = 1.414h h, = — = -1.415h 
L L, 


Model Mode2 
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Problem 13.4 


Fig. P13.4a 


Mass and lateral stiffness matrices (from Problem 9.6): 
1 rn EI | 3715 -—15.12 
m=m k, =z 
2 h? |-1512 10.19 


Vibration properties (from Problem 10.10): 


E 
2.407 i @, = 7.193 nase 
mh mh 
0.482 — 1.037 
?, = 1 ~2 = 1 


Modal properties: 


Q, 


M, = m(0.482)* + rs = 0.732m 


M, = m(-1.037)* + 5 = 1.575m 


L* = m(0.482) + 50 = 0.982m 

tt = m(-1.037) + mae = -0.537m 
h h 

I, = cam Ir, = = -0341 
M, M, 

Parta 


From Eq. (13.2.5), the floor displacements due to the 
first mode are 


_ fm) _ 0.482 _ {0.647 
u(t) = co = ist i } Dw = Veal D,(t) 
(a) 


The joint rotations associated with u, are 
Up, = Tu, 


where T is available in the solution to Problem 10.10: 
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u,(t)) -0164 -0411 
ug (t) 1|-0164 -0.411| (0.647 
Uo, (t) = s(t) ~ hl 0904 -0.740 ial iw) 
Ug (t) : 0.904 -0.740 
~ 0.657 
_ 1 |-0657 nC (b) 
h \- 0.407 
— 0,407 


The floor displacements due to the second mode are 


NGO! 2 ap (RUON, cet C8, 
pan a a p20) =) ogg f P2) 
(c) 


The joint rotations associated with uz, Up, = Tu,, canbe 
computed following Eq. (b) to obtain 


u;(t) 0.082 
_ Jug()| _ 1 Jo.082 
Moat) = Vy 7% Jos72( 2 . 
ug(t)}, {0572 


Combining the modal responses gives the total floor 
displacements u(t) and total joint rotations ug(?): 


diy & He - ee D,(t) + 0.353 an e 


u,(t) 1341 D,(t) - 0.341 D,(t) 
u;(t) — 0.657 D,(t) + 0.082 D,(t) 
ais u,(t) ae: — 0.657 D,(t) + 0.082 D,(t) 
Us(t) h |— 0407 D,(t) + 0572 D,(t) 
Ug (t) — 0.407 D,(t) + 0572 D,(t) 
(f) 
Part b 


The bending moments at the ends of a flexural element 
are related to the nodal displacements by 


4EI 2EI 6EI 6EI 

er i a a 
2EI 4EI 6EI 6EI 

ar a Sea a a eT 


For a first story column, L = Ah and the nodal 
displacements are as shown in Fig. P13.4b 
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O=u 
a 3 
a ki= ui 
u,=0 
6,=0 
Fig. P13.4b 


Substituting these u,, u,, 9, and @, and Eqs. (e)-(f) in 
Eqs. (g)-(h) gives: 
4EI 2EI 6EI 6El 


a aT a a 
EI 
= 77 L254 D(t) + 2.446 D,(t)] (i) 
Relate D,(t) to A,(t): 
A(t) mh? 
= = —_————___———— A 
he @ EI (2.407) i) ‘ 
A(t) mh? 
D: oN Se 
27) ow —-EI'(7.193)" a 
Substituting Eq. (j) in Eq. (1) gives 
M, = mh(0.216 A(t) + 0.0473 A,(t)] (k) 
Similarly, 
2EI 6EI 
bee a ee 
h 
= mh[0.443 A(t) + 0.0441 A, (t)] (1) 


For the second floor beam, ZL = 2h and the nodal 
displacements are as shown in Fig. P13.4c. 


Fig. P13.4c 


Substituting these u,, u,, 9, and O, and Eqs. (e)-(f) in 
Eqs. (g)-(h) gives: 


4EI- 2EI 
M, = —— Us + —— Ug 
2h 2h (m) 
= mh[{-0.211 A(t) + 0.0332 A,()] 
4EI 2EI 
M, = ——U + —4; 
2h 2h (n) 


= mh[- 0.211 A(t) + 0.0332 A,(t)] 
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Problem 13.5 


Mass and stiffness matrices (from Problem 9.7): 


1 2-1 0 
m=m| 1 k=kl/-1 2 -1 
1/2 0-1 1 


where k = 24EI/h. 


Vibration properties (from Problem 10.11): 


a = (2-43) =; OW, ye (pay 
m m m 
05 -1 05 
?, = 40.866 g, =; OF @, = (-0866 
1 1 1 


The influence vector is 
t=1 


The first-mode properties are computed from Eq. (13.2.3): 


3 
Lt = ¥° mjoj = m(05) + m(0866) + 50 = 1866m 


M, = y mgr, = m(0.5)* + m(0.866)? + Sy = 1.5m 
jel 
Tl; = A = 1244 
Similar calculations for the second and third modes give: 
Li = -05m Lk = 0.134m 
M, = 1.5m M, = 1.5m 


IT, = — 0.3333 I, = 0.0893 


Parta 
Substituting [,, m, and @, in Eq. (13.2.4) gives 


1 05 0.6220 
Ss, = 1244m 1 0.866- = m4 1.0773 
05 1 0.6220 


ial eal 0.3333 
s, = —0.3333m| 1 ob} = mi 0 
o5}| 1 — 0.1667 
1 05 0.0447 
s; = 0.0893m| 1 - 0866} = m4-00773 
05 1 0.0447 


The modal expansion of m1 is shown next: 


0.6220m 0.1667m 0.0447m 
1.0773m 0.0773m 
a 
0. oe 0.3333m 0.0447m 
8; 


Part b 


The floor displacements due to the nth mode are 
u, = [, ¢, D,(t) 
Substituting for T), and ¢, gives 


u, (t) 05 0.6220 

un(t)p = 124450866? D,(t) = 41.0774; D(t) 

U3 (t) 1 1 1.2440 

u, (t) -1 0.3333 

un(t)> = —0.33335 07 D,(t) = 0 D,(t) 
u3(t) ; 1 — 0.3333 

u, (t) 05 0.0447 

uy(t)p = 0.0893 ;— 0.866; D3(t) = 4— 0.0774} D,;(t) 
u3(t) 4 1 0.0893 


Combining the modal responses gives the floor 
displacements: 


u,(t) = 0.6220 D,(t) + 0.3333 D,(t) + 0.0447 D,(t) 
u,(t) = 1.0774 D,(t) — 0.0774 D,(t) 

u3(t) = 12440 D(t) — 0.3333 D,(t) + 0.0893 D,(t) 
Partc 


Static analysis of the frame for external floor forces s,, 
gives V,’,i= 1, 2, 3: 


in? 


st 
Vay 


0.6220m V3, = —0.1667m V,3 = 0.0447m 


Vat = 1.6993m Von = —0.1667m V33 = -0.0326m 
Vii = 2.3213m Vi = 0.1667m V5 = 0.0121m 
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The total story shears are 
3 3 
Vi(t) = S! Vint) = DY Vin An (2) 
n=l] n=l 


Substituting values of Vin gives 


V(t) = m[2.3213 A(t) + 0.1667 A,(t) + 0.0121 A;(t)] 
V,(t) = m[1.6993 A(t) — 0.1667 Ag(t) ~ 0.0326 A;(t)] 
V,(t) = m[0.6220 A,(t) — 0.1667 A,(t) + 0.0447 A;(t)] 
Part d 


Static analysis of the frame for external floor forces s, 
gives Mj: 


My, = mh{0.6220(1) + 1.0773(2) + 0.6220(3)] 
= 4.6426mh 

Msn = mh[0.3333(1) + 0(2) - 0.1667 (3)] 
= -—0.1667mh 

M;3; = mh[0.0447(1)-—0.0773(2) + 0.0447(3)] 


0.0242mh 


The base overturning moment response is 
3 3 
My(t) = >) Min(t) = Y) Mon An(t) 
n=1 n=] 
Substituting values of M;\, gives 
M,(t) = mh[4.6420 A(t) — 0.1667 A, (t) 
+ 0.0242 A,(t)] 


10 
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Problem 13.6 


: Rigid beams 


12’ 


12’ 


12’ 


1 
m=m 1 
If2 
5 -2 0 
k=k|-2 3 -l 
0 -1 1 


where k =8EI/h° andh= story height 


Vibration properties (from Problem 10.12): 


@, = 2241] Oy = 4go0,| £0 ,aj=714,| 6 
m 


0.314 = 1/2 3.189 
¢ =| 0.686 |; =| -1/2 |; =| -2.186 
1 1 1 


The first mode properties are computed from Eq. (13.2.3): 
M,=1.069m 


3 
pa = Xm? 1 =15m 
j= 


ly = -1 403 
M, 


Similar calculations for the second and third modes give: 


M,=m 


3 
B= 2 mj j2 = 05m 
j= 


r, ae eee 
M, 
M3=15.46m 


3 
jal 


r,=-4-=0.0972 
M 3 


Parta 
Substituting [\, , m and @, in Eq. (13.2.4) gives 


0.314 0.44 
s, =Iym¢, = 1.403m| 0.686 | = m| 0.962 
0.5 0.701 
-1/2 0.25 
Sy =Tymgy = -0.5m| -1/2|= ml 0.25 
i 0.25 
3.189 0.31 
s3 = Tymgy = 0.0972ml - 2.186 | = m| -0.212 
0.5 0.049 


The modal expansion of ml is shown next: 


nv2 0.701m 0.25m 0.049m 
m 0.962m .25m 0.212m 
44m .25m 31m 
N XN N x 
ml s; S2 S; 


Part b 


Equation (13.2.5) gives floor displacements due to 
each mode: 


u jn (t) =T,@ jnDn(t) 


Substituting for I, and @, gives: 
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uj (t) 0.44 

ux(t)| =| 0.962 |Dy(t) 
u3(t) |, [1.403 

uy (t) 0.25 

uz(t)}| =| 0.25 |Do(t) 
u3(t) a) —0.25 

uy (t) 0.31 

uz(t)| =|-0.212 |D3(t) 
uz(t) |, | 0.0972 


Combining the modal the floor 


displacements: 


u, (t)=0.44 D, (t)+0.25 D, (t)+0.31D, (t) 


responses gives 


u, (t)=0.962 D, (t)+0.25 D, (t)—0.212 D3 (t) 
u,(t)=1.403 D, (t)—0.25 D, (t)+0.0972 D; (t) 


Part c 


Static analysis of the frame for external floor forces s,, 


gives V," ,i= 1,2, 3: 
V3, =0.70lm Vy =-0.25m ——-‘V53 = 0.049m 
V;, =1.663m V> =0 V>3 = —0.163m 
Vj; =2103m = -V,5 =0.25m V,3 = 0.147m 


The total story shears are: 
3 ae 
V(t) = 2 Vin (b= % Vin An(t) 
n= n= 
Substituting values of Vj; gives 


V,(t) = 2.103mA, (t) + 0.25mA, (t) + 0.147mA, (t) 
V,(t) = 1.663mA, (t) + 0 ~ 0.163mA, (t) 
V,(t) = 0.701mA, (t) — 0.25mA, (t) + 0.049mA, (t) 


Part d 
Static analysis of the frame for external floor forces S,, 


gives M i, : 
M is = mh{0.44(1)+0.962(2)+0.701(3)| = 4.467mh 


M,,, = mh{0.25(1)+0.25(2)-0.25(3)] = 0 
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My = mh[0.31(1)—0.212(2)+0.049(3)] = 0.033mh 


The base overturning moment response is: 
3 3 
M,(t) = & Mo, (t)= Xd Mp A(t) 
n=1 n=1 
Substituting values of M - gives 


M, (t) = 4.467mhA, (t) + 0.033mhA, (1) 


Static analysis of the frame for external floor forces S$, 


gives M - i 
M;;, = mh(0.962(1) + 0.701(2)) = 2.364mh 
Mj, = mh(0.25(1) — 0.25(2)) = -0.25mh 
M;, = mh(-0.212(1) + 0.049(2)) = -0.114mh 
The first floor overturning moment response is 
M(t) = 2 My(t) = EMEA, 
Substituting values of M;. gives 
M(t) = 2.364mhA, (t) — 0.25mhA, (t) — 0.114mhA, (t) 


Static analysis of the frame for external floor forces S$, 


gives M . : 

M3, (t) = 0.701mh 

st 

M,, = —0.25mh 

M5, (t) = 0.049mh 
The second floor overturning moment rseponse is 

3 3 
M,(t) = D M,(t) = © M3,4,(t) 
n=] n=] 

Substituting values of M;), gives 
M, (t) = 0.701mAA, (t) — 0.25mhA, (t) + 0.049mhA, (t) 


2 
»y h,M, = 1.414h(1457m) + (-1415h) (0.043m) = 2mh 


n=l 
2 m 
YS) hm; = hm + 2n( =) = 2mh 
2 
n=l 
2 2 
= SAM, = ¥ hym, 
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Problem 13.7 Step Sc of Section 13.2.4 is implemented to determine the 
R a contribution of the nth mode to selected response 
ystem properties: quantities: 
1 
m= baa = Ue = 0.2588 kip — sec” /in. r.(t) = rn A(t) 
g 386.4 


‘ where r' and A,(t) are both known. These results for roof 
_ 24EI _ 24(29 x 10°) (1400) 


= 7 = ; = 326.32 kips/in. displacement u,(t), base shear V,(t), and base overturning 
: Cee moment M,(t) are plotted in Figs. P13.7c-e where their 
Vibration properties (from Problem 10.11): peak values are noted. 
Oe k ; Piss LZ Bae cs ik 
a = (2-3); ah = 23 ws = (2+V3)— mies 
T, = 0.3418 sec T, = 0.1251sec T, = 0.0716 sec The modal contributions to each response quantity are 
combined at each time instant to obtain Figs. P13.7c-e. 
05 -1 05 Table P13.7b summarizes the peak values of the total 
?, = 40.866 g, =4 0 $3; = \— 0.866 responses. 
1 1 1 
Table P13.7b 
Modal properties (from Problem 13.5): Floor ica, ae Overtuming 
T, = 1.244 T, = — 0.3333 I, = 0.0893 on moment, 
story in. kips kip-ft 
oe 1.103 52.22 
The displacements D,(t) and pseudo-acceleration a) 0.957 138.08 2267.5 


A,(t) of the three modal SDF systems (with J, given 
above and ¢, =0.05) are calculated using the numerical 
procedure of Section 5.2 with At=0.0lsec. The results 
are shown in Figs. P13.7a-b. 


Part b 


The modal static responses for the various response 
quantities are given in Table P13.7a (also see Problem 
13.5). 


0.580 189.29 


Table P13.7a 


3.68210"  0.132x10° 0.019x10~ 


Vi | 2.3213 0.1667 0.0121 
Vit /m 1.6993 -0.1667 -0.0326 
Vi /m 0.6220 -0.1667 0.0447 
M% /mh | 4.6426 -0.1667 0.0242 
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D,,, in. 
0.1096 


Mode 3 


0.0498 


Time, sec 


Fig. P13.7a 


Time, sec 


Fig. P13.7b 
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U3n> in. 


{ Mode 3 


U3, in. 


Time, sec 


Fig. P13.7c 


Von, kips 
11.92 


200 Mode 3 


V,, kips 


Time, sec 


Fig. P13.7d 
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Min, 
10? kip-ft 


Mode 3 


M,, 
10° kip-ft 


Time, sec 


Fig. P13.7e 
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Problem 13.8 


System properties: 
ie eI 260588 kip — sec? /in. 
g 386.4 
3 
k= = = a = 108.77 kips/in. 
h (12x12) 


Vibration properties (from Problem 10.12): 


wo; = 0.62774; wo; ag" w; =6372% 
m m m 
T, = 0.3868 sec Tz =0.1769 sec T; =0.1214 sec 
0.314 -0.5 3.186 
¢, = 40.686 ¢, =4-0.5$  $, =1-2.186 
1 1 1 


Modal properties from (from Problem 13.6): 
I, =1.403 TY, =-0.5 I’; = 0.0972 


Part a 


The displacements D,(t) and pseudo-acceleration 
A, (t) of the three modal SDF systems (with T,, given 
above and c,, = 0.05) are calculated using the numerical 
procedure of Section 5.2 with At =0.02 sec. The results 
are shown in Figs. P13.8a-b. 


Part b 


The modal static responses for the various response 
quantities are given in Table P13.8a (also see Problem 
13.6). 


Table P13.8a 


5.3710x10° -0.3965x10° 0.0363x107% 
3 


Vs" /m 2.103 0.25 0.147 
Vs /m 1.663 0 -0.163 
vst /m 0.701 -0.25 0.049 
Mi /mh 4.467 0 0.033 
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Step Sc of section 13.2.4 is implemented to determine the 


th 


contribution of the n mode to selected response 


quantities: 
r, (t) =r‘ A, (t) 


where 7; and A, (t) are both known. These results for 
roof displacement u(t), base shear V,(t), and base 
overturning moment M, (t) are plotted in Figs. P13.8c-e 
where their peak values are noted. 


Partc 


The modal contributions to each response quantity 
are combined at each time instant to obtain Figs. 13.8c-e. 
Table P13.8b summarizes the peak values of the total 
responses. 


Table P13.8b 


Displacement, Shear Overturning 
in. kips. moment. 
kip-ft. 
1.4332 54.85 658.2 
1.1085 126.17 2136.0 
0.5281 172.23 3965.9 
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D,, in. 0 


-1 

1 

Mode 3 
0 
0.1090 
-1 
0 5 10 15 
Time, sec 
Fig. P13.8a 


1 
Mode 2 
An 9 0 paca A STAT Mi Ta Af a vi ANT UNM AMM Na AML AML NA ally 
airs Try Il in a aT TTT MY oy 
-1 ~ 0.8868 
1 
Mode 3 
0 ov wu. /| MJ | MAY a ANA inhat AAA A hal, are i Mit iy AM, MA lA, ANY vi ewll 
yay fi yyy Ti my! nary 
°0.7556 
-1 
0 5 10 15 
Time, sec 
Fig.. P13.8b 
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Mode 2 


0.1359 
Ugn) in. 0 


Mode 3 


0.0106 


Ug, in. 


Time, sec 


Fig. P13.8c 


200 


Mode 2 


Mode 3 


11.11 


Time, sec 


Fig. P13.8d 
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Mode 2 


Mon) 0 
10° kip-ft. 0.0 
4 


4 
Mode 3 


29.9 


Time, sec 


Fig. P13.8e 
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hy2 2 
Problem 13.9 Mee (Li)" me = 23213m 
The floor masses, and the height of each floor above M, 
the base are he 9 
os M; = (hy, me 05) 0.1667m 
m =m m =m m, = z M, 1.5 
hy2 2 
* .134 
h =h h, = 2h h, =h M; = = a = 0.0121m 
3 
The natural modes and generalized masses (from Problem 
13.5) are: She 
05 —1 05 
g, = 50866 ¢, = 4 0 ¢, = (- 0866 
1 1 1 Sia 
M, = 1.5m M, = 1.5m M, = 1.5m 
Substituting for m, and ¢,, in Eq. (13.2.3) gives ie 7 
3 
Lt = ¥ mg = m[l x 0.5 + 1 x 0.866 + 0.5 x 1] 
jl 
= 1.866m i “o m 0.0121 m 
3 h 
Lh = > mo. = m[l x (-1) + 0 + 0.5 x 1] = -0.5m 
j=l h 
3 u,(t) 
Ly = ¥ mo = m[l x 0.5 + 1 x (0.866) + 0.5 x 1] Mode 1 Mode2 Mode 3 
j=l 
= 0.134m Verify Eq. (13.2.14): 
. . . . Qo. 3 
Substituting for m;, h; and @;, in Eq. (13.2.9b) gives L,: y Mt = 2.3213m + 0.1667m + 0.012Im = 2.5m 
3 n=l 
Ly = dy hymop ; 
a Sim =m+mt+— = 2.5m 
= mh[1 x 1x 0.5 +2 x1 x 0.866 + 3 x 0.5 x 1] ee 
= 3.732mh 4 P 
3 . ae 
LE = > hjymjoj. = ma[1 x 1x (-1I) +043 05x) * a 
j=l n= r= 
= 0.5mh Verify Eq. (13.2.17): 
3 3 ; 
B= > hymjoj YM. = 2h(2.3123m) + (-A)(0.1667m) + 2h (0.0120m) 
j=l n=l 
= mh[1 x 1x 0.5 + 2 x 1 x (- 0.866) + 3 x 0.5 x 1] = 4.5mh 
= 0.268mh 


3 
YS. ym; = h(m) + 2h(m) + 3h (0.5m) = 4.5mh 


The effective modal masses and effective modal heights are 
given by Eq. (13.2.9a): 
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Problem 13.10 


The floor masses, and the height of each floor above 


the base are: 
m 
m=n m=m m= — 
Z 
h=h h=2h = h=3h 
The natural modes and generalized masses (from Problem 
13.6) are: 
0.314 —1/2 3.189 
9, =| 0.686 |; $=] —1/2 |; $3=| —2.186 
a 1 1 
M,=1069m M,=m M,=15.46m 


Substituting for m, and @ ,, in Eq. (13.2.3) gives Lh: 


. 3 
Li = Lin, = m(0.314 + 0.686 + 05) = 15m 


3 
Ly = Lmjdj3 = m(3.189 - 2.186 + 05) = 1503m 
1 


j= 


Substituting for m,, h;, and @ jn in Eq. (13.2.9b) gives 


L = Xhjm,o 5 = 0.317mh 


j=l 


The effective modal masses and effective modal heights are 
given by Eq. (13.2.9a): 


EN. Gee 
ea oem 
h\* ”) 
uj(2) (05) 535 
M, m 
2 
. (ZB) _ (503m) 
My = aT = Ts aém = 046m 
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7] 
i Ee 3186mh _ oan 
5 15m 
6 
. 0 
hia 2= = 
[L, —O5m 
» 18 0317mh 
= = _=0211h 
hs Li 1503 : 


SDE ORD 


“4 


40 


Verify Eq. (13.2.14): 


3 

dM, = m(2.104 + 0.25 + 0.146) = 25m 
n=1 

3 
Xm, =m(1+1+05) = 25m 


j=l 
3 x 2 
¥M*=> m, 
n=1 n=1 


Verify Eq. (13.2.17): 


ree 
DALM. = mh(2.104 x 2.124 + 0.25 x 0+ 0.146 x 0.211) = 4.5mh 


n=! 


3 
Lhjym, = mh(1+2+3x05) =45mh 
j=l 
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Problem 13.11 LA = -0.5981m Li = 0.5522m 
M, = 1.1765m M, = 3.5198m 
Tr, = - 0.5083 Tr; = 0.1569 
h Part a 
From Eq. (13.2.5) the floor displacements due to the 
h first mode are 
uy (t) 0.3156 0.4265 
h u,(t) = 4u,(t)$ = 1351540.7451$ D,(t) = 41.0070} D,(0) 
u3(t)), 1 13515 


(a) 


The joint rotations associated with u, are 


Up (t) = Tu,(t) 


Fig. P13.11a 


Mass and lateral stiffness matrices (from Problem 9.9): where T was determined in solving Problem 10.19 


1 Thus: 
m =m 1 -—0.1084 -05342 0.0774 
05 -—0.1084 -05342 0.0774 
0.4625 
_ 1 05961 -0.0619 -0.4258 10070} D 
a 4085 -2326 S511 vi) = 71 05961 00619 04258 ceene i) 
k, = —|-2326 3109 -1425 ~0.1703 08748 -0.7355|‘" 
5.11 —14.25 10.06 — 0.1703 0.8748 -0.7355 
Natural frequencies and modes (from Problem 10.19): — 0.4796 
— 0.4796 
EI I 
@, = 1.4576 j|—> @, = 4.7682 = 1 |-0.3836 
mh mh =— D,(t) (b) 
Ei h |-0.3836 
oy = 8.1980 | 0.1856 
~ 0.1856 
03156 — 0.7409 1.2546 _ . 
7 451 7 7 _ Similarly, the floor displacements due to the second and 
@, = {0.7451$ ¢, = (-03572$ ¢, = 4-12024 Se ia en 
1 
u(t) — 0.7409 
From Eq. (13.2.3), for the first mode: u,(t) = 4u,(t)} = —050834— 0.3572} D,(t) 
u(t 1 
L* = 03156m + 0.745Im + (2) = 15607m 3), 
0.3766 
M, = (03156)? m + (0.7451)? m + (1)? (=) =a, TERS RO( ant oo 
2 — 05083 


1.1548m 


h 
rs Ao 1515 
M, 


Computed similarly, these quantities for the second and 
third modes are 
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u, (t) 1.2546 G = 4, 
u(t) = 4u,(t)} = 0.1569 4 12024} D,(t) oa b 
u3(t)} 1 
FI |h 
0.1968 
= {— 0.1887} D,(t) (d) u, =0 a 
0.1569 6 =0 
The joint rotations associated with u, and u, can be 
computed following Eq. (b): Fig. P13.11b 
— 0.1772 Substituting these u,, u,, 0, and 6,, and Eqs. (g)-(h) in 
— 0.1772 Eqs. (i) and (j) gives 
1 0.4297 EI 
Worl) = 51 Gan97f Po) (e) M, = Zi L1-5999 D,(t) + 1.9054 D,(t) + 1.3643 D,(t)] 
EI 
nage? M, = —-[0.6408 D(t) + 1.5511 D,(¢) + 1.5475 D,(2)] 
0.4686 h 
Substituting D,(t) = A, (t)/ @ and @, in terms of E, J, 
O02 10 m, and h gives 
eran M h[0.7526 A 0.08381 A 
1} 00622 : 2 = mh[0. (t) + 0. a(t) + 0.02030 A;(r)] 
403) = 7) 0622/23 ( M, = mh[0.3014 A(t) + 0.06823 A,(t) + 0.02302 A,(t)] 
— 0.3140 For the second floor beam, L = 2h and the nodal 
— 0.3140 displacements are shown in Fig. P13.11c. 


Combining modal responses gives the total floor 


displacements: 
u(t) = 04265 D,(t) + 03766 D,(t) + 0.1968 D,(t) © Q=u ‘hy Q=u 


a 6 b 7 
u(t) = 10070 D,(t) + 0.1816 D,(t) -— 01887 D,(t) 2h 
u(t) = 13515 D,(t) — 05083 D,(t) + 0.1569 D,(t) , "| 
(g) 
Combining modal contributions to joint rotations gives 
Fig. P13.11c 

Up(t) = Up, (t) + Ug, (t) + Ug, (tf) (h) 
Part b Substituting these u,, u,, 9, and 6,, and Eqs. (g)-(h) in 

The bending moments at the ends of a flexural element Eqs. (i) and (j) gives 
are related to the nodal displacements by M, = M, 

a 

_ 4EI 2EI 6EI 6EI EI 
M, = as + ae + 7p Ma = Tp Me (i) = ae ln 11508 De) + 1.2892 D,(t) + 0.1867 D;(t)| 
M, = oe + oe g, + Peni, ea oi (j) Substituting D,(t) = A, (t)/@? and q, in terms of E, J, 

L L L m, and h gives 
For a first story column, L = A and the nodal M, = M, 


displacements are shown in Fig. P13.11b. 


mh[- 0.5414 A(t) + 0.0567 A,(t) + 0.00278 A;(z)] 
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Problem 13.12 M, =1193m M, =4567m 
Li =-0.647m 14=0.714m 
h A 
h r, =-2 =-0542 f= G56 
M, : 
h Parta 
From Eq. (13.2.5) the floor displacements due to the 
first mode are: 
h 


Fig. P13.12(a) 


Mass and lateral stiffness matrices (from Problem 
9.10) 


0.273 0.377 
uy (t) = 1.386 50.698; Dy (t) =40.966; Di (t) = (a) 
] 1.386 


The joint rotations associated with u, are 


Uo, (t) = Tu, (¢) 


where T was determined in solving Problem 10.20. 
Thus: 


1 -0.1512 -0.6084 0.0962 
He 1 -0.1512 -0.6084 0.0962 0.377 
0.5 tina) ae 0.7184 -—-0.11  -0.457 0.966! Dye) 
h| 0.7184 -0.11 -0.457 1.386 
. a 39.38 -—22.68 5.486 -0.2612 1.131 -0.925 
ky => 27.13 -11.75 -0.2612 1.131 -0.925 
h 7.418 
Natural frequencies and modes (from Problem 10.20): ee 
@, =1.197 @, = 4.178 = @3 =7.903 =; _ 1) -0.469 Di(t) (b) 
h| -—0.469 
—0.288 
0.273 — 0.706 1.529 — 0.288 
g, =|0.698| ¢, =|-0.441) g =| -1.315 
l 1 1 Similarly, the floor displacements due to the second and 


From Eq. (13.2.3), the modal properties are: 


third modes are 


First Mode: — 0.706 0.383 
; ‘ - uy(t) = -0.542{-0.441}Da(t) =} 0.239 | Dat) () 
Mj = (0.273)* m+ (0.698) m+(1)* (0.5m) =1.06m 1 0.542 
Li =0.273m +.0.698m + 1(0.5m)=1.47m 
; 1.529 0.238 
ve 7 7 Bt Fes 
r, = 1b <1386 u3 (t) = 0.156 {—1.315}D3(t) = {-0.205$D3(t) — (d) 
M, 1 0.156 


Computed similarly, these quantities for the second and 
third modes are 
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The joint rotations associated with u, and u, can be 
computed following Eq. (b): 
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— 0.256 
— 0.256 
0.497 
0.497 
0.671 
0.671 


ug2 (t) = > D2(t) (e) 


0.104 
0.104 
0.122 
0.122 
— 0.438 
— 0.438 


up3(t) == D3(t) 


Combining modal the total floor 


displacements: 


responses gives 


uy (t) = 0.377 D, (t) + 0.383D, (t) + 0.238D, (t) 
u, (t) = 0.966D, (t) + 0.239 D, (t) — 0.205D, (t) 
u(t) = 1386D, (t) —-0542D, (t) + 0.156D, (t) 


(g) 


Combining modal contributions to joint rotations gives 


(h) 
u,(t) = us(t) = -0.511D, (t) — 0.256D, (t) + 0.104 D, (2) 
g(t) = Uy (t) = -0.469 D, (t) + 0.239, (1) — 0.205D, (t) 
lg (t) = Ug (t) = -0.288D, (t) + 0.671D, (t) ~ 0.438D, (2) 


Ug (t)=Up) (4) +g, (¢)+Ug3 (7) 


Part b 


The bending moments at the ends of a flexural element 
are related to the nodal displacements by: 


4ElI 2EI 6ElI 6EI . 

M, a 6, are 6, ios U, are Uy (i) 
2ElI 4ElI 6EI 6EI é 

M, =—~--9, +9, a as ea a (j) 


For a first story column, L=h and the nodal displacements 
are shown in Fig. P13.12(b): 
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4,=4, 
4, =~ b 
El h 
4, =0— * 
2 =0 


Fig. P13.12(b) 


Substituting u,,u,,9,,and @, , and Eqs. (g)-(h) in Eqs. (i) 
and (j) gives: 


EI 
M, = <7 [0.998D, (t)+1.787 D, (1) +1.624D; (1)| 


EI 
= [0.216D, (t)+1.274D, (t)+1.811D,(t)] 


ct are 


Substituting D, (t)=A,(t)/@? and @, in terms of E, I, m, 
h gives 
M, = mh{0.697 A,(t)+0.102 A, (t)+0.026 A, (z)] 


M,, = mh[0.151A,(t)+0.073A, (t)+0.029 A; (t)] 


For the second floor beam, L=2h and the nodal 
displacements are shown in Fig. P13.12(c): 


El/2 


| 2h | 
Fig. P13.12(c) 


Substituting u,,u,,0,,and @, , and Eqs. (g)-(h) in Eqs. (i) 
and (j) gives: 


M,=M,= Sy [-1407D,(1)+0.717D,(2)-0615D,(0)] 


Substituting D, (t)=A,(t)/@? and @, in terms of E, J, m, 
h gives 


Mq= Mp = mhl -1.407D,(t) + 0.717D>(t) —0.615.026D;(t)| 
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Problem 13.13 


Fig. P13.13(a) 


Mass and lateral stiffness matrices (from Problem 9.11) 


1 
m=m 1 
0.5 
33.36 -14.91 1.942 
ki = 15.96 -—5.489 
3.923 


Natural frequencies and modes (from Problem 10.21): 


Q,= 1329,/—— @, = 3514 = @, = 6562 =r 
mM m 


0.234 ~0.512 3.324 
¢ =| 0.639} @) =|-0.591] ¢ =| -2.032 
1 1 1 


From Eq. (13.2.3), the modal properties are: 


First mode: 


My = (0.234) m+ (0.639)? m+ (1)? (0.5m) =0.963m 
L? =0.234m+0.639m +1(0.5m) =1.373m 


Li 
Ty = =1.426 
My 


Computed similarly, these quantities for the second and 


third modes are 
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M, =111m M, =15.678m 
L. = -0.603m U=1.792m 
h A 
i= 2 = 0543 [= 5 0114 
2 M; 
Parta 


From Eq. (13.2.5) the floor displacements due to the 
first mode are: 


0.234 0.333 
uz(t) = 1.426 40.639; Dy (t) = 40.911; Dy (t) = (a) 
1 1.426 


The joint rotations associated with U, are 
Uo, (t) = Tu, (¢) 


where T was determined in solving Problem 10.21. Thus: 


—0.3006 -—0.3695 0.0313 
—0.3006 -0.3695 0.0313 
0.333 
1| 0.6795 -0.321 -0.227 
uo) (4) =— 0.911 D1 (t) 
h} 0.6795 -0.321 -0.227 ae 
—0.1942 0.9489 -0.7923| \” 
~0.1942 0.9489 -0.7923 
—0.392 
—0.392 
_ 1} -0.390 a 0) 
h|—0.390| ! 
—0.333 
—0.333 


Similarly, the floor displacements due to the second and 
third modes are 


-0.512 0.278 
uy (t) = - 0.543 {- 0.591} Do(t) =4 0.321 }Dy(t) (©) 
1 ~0.543 
3.324 0.379 
u3(t) = 0.114 —2.032} D3(t)=-0.232$ D3(t) —(d) 
1 0.114 


The joint rotations associated with u, and u, can be 
computed following Eq. (b): | 
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—0.219 
~0.219 
0.209 
0.209 
0.681 
0.681 


ug (#) == Dy(t) (e) 


-— 0.025 
~— 0.025 
0.306 
0.306 
— 0.384 
— 0.384 


1 
ug3(t) = 7 D3(t) 


Combining modal the total floor 


displacements: 


responses gives 


u, (t) = 0.333D, (t) + 0.278D, (t) + 0.379 D, (t) 
u,(t) = 0.911D, (t) + 0.321D, (t) - 0.232D, (1) 
u,(t) = 1.426D, (t) — 0.543D, (t) + 0.114D, (1) 


(g) 


Combining modal contributions to joint rotations gives 
(h) 
Uy (t) = Us (t) = —0.392 D, (t) — 0.219 D, (t) — 0.025D, (t) 
Ug (t) = Uz (t) = —0.39D, (t) + 0.209 D, (t) + 0.306D, (t) 

Ug (t) = Ug (t) = -0.33D, (t) + 0.681D, (t) — 0.384 D, (t) 


Ug (t)=Up; (t)+Ug2 (¢)+Ug3(t) 


Part b 


The bending moments at the ends of a flexural element 
are related to the nodal displacements by: 


2EI 4 , OFT 6EI 
—9,+——u, —— 


at Uy (i) 


4EI 
M, = 0 +9, + 


6EI ye 6EI . 
peep" @ 
For a first story column, LZ=h and the nodal 


displacements are shown in Fig. P13.13(b): 
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G, =", 
u, = uy, b 
El h 
4, =0——) * 
8 =0 


Fig.P13.13(b) 


Substituting u,,u,,0,,and 0, , and Eqs. (g)-(h) in Eqs. (i) 
and (j) gives: 


EI 

M,= $a [2.75Dyt)+1.235D, (t)+1.765D4(t)] 
EI 

M, = $7 [0.43D, (t)+0.79 D, (1)+2.153D,(1)| 


Substituting D,(t)=A,(t)/@? and @,, in terms of E, J, m, 
h gives 

M.,, = mh[1.555A,(t)+0.1A, (t)+0.041A, (¢)] 

M, = mh[0.243A, (t)+0.064 A, (t)+0.05 A, (t)] 


For the second floor beam, L=2h and the nodal 
displacements are shown in Fig. P13.13(c): 


u, =0 u, =0 
: 2E//3 
6. = 
a 0, =, b a 


| 2h | 
Fig. P13.13(c) 


Substituting u,,u,,9,,and 0, , and Eqs. (g)-(h) in Eqs. (i) 
and (j) gives: 

EI 
M,=M, = sz [-1.17 D,(1)+0.628D, (1)+0.918D,(0)] 
Substituting D,(t)=A,(t)/@? and @,, in terms of E, I, m, 
h gives 


M, = M, = mh{-0.66A,(t)+0.05 A, (t)+0.0214,(t)] 
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Problem 13.14 


Fig. P13.14(a) 


Mass and lateral stiffness matrices (from Problem 


9.12) 
1 
m=m 1 
0.5 
s 30.77 -14.01 2.43 
k, => 13.82 -—4.80 


Symm 2.92 


Natural frequencies and modes (from Problem 10.22): 


EI EI EI 
= 1,043 EE @ =3.081 os Wa =6.314 ea 
o me ne mh 


0.200 —0.545 3.220 
$, =| 0.597 ¢, =| - 0.656 ¢, =| -1.916 
1 1 1 


From Eq. (13.2.3), for the first mode: 


M, = (0.200)? m+ (0.597)?m + (1)7(0.5m) = 0.896m 
Lf =0.200m +0.597m + 1(0.5m)=1.296m 


h 
l= Ft ny 447 
M, 
Computed similarly, these quantities for the second and 
third modes are 
M, =1.227m M, =14.541m 
Li =-0.701m Li =1.804m 


T, =-0.571 T; =0.124 


Part a: 


From Eq. (13.2.5) the floor displacements due to 
the first mode are: 


0.200 0.289 
u,(t)= 1.44710.597}D(t) = 40.863}D, (2) (a) 
1 1.447 


The joint rotations associated with u, are 
Up; (¢) = Tu, (t) (b) 
where T was determined in solving Problem 10.22. Thus: 


—0.4005 -0.4152 0.0458 
-0.4005 -0.4152 0.0458 


0.289 
ia) sok 0.9530 -0.4569 -0.2803 0.863 1D, 
h} 0.9530 -0.4569 -0.2803 1.447 
—0.3465 1.2570 -0.9890 
—0.3465 1.2570 —-0.9890 
—0.408 
— 0.408 
ae —0.525 Ds) 
h| -0.525 
— 0.446 
— 0.446 


Similarly, the floor displacements due to the second and 
third modes are 


—0.545 0.312 
U2 (t) = -0.5714 — 0.656 } D2 (t) =4 0.374 +D,(t) (c) 
1 -0.571 
3.220 0.399 
u3(t) = 0.1245 —1.916 +. D3 (t) = 4 —0.238 }D3(t) (d) 
1 0.124 


The joint rotations associated with u, and u, can be 
computed following Eq. (b): 


—0.306 —0.056 
— 0.306 — 0.056 
1| 0.286 1| 0.455 
Yor) =F) 9 186 Pat) Moa) = 0.455 D3(t) (e) 
0.928 -—0.560 
0.928 ~ 0.560 
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Combining modal responses gives the total floor 
displacements: 
uy(t) = 0.289D, (t) +0.312D>2(t) + 0.399D; (t) 
uz(t) = 0.863D, (t) + 0.374Dz, (t) — 0.238D3(t) (f) 
u3(t) = 1.447D,(t)-0.571D,(t) + 0.124D3(t) 


Combining modal contributions to joint rotations gives 


ug (t) = Us (t) = = 0.408D, (t) -0.306D, (t) —0.056D;(t)| 
Ug (t) = U7 (t) = =[- 0.525 D, (t) + 0.286D)(t) + 0.455D; (t)| (g) 
Ug (t) =Ug(t) = =f 0.446D, (t) + 0.928D, (t) -0.560D, (t)| 


Part b: 


The bending moments at the ends of a flexural element 
are related to the nodal displacements by: 


4EI 2EI 6EI 6EI 
M, a7 0, eye 6, ae Ug 7% Uy (h) 
2EI 4EI 6EI 6EI , 
M, = 9a +> 9 ee ee Ta (i) 


For a first story column, L=h and the nodal displacements 
are shown in Fig. P13.14(b): 


O,=u, 
uy =u, 5 
El h 
4, =0 a 
6 =0 


Fig. P13.14(b) 


Substituting u,,u,,0,,and 0, , and Eqs. (f)-(g) in Eqs. (h) 
and (i) gives: 


M,= 709180, (t) +1.256Dy (t) + 2.286D; (t)| 


M, = 770.102, (t) + 0.644D, (t) +2.174D,(t)] 


Substituting D,(t)=A,(t)/@? and w, in terms of E, I, m, 
and h gives 
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M,=mh [ 0.844A,(t) + 0.132A,(t) + 0.0574, (t) | 
M,=mbh [ 0.094A,(t) + 0.068A,(t) + 0.05543 (t) | 


For the second floor beam, LZ=2h and the nodal 
displacements are shown in Fig. P13.14(c): 


ug = 0 Uy = 0 
+ 4EI/3 : 
a 
6, = Ug b G, = U7 


| 2h | 


Fig. P13.14(c) 


Substituting u,,u,,9,,and 9, , and Eqs. (f)-(g) in Eqs. (h) 
and (1) gives: 


M,=M, = 0.525D, (t) + 0.286D,(t) + 0.455D;(t)] 


Substituting D,(t)=A,(t)/w@2 and w,, in terms of E, I, m, 
and h gives 


M,, =M,=mh[-0.482A, (t) + 0.03049 (t) + 0.011A;(t)] 
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Problem 13.15 


Parta 


From Example 9.6, the mass and stiffness matrices are: 


“4 a 


The natural frequencies and modes of the system (from 
Example 10.3) are: 


@, = 0.6987 =e @, = 1874 = 
mL mL 

g, = 2 = 

* [2.097 2) =1.431 


The equations of motion are given by Eqs. (13.1.1) and 
(13.1.2) where, for vertical ground motion taken positive 
downward, the influence vector is: 


“f 


_ 6EI 
TL? 


Substituting for m, 1 and @, in Eq. (13.1.5) gives the 


modal quantities: 
L, = gj mt 
gf mg, = 7.397m 


= 2.097m 
M, = 


r= = 0.2834 
1 


L, = $5 mi = ~1431m 
= ¢ m¢, = 5.048m 
l= “2 = _ 0.2834 


2 


The effective earthquake forces are given by Eq. (13.1.2): 


r 3m O| .. 
—mtu, (t) = -| nl{ifie® 
Oe 
=y piig(t 


Peer (t) 
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Substituting I, mand @, in Eq. (13.1.6) gives 


3m 1 0.849m 
m| {2.097 0594m 


sve} 


The modal expansion of effective forces is shown in the 
following figure. 


0.849m 
0.406m 


3m 


2m m 

cD © 0 
L m es 

L 
saan ceecaaat 
cast Pata 
0.594 m 0.406 m 
ie 1.443 mL 5= — 0.443 mL 

Part b 


The modal displacements from Eq. (13.1.10) are 


u,(t) = 4) = T, ¢, Dy(t) 
Uy (t) 1 
= 0.2834 : D 2)0e? D 
alo 2.097{ 21 = Josqgf 2 
— Jat), _ 
u,(t) = eae = T, ¢ D,(t) 


= 02834) } D,(t) = eee ine 
~~ 2 ~1431{ “7° | 0406 2() 


Combining the modal displacements gives the total 
displacements: 


u,(t) = 0.283 D,(t) — 0.283 D,(t) 


u,(t) = 0.594 D,(t) + 0.406 D,(t) 
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Part c 


Using Mon shown in the figure, the modal responses 
for M, are 


M,)(t) = Mj, A(t) = 1.443 mL A,(t) 


Mg Ao (t) = — 0.443 mL A,(t) 


M,,(t) 
The total bending moment is 


M,(t) = My(t) + Myg(t) 
1.443 mL A(t) — 0.443 mL A,(t) 
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Problem 13.16 


al | L | 


Parta 
From Example 9.6, the mass and stiffness matrices are: 


The natural frequencies and modes of the system (from 
Example 10.3) are: 


Q@, = 0.6987, |—— H @, =1.874 — 
mL? mL 


i 1 Sip. 
1 |2,097 02 = -1.431 


The equations of motion are given by Eqs. (13.1.1) and 
(13.1.2) where, for the ground motion assumed to be 
positive in the direction shown above, the influence 
vector is: 


(ue 


Substituting for m, t and @, in Eq. (13.1.5) gives the 
modal quantities: 


= ¢/ mi=0.639m 
M, = ¢; m¢, =7.397m 
L 
T, = — = 0.0863 = 2 _ 0.6206 
M, M, 


L, = ¢, mi = 3.133m 
M, = ¢3m¢, =5.048m 
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The effective earthquake forces are given by Eq. (13.1.2): 
F 3m 
pur t= -ms,(0 =| I 
m 


~ 3 
"Fue 


Substituting [,, mand @, in Eq. (13.1.6) gives: 


hi ii,(t) 


0.259m 

ae ai, 
1.862m 
$2 =T2mo2 =) _ 0 saan 


The modal expansion of the spatial distribution mt of the 
effective forces is shown in the following figure. 


—_——p_ ae 
/2 
L EI 1 

—= mm [mined 

9 aoe 
| L | 
0.259 m 1.862 m 
0.181 m a4 08887m| 
ft =0.440 mL Mj, =0.974 mL 


Part b 
The modal displacements from Eq. (13.1.10) are: 


0.086 
u(t) = T,9,D,(t) = ( a1 DO 


0 
u,(t) = [,¢,D,(t) = { 


Combining the modal displacements gives the total 
displacements: | 
u,(t) = 0.086D,(t) + 0.621D, (t) 


u,(t) = 0.181D,(t) - 0.888D,(t) 
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Part c 


Using M;* shown in the figure above, the modal 
responses for M, are: 


M y(t) 


M;, A(t) = 0.440 mL A,(t) 


M y2(t) 


M35 A,(t) = 0.974 m L A,(t) 
Thus, the total bending moment is: 


M,(t)= My (t) + Myo(t) 
= 0.440 m L A(t) + 0.974 mL A,(t) 
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Problem 13.17 5 1 
M, = ¢i mg, = (1 -1949 1949)m] 1 — 1949 
1]| 1949 
3 Mo = 12597m 
u 
; r= = 0.397 


1 


Similar calculations for the second and third modes gives: 


L, = $3 ml = 5m L, = ¢ mi =0 
Fig. P13.17a M, = ¢;m¢, = 8292m M, = ¢m¢, = 2m 
L, L, 
Tr, = — = 0.603 Ls = 0 
Part a 2 M, 3 M; 


The equations of motion are given by Eqs. (13.1.1) 
and (13.1.2). The mass and stiffness matrices (from The effective earthquake forces are given by Eq. (13.1.4): 
Problem 9.13) are 


5m 1 
5 au} 28 6 -6 Pen (t) = -—mii,(t) = - m Of ti, (t) 
1 -6 3 7 5m 
The influence vector due to horizontal ground motion is = —) 0/4, (t) 
(from Problem 9.13) 0 
1 Substituting [.,, mand @, in Eq. (13.1.6) gives 
t= 40 
0 5m 1 
s, = [,;m¢, = 0.397 m — 1949 
The natural frequencies and modes of the system (from i 1,949 
Problem 10.23) are 
1985m 
@, = 0.526 soe @, = 1.614 mo = )~0.774m 
mL mL 0.774m 
EI 
@, = 1.732 .|—> re 1 
i - s, = [,m@¢, = 0.603 m 1.283 
m| |— 1283 
g, = 4-1949+ @, = 1283- @, = 41 x6 
1.949 — 1.283 1 
0.774m 
Substituting for m, l and ¢, in Eq. (13.1.5) gives the ~0.774m 
first-mode quantities: 
5 1 5m 0 0 
L, = $f mt = (1 -1949 1949)m| 1 0 s, = I;m¢3 = 0 m 1; = 40 
1} {0 m| jl 0 
=e The modal expansion of the spatial distribution of 


effective forces is shown in Fig. P13.17b. The effective 
forces in the third mode are all zero, implying that this 
mode will not be excited by horizontal ground motion. 
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Part b 
The modal displacements from Eq. (13.1.10) are 


u, (t) 1 
u,(t) = yug(t)p = T, o, Dy(t) = 0397 ,- 1949? D,(t) 
u3(t)}, 1.949 
0.397 
= 4— 0.774? D(t) 
| 0.774 
uy (t) 1 
u,(t) = I = T, ¢2 Dy (t) = 0.6035 1283} D,(t) 
u3(t)}, — 1283 
0.603 
= | 0.774 > D,(t) 
— 0.774 
u(t) 0 
u3(t) = 4uQ(t)p = 13 63 D3(t) = 041) Dj (t) 
u3(t)] , 1 
0 
= {0} D;(t) 
0 


Combining the modal displacements gives the total 
displacements: 


u(t) = 0.397 D, (t) + 0.603D, (t) 
uy (t) = -0.774D, (t) + 0.774D, (t) 
u3(t) = 0.774 D, (t) -0.774D,(t) 


Observe that the third mode does not contribute to the total 
displacements, and the total displacements u(t) and u,(t) 


are antisymmetric. 
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M* 


b= 3.533 mL 


é 0.774m 
M_2= 9.774 mL 


st 
My5= 1.467mL 


st 
M oF 0 


st 
M,,,= 0 


Fig. P13.17b 


Part c 


The bending moment at the base of the column due to 
the nth mode is 


Mon (t) = Min An(t) 
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Substituting the modal static responses Mj, shown in Fig. 
P13.17b, and combining modal responses gives 


3 
M,(t) = > M,,(t) = 3.533 mL A(t) + 1.467 mL A,(t) 


n=l 


The bending moment at location a of the beam due to 
the nth mode is 


Man (t) = MS, A,(t) 


Substituting the modal static responses MS, shown in Fig. 


P13.17b, and combining modal responses gives 


3 
M,(t) = ¥ Ma(t) = —0.774 mL A(t) + 0.774 mL A,(t) 
n=l 
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Problem 13.18 0 
Part a s; = I; m¢, = 40 
The properties of the structure, m and k, @, and @, are y 
given in Problem 13.17. The influence vector is (from 0 
Problem 9.13): 
s, = T,m@, = 40 
° 0 
t= 41 
1 0 
Se , S3 = r; m ~; = 4m 
The modal quantities, given by Eq. (13.1.5), are: 
m 


L, = ¢,mi=0 
The modal expansion of effective forces is shown in Fig. 


M, = oe m ¢, = 12.579m P13.18. The effective forces in the first two modes are 
zero, implying that these modes will not be excited by 
bo 4 =O vertical ground motion. 
1 M, 
Part b 
L, = ¢, mi = 0 The response is only due to the third mode; from Eq. 
(13.1.10): 
M, = ¢,m@, = 8.292m : 
lr, = xa = 0 u3(t) = 417 D3(t) 
M, 1 
I, = 93 mt = 2m Part c 
M; = ¢; m¢; = 2m The first two modes are not excited. Due to the third 
mode, the bending moments at the base of the column and 
T; = EL =e | at section a of the beam are 
M; 


My3(t) = Mp3 A3(t) M,3(t) = Ms, A,(t) 


Static analysis of the system in Fig. P13.3 gives Mj, = 0 
and MS = mL. Thus the total responses are 


M,(t) = 0 M,(t) = mL A;(t) 


5m 0 
Per (t) = -mu,(t) = - m 1? u,(t) 
m| {1 
0 
= -—ym?u,(t) 
m 


Substituting [),, mand @, in Eq. (13.1.6) gives 
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3) © 
R8 
i 
(an) 
———_ > 


st 
M = 0 


Fig. P13.18 
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Problem 13.19 


The properties of the structure, mand k, @,, and @, 


are given in Problem 13.17. The influence vector due to 
ground motion in the direction b-d is (from Problem 9.13, 
Part c). 


2 
l= //2 
fJ2 


Substituting for m, 1, and @, in Eq. (13.1.5) gives the 
modal quantities for the three modes: 

L, = ¢ mi = 3.536m 

M, =¢/ m¢, =12.597m 


I, = -0.281 

M, 
L, = ¢; mt = 3.536m 
M, =¢;m¢, =8.292m 


T - 2 9.496 
M, 

L, = 3 mu=1.414m 

M,=0;m@, =2m 


rT; =/5 = 0.707 
M; 


The effective earthquake forces are given by Eq. (13.1.4): 
Sm //2 


Per (t)=—mligg(t)=- om RY V2 big (*) 
m //2 


5m] V2 
=-{ m/V2 tii gag (2) 
mi v2 


Substituting [,,, m and @, in Eq. (13.1.6) gives 


1.405m 
s, =I,m¢, = }-0.547m 
0.547m 


2.130m 
0.547m 
—0.547m 


s, =I,m@, = 


40 


0 
0.707m 
The modal expansion of the spatial distribution of 
effective forces is shown in Fig. P13.19. 
Part b 


The modal displacements, form Eq. (13.1.10) are 


0.281 
0.547 


0.426 
0.547 }D, (t) 
0.547 


u, =1,¢,D,(t) = 


0 
u, =1,¢,D,(t) = 10.707 }D;(t) 
0.707 


Combining the modal displacements gives the total 
displacements: 
u,(t)= 0.281D, (t)+0.426D, (t) + OD, (t) 
U, (t) = - 0.547 D, (t) + 0.547 D, (t) + 0.707 D; (t) 
uz(t)= 0.547D, (t) - 0.547 D, (t) + 0.707D; (t) 


Part c 
The bending moment at the base of the column due to 
the n™ mode is 


M gn = Mn An (t) 


Substituting the modal static responses M i. , shown in 
Fig. P13.19, and combining modal responses gives 


3 
M,(t)= >) M,,(t) 


n=l 


= 2.499 mL A, (t) + 1.036 mL A, (t) 


The bending moment at location a of the beam due to the 


n™ mode is 


M on (t)=M5,A, (t) 
Substituting the modal static responses M§%, shown in 
Fig. P13.19, and combining modal responses gives 
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3 
M ,(t)= 9)M,, (t) = 0.547 mL A; (t) + 0.547 mL Ag (2) m/z m| V2 
n=] 
+0.707 mL A;(t) m pe OP 5m//2 
m 
EI EI 
L EI 
ee ee 


0.547m M$, =—0.547mL 
1.405m 


0.547m 


M4 M$ =2.499mL 


M*, =0.547mL 0.547m 
2.130m 
aw M$, =1.036mL 
0.707m M*%,=0.707mL  0.707m 
0 


le 
Ca ais =0 
Fig. P13.19 
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Problem 13.20 
Part a 


The properties of the structure, mand k, @, and @, 


are given in Problem 13.17. The influence vector due to 
ground motion in the direction b-c is (from Problem 9.13, 


Part c). 
-//2 
i=] 2 
/2 


Substituting for m, 1 and @, in Eq. (13.1.5) gives the 
modal quantities for the three modes: 

L, =¢, mi=-3.536m 

M, =¢; mg, =12.597m 

Ties Ay 0281 

M, 
L, = 3 mi = -3.536m 
M, =93m¢, =8.292m 


L, =@ mi=1.414m 
M,=¢,m¢, =2m 


D = 3.=0,707 
M; 


The effective earthquake forces are given by Eq. (13.1.4): 
5m - 1/ V2 
Pere (t) = -muii ,,, (1) = - m V2 bid ope (t) 
m / V2 
= 5m/ 2 


=-{ — m/V2 bid gy (t) 
ay er 


Substituting I\,, m and @, in Eq. (13.1.6) gives 


—1.405m 
0.547m 
-—0.547m 


sj =Ijmg = 


42 


s, =[,m¢, = 


0.707m 
0.707m 


The modal expansion of the spatial distribution of 
effective forces is shown in Fig. P13.20. 


Part b 
The modal displacements, form Eq. (13.1.10). are 
—0.281 | 


0.547 }D, (t) 
~0.547 


u, =1\¢,D,() = 


— 0.426 
0.547 


0 
u, = 1,¢;D3(t) = } 0.707 -D;(t) 
0.707 

Combining the modal displacements gives the total 
displacements: 

u, (t) = -0.281D, (t) — 0.426D, (t) + 0D;(t) 

u,(t)= 0.547D, (t) -— 0.547 D, (t) + 0.707 D3 (t) 

u(t) = -0.547D, (t) + 0.547 D, (t) + 0.707D;(t) 


Partc 

The bending moment at the base of the column due to 
the n™ mode is 

M 5, = M pn An (t) 


Substituting the modal static responses M>,, shown in 


Fig. P13.20, and combining modal responses gives 


3 
M,()= >) Mz, (t) 


n=l 


= -2.499 mL A, (t) -1.036 mL A, (t) 


The bending moment at location a of the beam due to the 


n™ mode is 


M an (t)=M5,4, (t) 
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Substituting the modal static responses M*, shown in a / 5 es / V2 
Fig. P13.20, and combining modal responses gives 3m 
m m 
3 5m/ 2 
M(t) = )) M y(t) = 0.547 mL A, (1) - 0.547 mL A, (t) EI EI 
n=l 
+0.707 mL A; (t) L EI 
L 4 


0.547m 


a M$ =-2.499mL 


0.547m M &, =-0.547mL 


2.130m 


Ca M3, =-1.036mL 


0.707m M*, =0.707mL 0.707m 


OY itis =0 


Fig. P13.20 
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Problem 13.21 
Parta 


The properties of the structure, mand k, @, and ¢, 


are given in Problem 13.17. The influence vector due to 
ground rocking u,g (in radians) in the counter-clockwise 


direction is (from Problem 9.13, Part c). 
-L 
v=; L 
-L 


Substituting for m, ut and @¢, in Eq. (13.1.5) gives the 
modal quantities for the three modes: 


L, = ¢/ mi = -8.898mL 
M, =¢/ m@, =12.597m 


i= A - 970641 
M 


L, = 3 mt = -2.4348mL 
M, =03 mg, =8.292m 


L 

Tr, =—*+ =-0.294L 
M, 

L; =¢; mi=0 

M, =$3; mg, =2m 
L 

Tl; =—-= 
M, 


The effective earthquake forces are given by Eq. (13.1.4): 


5m -L 
Perr (t) = -M ud go (t) = - m Ltt gg (t) 
m\|{-L 
—5mL 
=-) mL fi gg (t) 
—mL 


Substituting [,, m and @, in Eq. (13.1.6) gives 


—3.532mL 
1.377mL 
—1.377mL 
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—1.470mL 
s, =[',m@, = {-0.377mL 
0.377mL 
0 
s, =I,m¢,; = 40 
0 


The modal expansion of the spatial distribution of 
effective forces is shown in Fig. P13.21. 


Part b 
The modal displacements, from Eq. (13.1.10), are 
—0.706L 


1.377L $D, (t) 
~1377L 


u, =1\¢,D,) = 


—0.294L 
0.377L 


0 
u; =1;6;D;(t) = 40$D;(t) 
0 


Note that, here, D,(t), D(t) and D;(t) are in radians. 


Combining the modal displacements gives the total 
displacements: 

u, (t) = -0.706L D, (t) —0.294L D, (t) 

uy(t)= 1.377L D, (t)-0.377L D, (t) 

u,(t) = —1.377L D, (t) + 0.377L D, (t) 
Observe that the third mode does not contribute to the 
displacement response. 
Partc 

The bending moment at the base of the column due to 
the n™ mode is 

M yp me M pn An (t) 

where A, (t) is in radians per second per second. 


Substituting the modal static responses Mj, , shown 


in Fig. P13.21, and combining modal responses gives 
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mL 
oe : 3m a A 
3 5mL 
M,(t)= ¥ My, (t) EI EI 
n=1 mL 
= -6.826 mL? A,(t) +1.470 mL? A, (t) L EI 

The bending moment at location a of the beam due to the 
n® mode is | L poe ! 

M ,,(t)=M 3, A, (t) 
Substituting the modal static responses M&$,, shown in j 

st _ 

Fig. P13.21, and combining modal responses gives Mg =1.377mL 1.377mL 


3 
3.532mL 
M,()= > M(t) 
ae ; 1.377mL 
= 1.377 mL? A,(t)-1.470 mL? A, (t) — 
= 1.47mL 
4 M3! =-6.286mL? 
0.377 ImL MS, =-1.47mL? 
0.3771mL 
9 M5 =1.47mV? 
0 Ms, =0 0 
0 


CA ME =0 


Fig. P13.21 
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Problem 13.22 


m/1Q000 @—-u, 
10’ 

m On us 
10’ 

m &3-—. u, 
10’ 


Data: 
m = 0.486 kip —sec?/in. 


EI ie 
ra = 56.26 kips/in. 


El’ = 
ri = 0.0064 kip/in. 


¢ = 0.05,n=1,2,3 


Part a 


First compute the flexibility matrix: 


413 /3EI 
1417 /3EI 
26/3EI + 1/3EI’ 


BEI 513/6EI 
81> /3EI 


=> 
HT) 


(sym) 


Next determine the lateral stiffness matrix Kk: 


771.62 —24119 0.0329 


k =f = 9655 —0.0439| kip/in. 
(sym) 0.0192 
The mass matrix is 
1 
m = 0486] 1 kip — sec? /in. 
0.001 


46 


Solution of the eigenvalue problem gives the natural 
periods and modes: 


T, = 1.027 sec T, = 0.974sec 7; = 0.1503 sec 
— 0.3054 0.3139 1.366 
9, = 4-09583- @, = 4 0.9735> 3, = 4-04379 
— 32.34 — 3180 0.0773 
The modes have been normalized so that 
M, = 9,m¢, = 1 
32.34 31.80 0.0773 
9583 0.9735 0.4379 
0.3054 0.3139 1.366 
Mode 1 Mode 2 Mode 3 
T, = 1.027 sec T, = 0.974 sec T; = 0.1503 sec 
Part b 
Computing Eq. (13.2.3) gives the modal properties: 
M, = 1 M, = 1 M, = 1 
Lt = —0.6296 Li = 0.6104 
rk = 0.4511 
T, = — 0.6296 T, = 0.6104 
Tr; = 0.4511 
Substituting these data in Eq. (13.2.4) gives 
0.0934 0.0931 0.2995 
S, = 40.2931 s, = 0.2889; s; = — 0.0960 
0.0099 — 0.0094 17 x 10°° 


Thus the modal expansion of m 1 is [Eq. (13.2.2)]: 


0.486 0.0934 0.0931 0.2995 

0.486 ¢ = 40.2931- + 4 0.28897 + — 0.0960 

0.000486 0.0099 — 0.0094 17 x 10° 
(c) 


This expansion is shown graphically: 
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0.000486 0.0099 0.0094 1.7x10°° 
0.486 0.2931 0.2889 0.096 
= + + 
0.486 0.0934 0.0931 0.2995 


Part c 
We compute 
0.0051 0.0046 0.0004 


u“ = k7!m1=1|0.0161 0.0143 -—0.0001 
05437 -04664 0 


The modal static responses of the displacement of the 
appendage mass are 


us = 0.5437 us, = - 0.4664 a3, = 2.0 x 10° 
(a) 


Static analysis of the system for forces s, (n = 1, 2 and 3) 
gives the shear force in the appendage: 


vi = 0.0099 vt = —0.0094 
vi = 17x 10° 
(b) 


and the shear force at the base of the tower: 


Va = 0.3965 V5 = 0.3726 V5 = 0.2035 (Cc) 


Part d 


From Eq. (a) we expect that the first two modes 
should give the largest contribution to the displacement of 
the appendage mass. Similarly, these two modes will 
dominate the shear at the base of the appendage. In 
addition to important contributions from the first two 
modes, the third mode should have, according to Eq. (c), 
significant contribution to the shear at the base of the 
tower. 


47 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 13.23 frequency of the main tower and the appendage mass is 


small. 
Parta 
The three modal SDF systems have the following 
properties: 
T, = 1.027sec T, = 0.974sec TF, = 0.1503 sec 
¢, = 0.05 ¢ = 0.05 ¢; = 0.05 


The displacement responses D,(t) of these three SDF 
systems to the El Centro ground motion are shown in Fig. 
P13.23a. The  pseudo-acceleration responses are 
A,(t) = > D,,(t) and these are shown in Fig. P13.23b. 


Part b 


Step 5c of Section 13.2.4 is implemented to 
determine the contribution of the nt4 mode 


m(t) = m A,(t) 


to the desired response quantities: displacement u,(t) of 
the appendage mass, shear V,(t) in the appendage, and 
shear force V,(t) at the base of the tower. 


The modal static responses u3, are available in Eq. 


(a) of Problem 13.22, Ve, in Eq. (b), and V,* in Eq. (c). 
These modal static responses are multiplied by A, (t) (Fig. 
P13.23b) at each time step to obtain the results presented 
in Figs. P13.23c, P13.23d, and P13.23e. The peak values 
are noted for each modal response. 


Part c 


The modal responses are combined at each time 
instant to determine the total responses shown in Figs. 
P13.23c, P13.23d, and P13.23e. The peak values are 
noted: 


U3, = 44.58 in. V, 


70 = 0.879 kips 
Vio = 159.83 kips 


Se = = —— — = 4.69 
Ww, w/1000 0.486 (386) 

and that for the tower is 

Veo £ A59°83° ._ 159.83 = 0.426 


w -2.001w 2.001 (0.486) (386) 


The seismic coefficient for the appendage is large because 
its natural frequency is tuned to the fundamental natural 
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Problem 13.24 Part b 
Data (see Problem 9.14): From Eq. (13.3.10), 
= fo eds r hy2 P 
m = 0.2331 kip —sec fin. M* = (L,) fe oa (b) 
k = 1.5 kips/in. a 
b = 25ft Substituting numerical data for M,, eh and Sg, gives 
C = 0.05, n= 1,2 and 3 Table P13.24. 
DOFs: u=(u, uy ug) Table P13.24 
Equations of motion: 
0.2245 5.3966 
1 6 0 0O 0 
m 1 uU+kO 6 -b ju=-my1 pu, (t) 2 2 ‘ 
b?/6 0 -b 3b? 0 3 0.0086 — 5.3966 
—— 


0.2331=m 


y' M, or Io, 


The last row of the table verifies Eq. (13.3.9). 


mt 


Natural frequencies and modes (from Problem 10.17): 
QO, = 5.96 @, = 6.21 @3 = 10.90 


Part c 
- anit The displacements due to the nth mode are 
Q, = 2.032 } @2=; O + $3 =4-0.3988 : 
0.0033 0 0.0166 u(t) = » LT, ¢, D,(t) 
n=1 
Parta 
i Substituting for I), and ¢, gives 
T h T ‘n 
M,, = O,, m ?,, L. — o,, mt io = M, (a) u(t) 0 0 
Uy (t) -=0.4738) 2.032 (Dy (t)—0.09305 0.3988 D3 (t) 
Substituting form, @, and U in Eq. (a) gives ug (t) 0.0033 0.0166 
I, = 0.4738 Tr, = 0 I, = — 0.0930 Pe 
Substituting form, ¢, and I, in Eq. (13.1.6) gives u(t) 0 0 
0 0 0 Uy (t) -=4 0.9629 ¢Dy(t)+4 0.0371 ¢D3(t) 
$1 =4 0.2245 $7 =40 s3=; 0.0086 ug(t)} |0.00156 —0.00156 
5.3966 0 -5.3966 
Part d 


where 
The modal static responses for base shear in the y- 


T direction and base torque are 
S, = (Six Syn Sen) q 


st st 
The modal expansion of m1 is shown in the following Yon = Syn Ton = Sen 
figure: Substituting numerical values for s,, and sg, gives 
Ver = 0.2245 Vi, =0 Vaz = 0.0086 
5.3966 5.3966 a de me 
= + + +| ® Tt = 5.3966 Ti =0 TS = -5.3966 
0.0086 Se st st , 
Substituting V,,,, and 7,, in Eq. (13.3.15) gives the modal 
0.2331 0.2245 ubstituting V,,, and 7,, in Eq. ( )g 
responses: 
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Vi (t) = 0.2245 A, (2) 
Viya(t) = 0 
Viys(t) = 0.0086 A; (2) 
Ty(t) = 5.3966 A,(t) 
Ty2(t) = 0 


Combining the modal responses gives the total response: 
Viy(t) = 0.2245 A(t) + 0.0086 A, (t) 
T,(t) = 5.3966 A(t) — 5.3966 A;(t) 
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Problem 13.25 Table P13.25 


Equations of motion: 


1 6 0 0 2 


m| 1 i+k|0 6 -blu=-m41/J2} i,() 
b*/6 0 -b 3b? 0 
a ( yi Mn ot D) lon | 0.2332 =m 
where m, b, k are given in the solution to Problem 13.24. The last row of the table verifies Eq. (13.3.9). 
Also the @, and @, are given in the solution to Problem Part c 
13.24. 
The displacement response is 
Parta : 
r hor he u(t) = >) Tb, Dy(t) (c) 
M, =¢,m9%, OL, = ¢,mt oe (a) n=l 
: Substituting for I, and @, gives 
Substituting form, g, and 1 in Eq. (a) gives 
u, (t) 0 2.071 
Tl, = 0.3350 IT, = 0.3414 IT, = -0.0658 uy(t)} = 0.33504 2.032 > D,(t) + 034144 O }D,(1) 
Substituting for m, ¢, and [,, in Eq. (13.1.6) gives Ug (t) 0.0033 0 
0 
0 0.1649 0 
6.1588 : 0.0061 — 0.0658 ; — 0.3988} D, (t) 
ah ie 82 a 0.0166 
3.816 0 —3.816 
or 
where 
u,(t) 0 0.7071 
T 
ee eer u,(t)$ = 40.6809} D(z) +4 0 }D,(t) 
; Ug(t) 0.0011 0 
The modal expansion of m1 is shown in the following 
figure: 0 
+ 4 0.0262 ; D;(t) 
0.1649 — 0.0011 
Part d 
0.1649 — 
The modal static responses for the x-component 
V,,(t) of base shear, the y-component V,,(t) of base 
Part b shear, and the base torque 7,(t) are 
From Eq. (13.3.10), 
: hw Vics = Sxn Vion = Syn Toyn = Sa (d) 
M,, a <a lon = Sen (b) Substituting numerical values for s,,, 5,, and sg, gives 
n 
st _ st = st a 
Substituting numerical data for M,, i and sg, gives Von = 9 Virz = 0.1649 V,,3 = 0 
able ho ee: Vit, = 0.1588 Vt, = 0 Vii; = 0.0061 
Ty, = 3.816 JT = 0 Ty, = —3.816 


Substituting these modal static responses in Eq. (13.3.15) 
gives the modal responses: 
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Vie)2:0 hie 


Vixo(t) = 0.1649 Ag(t) Ty; = — 3.816 A,(t) 

Vix3(t) = 0 Combining the modal responses gives the total response: 
Viyi(t) = 0.1588 A, (2) Vie(t) = 0.1649 A, (t) 

Viya(t) = 0 Viy(t) = 0.1588 A,(t) + 0.0061 A; (2) 


0.0061 A; (t) T,(t) = 3.816 A,(t) — 3.816 Aj(t) 


Vay3 (t) 
T(t) = 3.816 A,(t) 
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Problem 13.26 
Parta 


Ground motion in the y-direction excites the first 
and third natural vibration modes of the system. The 
corresponding SDF systems have the following 


properties: 
T, = 1.054 sec T; = 0.5764 sec 
¢ = 0.05 ¢; = 0.05 


The displacement responses D,(t) of the two SDF 
systems are shown in Fig. P13.26a. The pseudo- 
acceleration responses are A,(t) = ow D,(t) and these 
are shown in Fig. P13.26b. 


Parts b and c 
From Problem 13.24, 


uy(t) = 0.9629 D,(t) + 0.0371 D(z) (a) 
(b/2) ug(t) = (b/2) [0.00156 D,(t) — 0.00156 D;(t)] 
(b) 
Vyy(t) = 0.2245 A(t) + 0.0086 A; (t) (c) 
T, (t) = 5.3966 A(t) — 5.3966 A;(t) (d) 


In Eq. (a), the D, values at each time instant are 


substituted from the data of Fig. P13.26a to obtain the 
modal contributions u,,(t) and the total y-displacement 


uy(t). The results are shown in Fig. P13.26c. Similar 
results for (b/2) ug,(t) and (b/2) u,g(t) are presented in 
Fig. P13.26d. 

In Eq. (c), the A, values at each time instant are 


substituted from the data of Fig. P13.26b to obtain the 
modal contributions V,,,(t) and the total base shear 


V,y(t). The results are shown in Fig. P13.26e. Similar 
results for 7,,(t) and the total base torque 7,(t) are 
presented in Fig. P13.26f. 

For various response quantities, their peak values 
are 


Uy, = 4.182in. — (b/2) ug, = 1.22 in. 
Vino = 35-6kips 7, = 1899 kip-in. 
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Problem 13.27 


Parta 


From Problem 9.18: 


m 
m=|  m 1=[1 0 o]7 
m 
From Problem 10.28: 
0.7767 — 0.2084 0.5943 
g, = 4—0.4923 ~, = 4 0.3875 ¢, =4 0.7794 
— 0.3928 — 0.8980 0.1984 


Substituting m, l and ¢ in Eq. (13.1.5) gives: 


L, = ¢/m1=0.7767m 
M, = 9) még, =m 

L 
T, =— =0.7767 

M 


1 


L, =05 m1 =~-0.2084m 


Tl, =—~ = -0.2084 
2 
L, =) m1=0.5943m 
M, = o3 m¢, =m 
L 
Tr, =—+ =0.5943 
M; 
Substituting ,m and @, in Eq. (13.1.6) gives the 
effective earthquake forces: 
0.6034 
- 0.3051 


60 


likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


0.0434 
0.1872 


0.3532 
0.4632 
0.1179 


S3 = I'3m¢, =m 


Thus, Eq. (13.1.4) specializes to: 
l 0.6034 


0.3532 


0.0434 


mi0} =m4—0.3824} + m/-0.0808} + m! 0.4632 
0 ~ 0.3051 0.1872 0.1179 
Graphically: 
Pore 0.3051m 
0.3824m 
y" 
4 
0.6034m 
4+ 
| aheaee 
sz 
_ < 
0.0434m 
4 
ee Osan 
0.3532m 


Part b 


Substituting for [and @, 
the modal displacements: 


in Eq. (13.1.10) gives 


u, (t) 0.6034 
u,(t) = {uy (t)} = Ty¢,D,(t) ={-0.38241D,(t) (a) 
u,(t)|, — 0.3051 
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u,(t) 0.0434 3 er 
u(t) = {uy(t)} = TyD,(t) =4-0.0808}D, (1) (b) si os m= XM An) 
uz(t)), 0.1872 = —0.9084mLA, (t) + 0.1437mLA, (t) —0.2353mLA; (t) 
3 3 
u,(t) 0.3532 T(t) = ye, (t) es bye: A, (t) 
u,(t)}, 0.1179 = 0.9858mLA, (t) + 0.1242mLA, (t) —0.1100mLA; (t) 


Combining modal responses in Eqs. (a), (b) and (c) 
gives the total displacement response: 


0.6034 0.0434 0.3532 
u(t) = 4-0.3824-D(t) + +—0.0808'D,(t) + +40.4632-D,(t) (d) 
—0.3051 0.1872 0.1179 


Partc 


From Eq. (13.1.13), the earthquake-induced 
bending moments and torques at the base due to the n™ 
mode are: 


M ,,(t) =M5A,(t) 
M y, (t) = My, An (t) 


T, (t) =T," A, (t) 


where M™ 


st st : 
x» M), and T,” are expressed in terms of s,, 


as the scalar products: 
M* =[0 L -L]s, 
M*=[-L 0 Lls, 
T* =[L -L Ols, 
and s, are given in Part a: 
M =[-0.0773mL, -0.2679mL, 0.3453mL] 
M+, =[-0.9084mL, 0.1437mL, -0.2353mL] 


T =[ 0.9858mL, 0.1242mL, -0.1100mL] 


Combining these modal contributions for each response 
gives the total response in terms of A, (ft): 


3 3 
M,)= YM) = MEA) 
n=l n=l 


= —0.0773mLA, (t) — 0.2679mLA, (t) + 0.3453mLA; (t) 
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Problem 13.28 


Parta 


From Problem 9.18: 


m 
m=| m 1=[0 1 o|7 
m 
From Problem 10.28: 
0.7767 — 0.2084 0.5943 
Q, = 4— 0.4923 ~, =43 0.3875 ~, =4 0.7794 
— 0.3928 —0.8980 0.1984 


Substituting m, t and @, in Eq. (13.1.5) gives: 
L, =¢) m1 =-0.4923m 
M, =¢,m¢, =m 


I A. 9.4923 
1 


L, =, m1=0.3875m 
M, = $7 m¢, =m 


L 
Pr, =—* = 0.3875 
M, 


L; =¢3; mt=0.7794m 


M, =¢,m¢, =m 


Substituting I,, mand @¢, in Eq. (13.1.6) gives the 


effective earthquake forces: 


— 0.3824 
0.2424 
0.1934 


S| = I\m¢, =m 
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— 0.0808 
0.1502 
— 0.3480 


0.4632 
0.1546 


Thus, Eq. (13.1.4) specializes to: 


0 — 0.3824 — 0.0808 0.4632 
ms1-} =m4 0.2424+ + m4 0.1502} + m4 0.6074 
0 0.1934 — 0.3480 0.1546 
Graphically: 
0.2424m 
0.3824m 


0.3480m { 0.1502m 


~~ 


0.0808: 


OSA) pena) 


0.4632m 


Part b 


Substituting for [, and @, in Eq. (13.1.10) gives 
the modal displacements: 
u(t) — 0.3824 
uj(t) = yuy@)p = Tyg D @) =4 0.2424/-D, (2) (a) 
u,(t)), 0.1934 


t 
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u,(t) —0.0808 3 Bi 
un(t) = 4u,(t)} = TydD,(t) ={ 0.1502}D,(t) (b) MiO= YMalO= J Madd 
uz(t)) — 0.3480 = 0.0490mLA, (t) + 0.4982mLA, (t) + 0.4528mLA, (2) 
u,(t) 0.4632 
u3(t) = 4u,(t)} = Ty@D3(t) =} 0.6074}D,(t) — (c) _< Sas 
u,(¢)|, 0.1546 MyO= YM = DM iA ©) 


= 0.5758mLA, (t) —0.2672mLA, (t) — 0.3086mLA; (t) 


Combining modal responses in Eqs. (a), (b) and (c) 


ives the total displ t 3 3 
gives € tota isplacement response T(t) ae ye (t) a S04, (t) 
= =] 
0.3824 0.0808 0.4632 = —0.6248mLA, (t) -— 0.23 10mLA, (t) — 0.1442mLA; (t) 
u(t) = 4 0.2424-D(t) +4 0.1502-D,(t) + +0.6074;D, (1) 
0.1934 —0.3480 0.1546 
(d) 


Partc 


From Eq. (13.1.13), the earthquake-induced 
bending moments and torques at the base due to the n®™ 
mode are: 


M ,, (tt) =M ¥ A, (t) 
M yy (t) = M5, An (t) 
T, (t) =T," A, (t) 


where M“* 


t . 
a> M,, and T," are expressed in terms of s, 


as the scalar products: 
M* =[0 L -L]s, 
M*=[-L 0 LJs, 
T* =[L -L Os, 
and s, are given in Part a: 
MS, =[ 0.0490mL, 0.4982mL, 0.4528mL] 
M5, =[ 0.5758mL, -0.2672mL, -0.3086mL| 


T* =| -0.6248mL,-0.2310mL, -0.1442mL] 


Combining these modal contributions for each response 
gives the total response in terms of A, (ft): 
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Problem 13.29 — 0.3051 
s, =I\m¢, =m{ 0.1934 
0.1542 
0.1872 
0.8064 
L 0.1179 
0.0394 
Thus, Eq. (13.1.4) specializes to: 
Parta 
From Problem 9.18: 0 ~0.3051 0.1872 0.1179 
uM mi0$ =m4 0.1934} + m4—0.3480} + m4 0.1546 
m=| m 1=[0 0 1]7 
- 1 0.1542 0.8064 0.0394 
From Problem 10.28: 
Graphically: 
0.7767 — 0.2084 0.5943 0.1542m 0.1934m 
¢, =1-0.4923! ,=4 0.3875} 3, =4 0.7794 
— 0.3928 —0.8980 0.1984 


Substituting m, t and @, in Eq. (13.1.5) gives: 
0.305 1m 


L, = ¢, m1 = -0.3928m | 
M, = ¢ mg, =m + 


I= A. _ 9 3928 
M, 
0.8064m t 0.3480m 
L, = $7 mt = -0.8980m | wa 
M, =$]mg, =m i 
0.1872m 


L 
Tr, =— =-0.8980 
M, 


+ 


L, = $3 mt=0.1984m 


0.0394mP 0.1546 
M; = 9; mg; =m t . 


gs es 
— > 
0.1179m 


L 
T; =— =0.1984 
M, 


Substituting [,, mand @, in Eq. (13.1.6) gives the 
effective earthquake forces: 
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Part b 


Substituting for [, and ¢, in Eq. (13.1.10) gives 
the modal displacements: 


u,(t) — 0.3051 
u,(t) = juy(t)> = 1\9,D,@) = 4 0.1934/D, (t) (a) 
u,(t)}, 0.1542 
u,(t) 0.1872 
Uz(t) = juy(t)> = Ty@)D2(t) = 4—0.3480 -D,(t) (b) 
u,(t)}, 0.8064 
u,(t) 0.1179 
u3(t) = j4u,(@)7 = 15@D3;(t) =4 0.1546 /-D,(t) (c) 
u,(t)), 0.0394 


Combining modal responses in Eqs. (a), (b) and (c) 
gives the total displacement response: 


— 0.3051 0.1872 0.1179 
u(t) = 3 0.1934;-D,(t) + 4—-0.3480;D,(t) + 40.1546}D, (1) 
0.1542 0.8064 0.0394 


(d) 
Part c 


From Eq. (13.1.13), the earthquake-induced 
bending moments and torques at the base due to the n™ 
mode are: 


M yn (t) =M*% A, (t) 
M ,, (t) = M5, A, (t) 
T, (t) =T," A, (t) 


where M™ 


St Sst $ 
in» M,, and T,,” are expressed in terms of s,, 


as the scalar products: 
M* =[0 L -Ll]s, 
M*,=[-L 0 Ls, 
Ti =[L -L Os, 


and s, are given in Part a: 


M* =[ 0.0391mL, -1.1544mL, 0.1153mL] 
M%, =| 0.4594mL, 0.6192mL, -0.0786mL] 


T* =[-0.4985mL, 0.5352mL, —0.0367mL]| 


Combining these modal contributions for each response 
gives the total response in terms of A, (t): 


1,025 Mg(= > M24,() 


n=1 n=l 


= 0.0391mLA, (t)—1.1544mLA, (t) + 0.1153mLA; (2) 


3 ‘ 3 
M,()=)M,,O= MIAO 
n=1 n=1 


= 0.4594mLA, (t) + 0.6192mLA, (t) —0.0786mLA; (t) 


T(t)= y T,, (t) = y 7," A, (t) 


n=] n=] 


= —0.4985mLA, (t) + 0.5352mLA, (t) —0.0367mLA; (t) 
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Problem 13.30 0.0865 
0.3727 
0.5394 
L 0.1801 
Thus, Eq. (13.1.4) specializes to: 
Parka : 1 — 0.0485 0.0865 0.5394 
F Probl 9.18: 5 17 =m< 0.0308? + m+—0.1608} + m< 0.7074 
SS aera 3 |, 0.0246 0.3727 0.1801 
ue 1 
_ = T 
ai ee Fall 1 1 Graphically: 


From Problem 10.28: 


0.7767 ~— 0.2084 0.5943 
Q, = 4-0.4923 ~, =4 0.3875 ~3 =4 0.7794 _ 
— 0.3928 — 0.8980 0.1984 S 
wt. 
Substituting m, t and @, in Eq. (13.1.5) gives: 0.0485m 


L, = 0; mt=-0.0626m 
M, =¢; mg, =m 

Tl, = a = ~0.0626 

L, = 05 mt = -0.4150m 
M, = ¢; mg, =m 


L 
Tr, =—+ =-0.4150 
M 


2 
E 0.7074m 
L, = ¢; mt=0.9077m 
me £ ¢ Pe 
M, =9; mg; =m —— 
re *s_ = 9.9077 0.5394m 
M; 
Substituting I, mand @, in Eq. (13.1.6) gives the 
effective earthquake forces: Part b 
—0.0485 Substituting for I, and ¢, in Eq. (13.1.10) gives the 


s,=I\m¢, =m 0.0308 modal displacements: 


0.0246 
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u(t) — 0.0485 3 BF act 
u(t) = {u,()} = TaD) =4 0.03081D,(¢) (a) Mal = 2 Man = Y Mandal 

u(t}, 0.0246 = 0.0062mLA, (t) — 0.5335mLA, (t) + 0.5273mLA; (t) 

uz (t) 0.0865 
un(t) = quy(t)} = TyG,D2(t) = {0.1608 /D, (1) (b) LO i ae 

u,(t)J, 0.3727 vag » m(@) D,M inde @) 

se nics = 0.0732mLA, (t) + 0.2862mLA, (t) -0.3594mLA; (1) 
us(t) = ju, (t)¢ = TyGD;(¢) =} 0.7074}D30) — (C) 

u,(t) 3 0.1801 T(t) = ye (t) = ST A, (t) 

=1 =I 


Combining modal responses in Eqs. (a), (b), and (c) gives 


the total displacement response: = —0.0794mLA, (t) + 0.2474mLA, (t) -0.1680mLA, (t) 


—0.0485 0.0865 — |0.5394 
u(t) = ; 0.0308-D,(¢) + 4—-0.1608-D,(t) + {0.7074;D, (x) 
0.0246 0.3727 0.1801 


(d) 
Partc 


From Eq. (13.1.13), the earthquake-induced 
bending moments and torques at the base due to the n™ 
mode are: 


M gq (t) = M yn An (t) 
M y(t) = M5, A, (t) 
T, (t) =T," A, (t) 
where MM", M a and 7,” are expressed in terms of s, 
as the scalar products: 
M%,=[0 L -Ls, 
M*=[-L 0 Ls, 
T* =[L -L OJs, 
and s, are given in Part a: 


M* =[ 0.0062mL, -0.5335mL, 0.5273mL] 
M*,=[ 0.0732mL, 0.0262mL, —0.03594mL] 
T,* =[-0.0794mL, 0.2474mL, —0.1680mL] 


Combining these modal contributions for each response 
gives the total response in terms of A, (t): 
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Problem 13.31 


1. Equations of motion (from Problem 9.19). 
m ie ee ae 
1] [uw -1 2] lu 
1 2/3 3} Ju, 
=-—m 7 
1}| 1/3 2/3] |u,o 
2. Natural frequencies and modes. 


k 3k 
m m 


w= tet = [Wal 


3. Determine T,, = L,,/M, from Eq. (13.5.3). 


r= [r 7 0.7071 0.7071|<— mode 1 
~ bel | 0.2357 0.2357 


i T 


€- mode 2 


4. Dynamic displacements. 
e 2 
u(t) = YD) Tu On Dut) (a) 
l=1 n=1 


Substituting for I),, and @, gives 


2 
//2 


+ onan) | D,2(t) + 02357 - ne Dy (t) 
= A Dy (t) + ia Dy (t) + ia Dy (t) 


ss - | Dy (t) 


2 


u(t) = arom D,,(t) + (- 0.2357) - 1/ 


(b) 


5. Quasistatic displacements. 
: z 2/3 3 
u(t) = 2. 1; Uy (t) = Be Ui (t) + bel Uy (t) 


(c) 
6. Total displacements. 


w(t) = w(t) + u(t) (d) 


Ma he 
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where u(t) and u’(t) are given by Eqs. (b) and (c), 
respectively. 


7. Excitation a. 

Ug(t) = —Uso(t) = u,(t) 
For these excitations, 

Dy (t) = D,(t) Dya(t) = — D,(t) (e) 
Substituting Eq. (e) in Eqs. (b), (c) and (d) gives 


1/3 
w(t) =| | D.@) 


tae oS u,(t)/3 + D,(t)/3 
re a u,(t)/3 - sn 


Note that for this symmetric excitation only the second 
mode is excited. 
8. Excitation b. 

Up (t) = upp(t) = u,(t) 
For these excitations, 

Dy (t) = D,(t) Dyy(t) = D,(t) (f 
Substituting Eq. (f) in Eqs. (b), (c) and (d) gives 


1 
u(t) = ] D,(t) 


ry [4g (t) + Dit) 
ae ee + D(t) 


Note that (1) for this antisymmetric excitation only the first 
mode is excited;. and (2) because both supports undergo 
identical motion, the response analysis reduces to the 
standard case of a single support excitation. 
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Problem 13.32 


From Problem 9.20, the equation of motion is: 


u,,(t) 
i + ku =—m(i/2 1/2). .* 
mii + ku =-m(i/2 1 shee (a) 
where 
6EI 
ee 


The natural vibration frequency of the beam is 


6EL 6 : 
O, = |—z = es = 8.333 rad/sec 
mL (0.2) (50 x 12) 


Excitation (i) 
Up (t) = Uy, sin (0.8 w,1) U,r(t) = 0 


Substituting in Eq. (a) gives the equations of motion: 


mu + ku = (+) w? Uy, Sin wt (b) 


where @ = 0.80, = 6.667. 

The steady state solution of Eq. (b) is 
(m/2) ©* Ugo | 
~ kk 1 (ayo, 


u(t) n wt 


u 1 

= #2. _____-___ sin at 
2 (w,/@)° - 1 
u 1 

= = —_______ sin at 
2 (1.25)" - 1 


= 0.8889 u,, sin 6.667¢ (c) 


From Problem 9.20, the quasistatic displacement is 


s Ugo : 

u(t) = A sin 6.667t (d) 
The total displacement is 

u'(t) = us (t) + u(t) = 1.3889 Uy, Sin 6.667t (e) 


To compute the bending moment we determine the 
equivalent static forces f, fig, and fi,o- 
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a f Sg 
a ‘ iG 
Fig. P13.32a 
From Problem 9.20, 
6EI 
k = ra (f.1) 
k. = (-5 = >) (f.2) 
ae ck 
6EI | 1/4 1/4 
a / y (f.3) 
vb \i/4 4 
From Eq. (13.5.9), 
6EI 
fs(t) = ku(t) = a WD) (g) 
From Eq. (13.5.12), 
fs, = k,u +k,,u, 
-1/2 1/4 W4] ju 
= = / (ur + u) + ce, et 
L —1/2 1/4 4} lu,» 
where 


ub = (1/2 12) a 


g2 
Therefore, 


3E1/D 
fs, = Sete u(t) (h) 


Static analysis of the beam due to the forces in Fig. 
P13.32a gives the bending moment at mid-span: 


3EI 


MQ) = (fog) b= — =z ule) (i) 


Alternative derivation 


Because the quasistatic displacements represent rigid- 
body motion, only the dynamic displacement u causes 
bending moment. For a simply supported beam, 
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Fig. P13.32b 


The bending moment at mid-span is 


fs (t) 3 El ; 
M(t) = ->——L=-—ult 
(t) : H(t) (i) 
Substituting Eq. (c) in Eq. (i) or (j) gives 
8 
M(t) = -=2**") 0.8889 u,, sin 6.6671 
(50 x 12) 
M(t) = — 3704.2 sin 6.667¢t (k) 


Excitation (ii) 
Ug(t) = Upo(t) = u,, sin (0.8 w,?) 
Substituting in Eq. (a) gives 
mii + ku = ma u,, sin ot (1) 


where w = 0.8, = 6.667. The steady state solution of 
Eq. (1) is 


u(t) 


The quasistatic displacement is 


1.7778 u,, sin 6.667¢ (m) 


u'(t) = 5 [Hnt) + Uy (t)] = ug, Sin 6.667¢ (n) 


The total displacement is 

u'(t) = u(t) + u(t) = 2.7778 Uy, Sin 6.667¢ (0) 
Substituting Eq. (m) in Eq. (i) or (j) gives 

M(t) = — 7408.3 sin 6.667¢ (p) 


Comments 


(1) If the beam is subjected to motion at only one support, 
the dynamic response (displacement and bending moment) 
and quasistatic displacement at the mid-point is one-half of 
the corresponding values if both supports are excited. 


(2) Because the structure is statically determinate, the 
quasistatic displacements do not cause any bending 
moment. 
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Problem 13.33 


m 1 | 266 182 
m = 1=—— =[t, 1] 
m 448} 42 -42 
L/2 uy U2 
sa ge : 
L2\ Fy Solve kg=a* m@ for natural frequencies and modes: 
| EI EI 
= 10.4745,/—— @, =13.8564,/—— 
eh mB? mB 
1 {1 1 j=1 
“Ft OBL 
Determine I°,,: 
Preliminaries Tal — Fat 
M,, 


From Problem 9.21 
for mode n and ground motion at support /, where 


Ly = oF mt and M, = of mg, 


LAr = Ug=Ug2 pajee ee ee 
~t Mt" | 0.3536 -0.3536 
Us Part a 
— U3 = Ug} Given ii,,(t)=u,(t) and u,,(t)=u,(t-t’). 
Tr Toe a ee ee ee Then D,,(t)=D,(t) and D,,(t)=D,(t-1t). 


0 
0 48 0 0! 0 -6L 0 1. Determine the total displacements, u; and uz of the 
{ 
' —24 O 24 0:-6L 0 0 valves. 
K,, Kg 4EI ' — . 
ky. ‘ky | ee 0 (09 78 0b OF 0 Substituting for T,,, ¢,, Dyt) and 1, in Eq. 
0 


| aaa ane 
0 O-6L 6Li4?) PL (13.5.6) with N = 2 and N, = 2 gives: 


-6L -6L 0 64; VL 4 LV? 
fa 


cae ae or 0.5938 je 0.4062 =. 
0.0938| ° —0.0938| ° 


u(t) 
| : 0.3438 0.1 ) 
Condense out,the rotational DOF [u5,u,,u7] + 0.3438 D,(t) + 0.1563 D(t-t) (a) 
k 'k ‘ 0.2500 D,(t)+ 0.2500 D,(t-?’) 
ie -1 = 
rie | =k, —K,gkgokg, —0.2500[ ~* ~0.2500{ ~* 
& : 8& 


176 —48 -100 —76 


= — r 
73|-100 12: 67 33 
! 


-76 36! 33 43 
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2. 7 J ’ b, ’ d d e 
Determine the bending moments at a, b, c, d and e M,(t)= a[+. Sug (t) + 4.5u, (t-t ‘) 


Recover the rotational DOF [us ,Ug,U7]° +7.0714D, (t) +3.2143D, ath 


ul (t) +6.0000D, (t) + 6.0000D, (t -2’)] 
gy u(t) 
ug(t)} =—kabky,4 7 _El , 
uy, (t) M,(t) =F [Lug (t)-1.5u, (t-’) 
Ugo (t) +7.0714D, (t) +3.2143D, (t-2’) 
ul (t) —6.0000D, (t) — 6.0000D, (t -t’)] 
Su : ] : Nl ae 
=-=|- 2 cS 20 (b) M == [- —3.0uy (t) +3.0u, (t-2') 
u,(t-t’) —6.0000D, (t) — 6.0000D, (t -1’)] 


Substitute Eq. (a) into Eq. (b) and collect terms 
M(t) =(0. 75g (t) - 0.75 (t= 1’) 


us (t) ; 1.3125 —1.3125 
ug(t)}=—|4 0.7500 }u, (t)+4—0.7500 pu, (t-2’) Apa aoe Eee OL BOE ee) 
u(t) * | |-0.1875 0.1875 +6.0000D,(t) + 6.0000D, (t - ¢’)| 
(c) 
— 0.2946 — 0.1339 EI ; 
+4 1.1786$D,(t)+4 0.5357$D,(t-1’) M(t) =| -0-T5ug () + 0.755 (¢ =f) 
— 0.2946 — 0.1339 —5.8929D, (t) — 2.6786D,(t - 1’) 
+6.0000D) (t) + 6.0000D, (t -t’)| 
Note that there is no contribution from the second mode Substituting D, (t) = A,, (t)/@? ‘ 
to the rotational displacements, an observation that 
could have been predicted from the second mode shape M(t) -=l- 18, (t) + 18it, (¢-1’)| 
presented above 
Compute bending moments in terms of nodal DOF +72 [0.2584 (t)+0.117A,(t-2') (i) 
and support displacements . , 
+0.125A, (t) +0.125A(t-1')] 
4EI 
M ,(t)= re lou! (t) — 6u,,(t) + Lus (| (d) zi 
Mot) = Hy | 6.0ug (1) -6.0u, (t-1')| 
4EI 
M,(t)= 6u5(t)+ Luo (t e) 
ees busin + Leno] +72 [0.2584)(0)+0.1174,0-1) (j) 
M(t) Sb Gu; (t) + Gu, (t) + Lus(t) + 2Lug | (f) —0.125 Ay (t) 0.12549 (¢ -2')] 
_ 
=—| -12. 12, t-t 
M g(t) =F [ou{ ©) ~ 64g, (0) + 2Lus() (2) Me (= Fry | -12.0ug ()+12.0ug (FF) is 
4EI re (t -)] 
M(t) =~ louis 2Lu,(t)| (h) 4 
Substitute Eqs. (a) and (c) into Eqs. (d) through (h) and _ El _ te 
collect terms MG Fr 3He et )| 
+0215 (t) + 0.098A; (t -2’) (1) 


+ 0.125 Ap (t) + 0.1259 (t-2’)] 
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they are not affected by the support displacements (c.f. 


EI P 
M(t) = ririlea (t)+ 3.0u, (t-t )| with the results obtained in Part a). 


+E [0.2154 (t) -0.215A;(t-7’) (m) 


+0.125 Ap (t) + 0.1252 (t-1')] 


Notes: 


(1) When the supports undergo different ground 
motions, the resulting bending moments in the 
structure depend, in part, on the relative 
displacements of the supports. 


(2) The first mode of vibration does not contribute to 
the hending moment at c. This result could have 
been predicted by plotting the first mode shape. 


Part b 


For identical support motions, 


ii \(t) = igs (t) = ti, (1) (n) 
Dy (t) = Dag (t) = D, @) (0) 
An (t) = Ano @) = Ay © (Pp) 


Substituting Eqs. (n), (0) and (p) into Eqs. (a) and (i) - 
(m) and collecting terms gives the displacements and 
bending moments: 


1. Total displacements, u; and u2 of the valves. 


ur(t)| _ |} 0.5 0.5 
ee ‘i {oh ee ae oe {_ Op ©) 


The first term in Eq. (q) corresponds to the rigid body 
motion of the structure when the supports are subjected to 
identical ground motions. The displacements of the valves 
relative to the ground are given by the last two terms in Eq. 


(q). 


2. Bending moments at a, b, c, d and e. 
M q(t) =(mL/4) [0.375 Ay (t) + 0.2549 (t)] 
M p(t) = (mL/4)[0.375 Ay (t) — 0.259 (t)] 
M,.(t)= (mL/4)[-0.25A9 (t)] 
M q(t) = (mL/4)[0.3125 Ay (t) + 0.25 Ap (t)] 
M,(t)= (mL/4)[-0.3125 A, (t) + 0.25A9 (t)] 
As we might expect, when the supports undergo 


identical motions, the resulting bending moments in the 
structure are functions of the modal responses only; 
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Problem 13.34 


Preliminaries 
From Problem 9.22: 


—0.3 


“fal lB 


uy U2 


#1 i ie] 


Solve ko = mq for natural frequencies and modes: 


@ = 10.4745 = W@7 =15.4919 = 
mL mL 
a=\ bg, =4° 
‘lo aaa 
Determine I’, : 
Lnl 


n 


for support mode n and ground motion at support /, where 


Ly, =¢,m1, and M, =¢/ m¢, 


r=[r,,]= 0.50 0.50 
U3 = Ug! Ug = Ug? tl} 0.30 0.30 
uy uo U3 uly us Us uz Pata 
48 0 -24 -24; 6L O 6L Given u,,(t)=u,(t) and ii,.(t)=i,(¢—-t’). Then 
0 48 0 0 -6L 0 O6L D,,(t)=D,(t) and D,(t)=D,(t-t'). Also, 
ete — 24 0 24 O'-6L 0 0 A, (t)=A,(t) and A,.(t)=A,(t-0’). 
pe WEEE apg. Oi, 90s. DAN 08,0 6P 3 
k,, 'k Fo | er ea ete rer ah min 1. Determine the total displacements, u; and uo, 
ooo] EV 6 -6L -6L «Ok4l? oO 
0 0 0 0! ear = L Substituting for I, o , Dnt) and y in Eq. 
6L 6L 0 61! 0 2 ap (13.5.6) with N = 2 and N, = 2 gives: 
: t 
Condense out the rotational DOF [u5,u¢,u7]" uy (t) = 0:9 (t) + a u, (t—-t’) 
ui(t)| 0.3) ° -0.3) ° 
k ik, J 0.5 0.5 : 
ct | = Ka ~KeKaoko, + D(t)+ D(t-t') (a) 
k, ik,, 0 
0 , 
128 01-64 — 64 f90f2*4-g |o.e t’) 
ORL ee 
7B |-64 -42! 67 -3 
-64 42! -3 67 
uy U2 Ugy Ug? 
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2. Determine the bending moments at a, b, c, d and e. 


Recover the rotational DOF [us,u,,u7]" 


wo. (8 
us(t)? =—Kgoko,4 
Ui (t) 
u7(t) 
U,(t) 
t 
(eis Ss a) 
Uy (t) 


28L u,(t) 


u,(t-t') 
(b) 
Substitute Eq. (a) into Eq. (b) and collect terms 
Us (t) i 1.2 ~1.2 
Ug (t) a 0) Uy (t)+ 0 Ug(t—-t) 
uz (t) =1,2 12 
—0.8571 —0.8571 
+4 0.4286>D,(t)+4 0.4286} D,(t—-t’) (c) 
—0.8571 —0.8571 
0.45 —0.45 
+, O }-Dj(t)+, O -Do(t-v) 
—0.45 0.45 


Compute bending moments in terms of nodal DOF and 
support displacements 


M(t) — — 6u,\(t) + Lus @| (d) 
M,(t)=—— = [ou (t) — 6u,9(t) + Lu, ()| (e) 
M(t) 1 6u5(t) + 2Lus(t) + Lug(t)| (f) 
M (t= = [LL 6us (t) + Lu, (t) + 2Lug(t)| (g) 
M (t= > lou! (t)+ Lug (t) + 2Lu, 6) (h) 


Substitute Eqs. (a) and (c) into Eqs. (d) through (h) and 
collect terms 
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M a(t) ==[-7 Qu» (t)+7.2u, (t-t’) 
+8.5714D, (t) +8.5714D, (t-1’) 
+1.8D,(t)-1.8D,(¢-t’)] 

M,(t) = [72g (t)-7.2u, (t-1') 
+8.5714D, (t) +8.5714D,(t-1’) 
—1.8D,(t) +1.8D,(t-t’)] 

E ; 

M.(t)= alu (t)-2.4u, (¢-1') 
~5.1429D, (t)—5.1429D, (t-t’) 
—3.6D>(t)+3.6D,(t-t’)| 


M,(t)= = -2.4Uy (t)+2.4ut, (t-1’) 


—5.4D(t)+5.4D,(t-t’)| 


M et) =| -2Au, (t)+2.4u,(t-1') 


~5.1429D, (t) -5.1429D, (t -1’) 
+3.6D(t)-3.6D,(t-t’)| 


Substituting D, (t) =A, (t)/@-?: 


M at) =—=[-7. Qu» (t)+7.2uy (t- r’) | 


+mL[0.0781A, (t) + 0.0781A, (t -t’) 
+0.0075 Ap (t) — 0.00754, (t -t’)] 


my()=—[7, 2g (t)-7.2u (¢-2') | 


+mL[0.078 1A, (t) + 0.07814, (t - 2’) 
—0.0075 Ap (t) + 0.0075 Ap (t -t’)] 


M.(t)= a [2.4u (t)-2.4uty (t -1') | 


+mL[-0.0469 A, (t) —0.0469 Ay (t —1’) 
0.015 Ap (t) +0.015 Ay (t-1’)] 


MaO= a. —2.4ug (t)+2.4u, (t-1')| 


eral (t) + 0.0225A, (t-?’)] 


(i) 


(k) 
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M,(t) = a [p24 g(t) +2.4u, (t-1)] 


+mL[-0.0469 A, (t) — 0.0469 A (¢ - 7’) (m) 
+0.015A, (t) - 0.0154, (t-1')] 


Part b 


For identical support motions, 


Ug, (t) =U, (t) =U, (t) (n) 
Dy (t) = Dna (t) = Dy (2) (0) 
Ant (t)= A? (t)= A, (t) (p) 


Substituting Eqs. (n), (0), and (p) into Eqs. (a) and (i) - 
(m) and collecting terms: 


1. Total displacements, u,; and up. 
‘Ut 1 1 

ae -| haat jou 
us (t) 0 0 


2. Bending moments at a, b, c, d, and e. 
M(t) = 0.1563mLA, (t) 
M,(t) = 0.1563mLA, (t) 
M .(t) = —0.0938mLA, (t) 
M ,(t)=0 
M(t) = —0.0938mLA, (t) 


Observe that when the supports undergo identical 
ground motions, there is no contribution from the 
second mode to the response of the bridge. Because the 
masses do not displace horizontally in this mode, it is 
not excited by identical horizontal motion of the 
supports. 
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Problem 13.35 


Preliminaries 
From Problem 9.23: 
ee OS 
04 0:0 0 0 0 
k fky ] | 0.0282 12/2 b/2 - 0/2 -b/2 
Far |e -10 211 0 0 0 
8 i 88 -10 b/2:0 1 # O 0 
-1 0 -b/210 0 1 ) 
-1 0 -b/2!0 oO oO 1 
1 
m=m 1 
b? 
6 
i 1 1 1 1 
t=7, 0 0 0 0 =, & & Wl 
-Yb -I/b -1/b -1/b 


Solve k¢ =w?m¢@q for natural frequencies and mode: 


| =02 = aft 03= 2) 


1 0 0 
?, = 40 ?, =41 ~3 =40 
0 0 1 


for support mode n and ground motion at support J, where 


Ly =¢,m1, and M, = 9, mg, 


, 1 1 1 1 
r=[r,]J=—| 0 0 0 0 
-b -1b -1b -1b 
Parta 
Given: 


ii pq (t) = ii py (t) =i, (2) 
and 

U gc (t) =U yg (t) =U, (t-t’), 
then 

Dya (t) = Dap (t) = Dy (t) 
and 

Dyc (t) = Dag (t) = Dy (t-t') , 
also, 

Ana (t) = App (t) = A, (¢) 
and 

Ane (t) = Ang (t) = A, (t-t'). 


1. Determine the total displacements, u, uy and ug 


Substituting for [.,, @ , Dat) and y in Eq. 
(13.5.6) with N = 3 and N, = 4 gives: 
us (t) 1 1 
us (t) “5 O ju,(t)+{ 0 pu, (t-t’) 
up(t) —Ib Wb 
1 1 
+40}D,(t)+407D,(t-2’) (a) 
0 0 
0 0) 
+4 O +D,;(t)+4 0 }D,(t-?’/) 
-Vb Ib 


Note that there is no response in the y-direction and no 
contribution to the response from the second mode. 
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2. Determine the shear forces in the columns. 


Define nodal displacements at the top of the 
columns as shown: 


fas Ie 


Relate these displacements to u,, u and ug: 
t _b t aa oe 
Ug = Uy > gy = Uy ~ > Ug 
b b 
t t t t 
Up, =U, — Ug Upy =Uy ine 
t t = b t 
u,, =U, +—Ug Uey = uy +—Ug 
ee b t ih b t 
Mar Ux + Mo Ugy =Uy ~ 5 Me 


The x and y components of the column drifts are: 

A. x(t) = ub ax(t)—U,(t) =u F(t) - us (t)-u z(t) 

A gy (t) = ugy (t) = uy (t) - us (t) 

A pelt) = bet) ~ Uy (0) = mg) — uh (0) —ug (0) 

Apgy (t) = upy (t) = uy (¢) +S u5(0 

A ox (t) = ug (t) —u, (t-2’) =u, (2) + up(t) —u,(t-t’) 
bey (t) = Wey 0) = wy) + 2uh (0) 

A ax (t) = ugy (t)— uy (t- 2’) =u, (t) +g (t)-u,(t-2’) 
day (t) = g(t) = Wy (t) ~ Fug) 


The x and y components of the column shears are: 
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Var (t) = KAg, (t) = =i 0-340 -K00] 
Vay (t) = kA,, (t) = ic 


b 
u (F000) 
V,,(t) = kA,, (t) = Hate ~ou§ (t) 4,00) 


Vay (t) = kApy (t) = {aso + ous 0) 
(b) 


V,.(t) = kA, (t) =k} uh (t) + us (t)-u,(t “| 


V(t) = kA, (t) = Hw00 +a 0) 

Vix (t) = kAg, (t) = Hate +a (t)-u,(t =i) 
Vay (t) = kg (t) = Hf wsto ~S.u5 0) 

Substitute Eq. (a) into Eq. (b) and collect terms 


1 1 ae | 1 , 
Vact) =H] Fig + Lug H) +24 EDEL) 
+= Ds(t)- sais 
Vay (t) = Ku (t)- u,(t-1’)+=D «y-1tb (t—t’) 
g 4 3 4 3 
Vi, (t) =k me wa G2H)e =D t jp -1 
bx im 4/8 4/8 4 (2) 4 (t t) 
1 1 , 
+5 D\)-FDs0-1)| 
Vay (t) = ah (+2 u g(t-1)-Ds(t) +2 gD) 
V(t) = il u,(t) — =u ,=1)+— Dy) +5 De t’) 
1 1 , 
40+ 4 Ds-1)] 
1 1 ae | 1 , 
ii luni caked 
Viz (t) = tl 4 gt)- <u gia) += = Die+5 D1) 


1 1 , 
~FDs0)+LDs0-1)] 
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1 1 ek 1 , 
Vay (t) =H] Lup) ~ uy (¢—1) 44D) 4 D,-1 | 


Substituting D, (t) = A, (t)/@2: 
Vaclt) == ug) + ug (¢-1) 
fe ok 1 , 
+B] A+ A142 -LAg-2) 
Vay (t) =~ [ag (f) -u, ¢-1)]+ [45 (8) - A (¢-1)] 
ay 4‘ 8 8 48 3 3 
V,x(t) =<hu, (t) +u,(t-1')| 
ae 1 P 
+B] A+ AGH) +2 A0)-2A0-1)) 
Viy (t) == u,(t)+u,(t -1)]+ 2b A; (t) + A3(t-1’)] 
k ; 
Vex(t) = lu, (@)—u, (¢-0)| 
, 1 1 , 
+B] A@+Ae-1)-2 4,0 +2 Ase-1)| 
k ; ; 
Vey) =F hug) +ug¢-r)]+ SL Ase) + As(e-2)] 
Vaclt) = = le, (4, (0-19) 
a1 ] , 
+B) A+ A0-)-2 A042 Aye-1)] 


Vay(t) = Slag) - ug ¢-1) +S [4,)— Age -1) (c) 


Part b 
For identical support motions, 
U gq (t) = U gp (t) = U gc (t) = U gd (t) = u, (t) 
Dyg{t) = Dyp (t) = Dye (t) = Dag (t) = D, (1) 


Ana (t) = Any (t) = Ane (t) = Ang (t) = An (t) (d) 


Substituting Eqs. (d) into Eqs. (a) and (c) and collecting 
terms: 


1. The total displacements, u,, uy and ug, 


likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


ui (t) 1 1 
u(t) > = 40 pu, (t)+40+D,(t) 
ug (t) 0 0 


2. The column shear forces. 
m 
Vor (t) = Vine (t) = Vex (t) = Va (t) = Av) 


Vay (t) = Vay (t) = Vey (4) = Vay G)= 0 


If the support motions in the x-direction are 
identical, only the first mode of vibration is excited, 
causing slab displacements and column shears in the x- 
direction only. However, if the supports are subjected 
to spatially varying ground motions, the third mode of 
vibration (a purely torsional mode) is also excited and 
contributes to the response of the structure.; i.e., the 
structure undergoes coupled lateral-torsional motion. 
Note however that due to the symmetry of the structure 
and the direction of the applied ground motions, the 
second mode of vibration is not excited for either 
excitation case considered. Consequently, as evidenced 
by the above results, there is no contribution to the 
response of the structure from the second mode. 
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Problem 13.36 


0.3333 0.1667 0.1667 0.3333 


l=-k ie =|-0.0588 -0.0294 0.0294 0.0588 


_ 0.3529 0.1765 0.1765 0.3529 
b b b b 


(c) 


3. Determine the natural vibration frequencies and 
modes. 


From Problem 10.24 @, in rad/sec are: 


1. Establish data (from Problem 9.14). W, = 5.96 @,=6.21 w,;=10.90 (d) 
m= 0.2331 kip - sec” / in 0 2.071 0 
= { 2.032 =< Q = {- 0.3988 
k=15 kip/in * % % ©) 
0.0033 0 0.0166 
b=25 ft 


4. Determine I), = nt /|Mn - 
C, =0.05, n=1,2and3 : 
Li=?,mt and M,=¢'me,=1 
T 
DOFs: ui =(ui us ui) n=1,2,3  1=1,2 


—0.0413 -0.0206 0.0206 0.0413 


2. Set up mass and stiffness matrices. 
D=[T,,]=] 0.1609 0.0805 0.0805 0.1609 


The mass matrix (from Problem 9.14) is 0.0628 -0.0314 0.0314 0.0628 
1 5. Determine the response of the n"" -mode SDF system 
to u(t). 
m=m 1 (a) 
a Given: 


6 
lig (t) =u, (t), u(t) =u, (t), u(t) =u, (t-t’) 
The structural stiffness matrix (from Problem 9.14) is 


and 
6 0 0 lig (t) =i, (t-t'), 
k=ki0 6 -b (b) 
0 -b 3b? then 


The stiffness matrix associated with support DOFs, and Pra (#) = Day (t) = Dy (®) © 


the coupling submatrix between structural DOFs and _ 2 _y 
support DOFs (from Problem 9.24).are Dac (t) = Dug (1) = Dy -) 


6. Determine the displacement response. 


eo ee Z 1 1 2 
a 0 1 0 0 k =k! 0 0 0 0 In Eq. (13.5.6) with N =3 and N, =4, substituting 
88 » sz 
: : ; : b 05b -05b —b for [.,,6,, and D,,(t) from Eqs. (g), (e), and (h), 


respectively, and for 1, from Eq. (e) of Problem 9.31 give 


and the influence matrix: 
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ui‘ (t) 0.3333 0.1667 0.1667 0.3333 
u(t) + = }— 0.0588 pu, (t) + — 0.0294 tu, (t) + 0.0294 pu, (t—t’) + 0.0588 }u, (t -t’) 
ug (t) — 0.0012 — 0.0006 0.0006 0.0012 


— 0.0413; 2.032 }D,(t) -0.0206 
0.0033 


2.032 }D,(t) +0.0206; 2.032 +D,(t—t’) +0.0413; 2.032 }D,(t-?’) 
0.0033 0.0033 0.0033 


0 


— 0.0628, — 0.3988 -D,(t) — 0.03144 — 0.3988 +D,(t) +0.0314;—0.3988}D,(t—t’) + 0.0628; — 0.3988 }D, (t -r’) 


2.071 2.071 2.071 2.071 
+ 0.1609 D,(t)  +0.0805; 0 ;D,(t) +0.0805; 0 }D,(t-t’) +0.1609; 0 }D,(t-t’) 


0.0166 0.0166 0.0166 0.0166 
Or 

ul (t) 0.5 0.5 0 0 0.5 

u, (t)>} = {-—0.0882 u, (t) + <0.0882 u, (t-t’) +4—0.1258 D,(t) + 40.1258 }D, (t-t’) +4 0 }D,(t) 

u,(t) ~ 0.0018 0.0018 - 0.0002 0.0002 0 

0.5 0 0 
+4 0 -D,(t-#’)+{ 0.0376 }D,(t) + {- 0.0376 }D,(t -t’) (i) 
0 ~ 0.0015 0.0015 


7. Determine shears in columns. 


Define nodal displacements at the top of the 
columns as shown in the accompanying figure 


Relate these displacements to u,, u, and u,: 
b b 
tekst t Dee wit t 
Ung ie Me May = Uy — Flo 


t oo 1_ 5 t ae b 


b b 
t t t t t t 
Un, =U, t+—Uug uy =u, t+—u 
cx x 2 cy y 2 8 
b b 
Une =U, +7 ue Uy =U, Zits (h) 


The x- and y- components of deformations in columns a, b, c, 
and d are: 
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A, (t)=u!, (t)—u, (t) =ut(t) ~ Sus) 1G); 


Aye () = Whe (6) = =U) - us) =H, 0), 


Aa 0) =m (t) —m, C= #) =U) + 20s) = ug (t= 1), 


Ag 1) = Wig 0) — uy (t=) =U) + g(t) ug (=1), 


The x and y components of shear in columns a, b, c and d are: 


V, =2kA,, 
Vix =KAs, 
Veg SKA, 
Vy, =2kA, 


Substituting Eqs (1) and (k) into (1) we obtain: 


Viz = 0.69 u, (t) +0.69u, (t-t’) 
+ 0.09 D, (t) + 1.5 D, (t) + 0.675 D,(t) 


Vy =2kA,, 
Viera 
V, =kA, 
Vip S2k Ay 


belt) = ui (0) =45 (0) - uh 
t t b t 

Aig (6) =u (1) = a5 (+ 2450 (k) 
t t b t 

A y(t) =u, (t) =u, (t) 5) 


Aa (0) =u, =u5 (0) - Sus 


(1) 


Vi, = 0.69 u, (t) - 0.69 u, (t-t’) 


— 0.09 D, (t-t’) +1.5D, (t-t’) -0.675 D,(t-t’) 


Vy =0.54544u, (t) -0.5454u, (t -t’) 
— 0.2874 D, (t) + 0.7878 D;(t) 
+ 0.2874 D, (t — t’) ~ 0.7878 D,(t -t’) 


Vi, = 0.345 u, (t) + 0.345u, (t -t’) 


+ 0.045 D, (t) + 0.75 D, (t) + 0.3375 D,(t) 
— 0.045 D, (t — t’) + 0.75 D, (t - t’) - 0.3375 D, (t - t’) 


V,, = —0.5373u, (t) + 0.5373u, (t-t’) 
— 0.2337 D, (t) — 0.2811 D,(t) 
+ 0.2337 D, (t - t’) + 0.2811D,(t-t’) 


V.. = 0.345 u, (t) -0.345u, (t-t’) 


— 0.045 D, (t) + 0.75 D, (t) — 0.3375 D,(t) 
+ 0.045 D, (t - t’) + 0.75 D, (t - t’) + 0.3375 D, (t - t’) 


Vy = 0.5373 u, (t) + 0.5373 u, (t -t’) 
— 0.2337 D, (t) — 0.2811 D,(t) 
+ 0.2337 D, (t —t’) + 0.2811D,(t-t’) 


~— 0.09 D, (t) + 1.5 D, (t) — 0.675 D,(t) 
+ 0.09 D,(t —t’) +1.5 D, (t -t’) + 0.675 D,(t - t’) 


Vy =0.5454u, (t)-0.5454u, (t-1’) 


— 0.2874 D, (t) + 0.7878 D,(t) 
+ 0.2874 D, (t -t’) - 0.7878 D, (t -¢’) 


or, using the fact that D,(t)=A,(t)/ w?, we can 


write: 


V,, = 0.69 u, (t) + 0.69 u, (t -t’) 


(m) 


+ 0.0025 A, (t) + 0.0389 A, (t) + 0.0057 A, (t) 
— 0.0025 A, (t — t’) + 0.0389 A, (t — t’) ~ 0.0057 A, (t - t’) 


V,, = 0.5454 u, (t) -0.5454u, (t -t’) 
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— 0.0081 A, (t) + 0.0066 A, (1) 
+ 0.0081 A, (t — t’) — 0.0066 A, (t —t’) 


Vip = —0.345 u, (t) + 0.345u, (t- 2’) 


+ 0.0013 A, (t) + 0.0194 A, (t) + 0.0028 A, (t) 
— 0.0013 A, (t — t’) + 0.0194 A, (t — t’) — 0.0028 A, (t - t’) 


t 
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Vy = 0.5373 u, (t) + 0.5373 u, (t- 2’) 9. Comparison 
~ 0.0066 A, (#) - 0.0024 A, (¢) (n) If the support motions in the x-direction are 
+ 0.0066 A, (¢ — t’) + 0.0024 A, (¢ -r’) identical, only the second mode is excited, causing 


floor displacements and column shears in the x- 
Ver = 0.345 u, (t) — 0.345 u, (¢ =t) direction only. However, this symmetric plan 
— 0.0013 A, (t) + 0.0194 A, (t) — 0.0028 A, (t) structure responds to spatially varying ground 
+ 0.0013 A, (t —t’) + 0.0194 A, (t — t’) + 0.0028 A, (t —t’) motion in a much more complicated manner: (1) 
the three vibration modes are excited; (2) the roof 

Vi, = -0.5373u, (t)+0.5373u,(t-t : 
m a ah) slab displaces in x and y directions and rotates 


~ 0.0066 A, (7) — 0.0024 A; (1) about the vertical axis (implying that the building 
+ 0.0066 A, (t — t’) + 0.0024 A, (t-t’) undergoes coupled lateral-torsional motion); and 
(3) shears in columns develop in both x and y 
V,, = 0.69 u, (t) -0.69u, (t - t’) directions. 


— 0.0025 A, (t) + 0.0389 A, (t) - 0.0057 A, (2) 

+ 0.0025 A, (t — t’) + 0.0389 A, (¢ — t’) + 0.0057 A, (t -¢’) 
V5, =0.5454u, (t)-0.5454u, (t-1') 

— 0.0081 A, (t) + 0.0066 A, (¢) 

+ 0.0081 A, (t — 2’) — 0.0066 A, (¢ -¢’) 


8. Identical support motions. 

If all the supports undergo identical motions, the 
motion at the structure is given by Eq.(13.1.15), where 
I’, is defined by Eq.(13.1.5) with 

v=(1 0 0)" 

For this case: 

I, =0, I, =0.4828, T, =0 

Then Eq.(13.1.15) gives 


1 
u(t) =I, 0, D,(t) = 40;-D,(t) (0) 
0 


Observe that the first and third modes are not excited 
by identical support motions in the x-direction; all the 
response is due to the second mode. 


Because u, =u, =0, column shears in the y- 


direction are zero: 
Vy =Vy =Vy =Vy =0 


and the shears in the x-direction in the four columns 
are: 


V,, (t) = V,, (t) = 2kD, (t) = 3.0D, (1) 


Vi, (t) = V,, (t) =k D,(t) = 1.5D,(t) 
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Problem 13.37 


In the solution of Problem 13.36 the displacements 


t 
x? 


D,(t), Eq. (i); and column shears in terms of u A) 
and A, (t), Eq. (n). 


u,, u, and u, were expressed in terms of u,(t) and 


1. Determine ground displacement. 

Double integration of u,(t) gives the ground 
displacement u,(t) shown in Fig. P13.37a. 
2. Determine D,(t). 


The properties of the three, n"-mode SDF systems 
are (n=1,2,3) 


@, =5.96 rad/sec C¢, =5% 
@, =6.21 rad/sec C, =5% 
@, = 10.90 rad/sec C; =5% 


The deformation responses D, (t) of these systems are 
shown in Fig. P13.37b. 


3. Determine displacement response. 

Substituting u,(t), D,(t) and t’ in Eq. (i) of 
Problem 13.36 gives the displacements u,(t), u,(t) 
and u,(t) shown in Fig. P13.37c. 


4. Determine column shears. 


From known u,(t) and D,(t), the x- and y- 


components of shear in each column are determined 
from Eq. (m). The results are shown in Fig. P13.37d. 


5. Identical support motions. 


Substituting D,(t) from Fig. P13.37b into Eq. (0) 


gives the displacement response of the structure relative to 
the ground (Fig. P13.37e), and Eq. (p) gives the column 
shears (Fig. P13.37g). The total displacements (relative 
displacement plus the ground displacement) is shown in 
Fig. P13.37f. 
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6. Comparison. 


Identical support motions in the x-direction 
cause floor displacements and column shears in the x- 
direction only. However, this symmetric plan 
structure responds to spatially varying ground motion 
in a much more complicated manner. The roof slab 
displaces in both x and y directions and also rotates 
about the vertical axis (implying that the building 
undergoes coupled lateral-torsional motion). The 
peak floor displacements and the peak column shear 
forces are given in Tables P13.37a and P13.37b, 
respectively. 


Table P13.37a 
Non-uniform 
excitation 

9.941 
0.324 


Uniform 
excitation 


Displacement 


t . 
Uyo > in 


t . 
Uy, in 


¥ ui, in 0.379 


Table P13.37b 


column shear, kips 


non-uniform uniform 
excitation 


column excitation 


Observe that, in the case of different support 
motions the shear forces in the y-direction are 
about 20% of those in the x-direction, although the 
total displacement in the y-direction is negligible 
compared to the one in x-direction. This is due to 
the coupled lateral- torsional response of the 
structure. 
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Problem 13.38 
Parta 
From Problem 9.25, 


,[09359 07701]. 
k = 10 kips/in. 
0.7701 15088 


- 2 kip — sec? /in. 
1, = (06035 ~0.2143)' 
(0.3965 12143)" 


1. Evaluate natural frequencies and modes. 


2) 


@, = 36.02 @, = 98.04 
_ f 0.4830 _ {02065 
1 \~ 02920 #2 = 0.6831 
0.2920 0.6831 
0.4830 0.2065 


2. Determine T.,, = L,,/M,.- 


Ly = o, mt, 
M, =1 
U, = (06035 ~02143)" m 
a 
1, = (03965 12143)" 
re o 1.1698 0.0515|<— model 
nt 101864 1.7997 |~+ mode 2 
b 
t t ©) 
lag lig 


3. Determine response of the nth._mode SDF system to 
u,)(t). 
gl 


Uy, (t) = u,(t) 
Dy(t) = D,(t) 
A, (t) = A,(t) 


Ugg (t) = u(t — t’) 
Dy(t) = D,(t - t’)(c) 
A,2(t) = A,(t — t’) 
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4. Determine displacements. 
2 2 2 
w(t) = \) yug(t)+ ¥ MTG Dyult) @ 
I=1 I=1 n=1 
Substituting Eqs. (a), (b) and (c) in Eq. (d) gives 
t 
uy (t) 0.6035 0.3965 : 
= t) + t —t 
ue {_ o2i43{“# * \yorasf Met 7 * 


0.4830 a 
-—0.2920/ ~! 


| | 


+ 11658 


_o2920f “4 ~ *) 
0.2065 

+ 0.1864 D,(t) 
0.6831 

02065) ies 

0.6831 2 (¢) 


The displacement at the top of the tower is 


+0.0515 


+ 1.7997 | 


t 


u(t) = —0.2143u,(t) + 1.2143 u,(t - t’) 
~ 0.3416 D,(t) — 0.0150 D(t —- t’) 
+ 0.1273 D,(t) + 1.2294D,(t -¢’) (f) 


5. Compute equivalent static forces. 


2 2 


f(t) = 4») ¥ Tym ¢, Ay(t) (g) 
=] 


l=ln 


Substituting for m and @,, Eq. (b) for I°,,, and Eq. (c) for 
A,, (t) gives 


hipoe. | eae oe car 1 
~ 0.6189 ~ 0.0272{ ~? 
‘ ee Als roomt 4 baa 
0.2307 22277” 


6. Compute equivalent static support forces. 


(h) 


f5,(t) = kp ut) + (ky + kp tui) = @ 


Substituting for k, and k,, from Problem 9.25 and u(t) 
from the second half of Eq. (d), and 1 from Eq. (a) gives 
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delice 1.3686 ; 0.0603 pee 
Sei" ~ — 19,.0603f “7? 0.0027{ ~? 


0.0348 ae 0.3355 ee 
0.3355{ 7 3.2388 2 


pious) ee 
-1 ljl4,@- ¢) 


G) 

7. Compute internal forces. 
fal) 
fe2(t) 

200 

175 fa 

100’ 
oe (4) 


Observe that at each time instant, the equivalent static 
forces shown in the accompanying figure and defined by 
Eqs. (h) and (j) are in equilibrium. By statics, the shear at 
the base is 


Vi(t) = f59,(t) kips (k.1) 


The moment at the base is 


M,(t) = [200 fop(t) + 175 fogy(t) + 100 f,(t)] kip-ft 
(k.2) 

and the 
axial force in the bridge = Fe qo (t) kips (k.3) 


Part b 
If both supports undergo identical motion u,(t), the 
relative motion of the structure is 


2 
u(t) = >) T, d, D,(t) (1) 
n=1 
where 
pag 
n = Y, mi 
Substituting ¢, and m gives 
I, = 1.2212 IT, = 1.9861 
Substituting ¢, and I, in Eq. (1) gives 


(t) = 12212 sa D,(t) + 1.9861 eee D»(t 
u = 1. 

— 0.2920 i 0.6831 2(t) 

(m) 
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The total displacements are 
: 1 
u(t) = u,(t) : + u(t) (n) 


In particular, the displacement at top of the tower is 
us (t) = u,(t) — 0.3567 D,(t) + 1.3566 D,(t) (0) 
The equivalent static forces are 
2 
f(t) = » ry, m ¢, A, (t) (p) 
n=l 


Substituting for [,, m, and @, gives 


Te Le 14863) 
sO) = 4 pease AO * Joase3f 20 @ 


The equivalent static support forces are obtained by 
substituting A,(t) = A,(t-—?t’) and u(t) = u,(t—-?") in 


Eq. (j): 


1.4289 03703 
P56 = ~ Vo o630f 41 — 4 35743f 20 © 


These support forces could also be obtained by static 
analysis of the structure subjected to f;(t). 


With f, and f, P given by Eqs. (q) and (r), the internal 
forces are given by Eqs. (k). 
Comments 


If the support motions are different, quasistatic support 
forces are developed. These disappear if the support 
motions are identical. 
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Problem 13.39 First mode: 


Hl 


0.216 mhA, 
0.216 (100/386) (12 x 12) 348.7 
2810 kip-in. = 234.1 kip-ft 


Initial calculations Ma 


Substituting values of E = 29,000 ksi, J = 727 
in.*, m = 100 kips/g, and A = 12 ft in the solution for 


Problem 13.4 gives: M,, = 0.443 mhA, = 480.2 kip-ft 
@, = 2.407 je = 12.57 rad/sec epee 
mh M,. = 0.0473 mhA, = 51.27 kip-ft 
T My. = 0.0441 mhA, = 47.80 kip-ft 
@, = 7.193 mae = 37.55 rad/sec e : 
mh Using the SRSS rule gives an estimate of the total bending 
) ») moments: 
Tj, = ~L O.5sec TT, = a 0.167 sec 5 
12.57 37.55 M, = (234.1) + (51.27)? = 239.69 kip-ft 
Corresponding to these periods, the spectral ordinates 
are M,.= (480.2)? + (47.80)? = 482.58 kip-ft 
1 
A; = —(2.71g) = 348.7 in/ sec” Bending moments in a second-floor beam [from Eqs. 
3 (m) and (n) in the solution to Problem 13.4] are determined 
1 fol ‘ 
A, = —(2.71g) = 348.7 in/sec? as 
3 First mode: 
D, = b= 2.208in, D, = % = 0.247in. Mais Re Mena ss eae iip 
“1 2 M,, = -0.211mhA, = —228.7 kip-ft 
Parta 
Substituting the above D, and D, for D,(t) and D,(t) mecond mode: 
in Eqs. (a) and (c) of the solution to Problem 13.4 gives the Ma2 = 9.0332 mhA, = 35.99 kip - ft 
ert aes of floor displacements due to each of the two My. = 0.0332 mhA, = 35.99 kip-ft 


Using the SRSS rule gives the total values: 


0.647| 5 aog) = (1429, 
S sarp ee > Vetoei he M, = \(-228.7)? + (35.99)? = 231.53 kip~ft 
0353 0.087 = (228.7)? + (35.99)? = 231.53 kip— 
{*| -{ } co2an =| \ M, = \(-228.7)? + (35.99)? = 231.53 kip—ft 
2 


—_—"~__ 
= 
N —_ 
Es > 
| 


in. 
— 0.341 — 0.084 
2 Table P13.39 summarizes the bending moments in all 
Using the SRSS rule gives an estimate of the total elements which were calculated similarly. 
displacements: 
oe la. 429) + (0. 087)2 = 1.43in. Table P13.39: Peak bending moments, kip-ft 


Element Node Model Mode2 Total 


_ 2 Po! . 
u, = ¥(2.961)? + (-0.084)? = 2.96 in. Beam i 3 369 5 369 


Part b 4 — 369 5 369 
Bending moments in a first-story column [from Eqs. Beam 2 5 229 36 232 

(k) and (1) in the solution to Problem 13.4] are determined 6 229 36 232 
as follows. Column 3 3 234 51 240 
1 480 48 483 

Column 5 5 229 — 36 232 

3 136 — 56 147 
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Problem 13.57 
From Problem 13.24, m, @,, ¢,, and I, are available. 
1. Determine spectral ordinates. 


The spectral ordinates are determined from Fig. 6.9.4 
scaled by 0.5: 


QO, = 5.96, T, = 1.054sec => 
D, = 0.5 x 110.4/5.96 = 9.26 in. 
@, = 6.21, T, = 1.012 sec > 
D, = 0.5 X 110.4/6.21 = 8.89 in. 
a, = 10.90, T, = 0.576sec > 
D; = 0.5 x 2.71g/(10.90)? = 4.40 in. 
2. Determine peak modal responses. 


Due to mode n, the peak displacements in the x, y, and 
@ directions are 


uy, = , Pyn D, ug, = l, Pon D, (a) 


The base shear (x and y components) and base torque due 
to mode n are 


Varn = 0 


Voyn = Fyn = TD, m Oy An (b) 
Ton = fon = Tn mr") boy An 
In Eqs. (a) and (b), we substitute for m, r, $,,, q, and I, 
from Problem 13.24; D, from Part a; and A, = @% D, to 


obtain the peak modal responses in Table P13.57a. 


Table P13.57a 


Peak total 
response 


Response 


Peak modal responses 


u,, in. 0 0 
Uy, in. 8.922 8.918 
(b/2) ug, in. 0.0157 0.0158 
Vx» kips 0 0 
Vay» kips 74.1 74.0 
T;,, kip-in. 3297.1 3334.4 


3. Combine peak modal responses. 


The modal peaks (from Part b) and correlation 
coefficients p,, from Table P13.56b are substituted in Eqs. 


(13.7.3) and (13.7.4) for each response quantity to obtain 


121 


likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


estimates of the peak value of the total response. The 
results using SRSS and CQC methods are presented in 
Table P13.57a. 


4. Determine bending moments in columns. 


— 
M,; 
The bending moment M, at the ends of a clamped- 
clamped column i is related to the lateral displacement A, 
of the column as follows: 


h kh 
Moa =, 
2 2 
(c) 
where the two components of A; — A,, and A;, — cause 


moments M, and M, about the y and x axes, respectively. 


We illustrate the procedure for column a in Fig. 
P13.24. The peak modal values of A,, and A,, are 


Oa - ie Goad Pq) D,, = — Ya Ue, 


vane = Di, (Pn + x, 0g) D, = Uy, + Xq Ug, 


(d) 


For mode 1 (n = 1), substituting the peak values of u, and 
ug from Table P13.57a in Eqs. (d) and (c) gives 


Aga = —(b/2) ug = — 2.143 in. 
Ag = Uy — (b/2) ug = 8.917 - 2.143 
= 6.774 in. 
(2 x 1.5)(12 x 12) 
My) = i Aart = 216 Aa 


Hl 


216 (— 2.143) = - 462.9 kip-in. 
Man = 216 Ag, = 216 (6.774) = 1463 kip-in. 


The computations for mode 3 proceed similarly: 


Aa = —(b/2)ug = 1.018 in. 
Aay3 = Uy3 — (b/2) ug, = 0.163 - (~1.018) 
= 1181 in. 
Mjy3 = 216 A,,3 = 216(1.018) = 220 kip-in. 
Mjx3 = 216A,y3 = 216(1.181) = 255.2 kip-in. 
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Specializing Eqs. (13.7.3) and (13.7.4) for the 
SRSS and CQC methods to response M,,, and 


substituting for M,,, and M,,, (from above) and 
P43 = 0.0247 (from Problem 13.56) gives 


M2, + Mi; = 512.5 kip-in. 


My 
M,, Mi a M2, + 2213 My, 

507.6 kip — in. 

Similar computations lead to Table P13.57b for M,, 
and bending moments in other columns. 


M3 


i 


Table P13.57b: Column Moments in kip-in. 


Response Peak modal responses Peak total 


response 


507.6 512.6 


1491.3 1485.1 


ax 
My, 253.8 256.3 
M,, 1195.7 1198.0 
My 253.8 256.3 
Mx 1195.7 1198.0 
My 507.6 512.6 


1491.3 


1485.1 


In this case both CQC and SRSS methods render 
similar results because modes 1 and 3, which are the 
only contributions to the response, have well separated 
frequencies. 
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Problem 13.40 


Initial calculations 
From Problem 13.2, the modal properties are 
1.389 1.389 
a= fe fa = {_ i 
T, = 0.614 lr, =0.105 


Part a: Spectral ordinates 


From Problem 13.2, the peak values of D,(t) and 
A,,(t) are 


D, = 0.797 in. D, = 0.118 in. 
A, = 0.791g A, = 0.684g 
Part b 
1. Peak responses due to mode I 
Displacements: 
T, ¢, D, = 0.614 mae (0.797) S paae 
u = — 7 le = . 
Peeled 1965 0.962{ * 
Equivalent static forces: 
1 (1.389 
cor {me a = ais 02 ( : (0.791g) 
67.46| | 
= kips 
ea 
Story shears: 
47.72 
12’ 
67.46 
2S 


Vi, = 6746 + 47.72 = 115.18 kips 


Overturning moments: These moments are denoted by M, 
at the first floor level and M, at the base. 


M,, = 47.72(12) = 572.64 kip-ft 
M,, = 67.46 (12) + 47.72 (24) = 1954.8 kip-ft 
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2. Peak responses due to mode 2. 


= Ty ¢ D, = 0105 1.389 (0118) = 0.0172] . 
Noe OBA Pe eel eNO GSI. = exQODag, 
Equivalent static forces: 

m. 1 1(1.389 
f, = re ae = 0305220 { oe (0.684g) 
M$) g |05(—1.965) 

_ | 9.98 — 

~ ep 06f 
Story shears: 

7.06 
12’ 
9.98 
as 

Vx. = — 7.06 kips 

Vi2 = 9.98 — 7.06 = 2.92 kips 
Overturning moments: 


M,, = —7.06(12) = — 84.72 kip-ft 
My. = 9.98(12) + (— 7.06) (24) = - 49.68 kip-ft 


The above-determined responses due to each mode should 
be identical to those determined in Problem 13.2 by RHA; 
the slight differences are due to numerical truncation errors 
in the computations for this problem whereas more 
significant digits were used in the computer work for 
Problem 13.2. 


Partc 


The peak modal responses are combined by the SRSS 
rule: 


r= Vie + i 


The resulting RSA estimate and the RHA results (from 
Problem 13.2) are presented in Table P13.40. 
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Table P13.40 


Response RSA RHA Error, % 

u,, in. 0.680 0.679 0.15 
Uy, in. 0.962 0.964 0.21 
V,, kips 115.22 115.11 0.10 
V,, kips 48.24 49.56 2.66 
M,, kip-ft 1955.43 1959.25 0.20 

M,, kip-ft 578.87 594.65 2.65 


Part d: Comments 


For this problem, the RSA method gives results that 
are very close to the RHA results. The errors are small for 
all response quantities because the first mode response is 
dominant. 
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0.7526 mh A, = 0.7526 (100/g) (12) 0.903g 


Problem 13.41 M, = 
Initial calculations = 81552 kip- ft 
Substituting values of E = 29,000ksi, 7 = 1400 My, = 0.3014 mh A, = 0.3014 (100/g) (12) 0.903g 
in.*, m = 100 kips/g and A = 12 ft in the solution for = 326.60 kip- ft 
Problem 13.11 gives: These bending moments due to the second mode are 
@, = 10.57 @, = 34.56 3 = 59.42 M,» = 0.08381 mhA, = 0.08381 (100/g) (12) 0.903¢ 
T, = 0.595sec T, = 0.182sec 7, = 0.106 sec = 90.82 kip- ft 


From the design spectrum of Fig. 6.9.5, scaled to My. = 0.06823 mh A, = 0.06823 (100/g) (12) 0.903g 
uz, = (1/3) g, the spectral ordinates are = 73.93 kip- ft 
D, = 3.13in. Dy, = 0.292in. D, = 0.088 in. Due to the third mode the bending moments are 
A M,3 = 0.02030 mhA, = 0.02030 (1 5 
A 2093 220.903 & = 0.803 a ie, Seana 
g g g = 19.56 kip-ft 
Part a: Floor displacements M,, = 0.02302 mhA, = 0.02302 (100/g) (12) 0.803g 
Substituting numerical values for I, and ¢, from = 2210 pat 
Problem 13.11 and D, values above in Eq. (13.8.1a) gives Combining modal responses by the SRSS rule gives 
the peak displacements due to each of the three modes: 5 
M, = \(815.52)* + (90.82)? + (19.56) 
0.3156 1.335 
= 820.80 kip —ft 
u, = I, @ Dy = 13513 40.7451; (3.13) = 43.152 > in. 
1 4.230 M, = (326.60) + (73.93)? + (22.18) 
— 0.7409 0.110 = 335.60 kip— ft 
ur = T, o2 Dy = — 05083 }—- 0.3572 (0.292) = ¢ 0.053> in. The bending moments in the second-story beam due to 
1 — 0.148 each of the three modes are computed similarly to obtain 
1.2546 0.017 Ma = Ms, = — 586.66 kip — ft 
u; = I; ¢; D, = 0.1569 <— 1.2024} (0.088) = {-0.017} in. M, = M,. = 61.44 kip-ft 
1 0.014 M,, = M,, = _—-2.68 kip—ft 
Combining modal displacements by the SRSS rule Combining modal responses by the SRSS rule gives 


gives 
(0.335)? + (0.110)? + (0.017 M, = M, = (-586.66)* + (61.44)? + (2.68) 
uy (1.335)* + (0.110)? + (0.017)? = 1.340 in. 589.87 kip —ft 


uy = (3.152)? + (0.053)? + (-0.017)? = 3.152 in. 
“U3; = (4.230) + (—0.148)? + (0.014)? = 4.233 in. 


Observe that the first mode contributes essentially the 
entire floor displacements. 


u 


u 


Part b: Element forces 
To compute the element forces use the results from 


Problem 13.11 and replace A,(t) by the spectral values 
A, - 


n 


The bending moments in a first-story column due to 
the first mode are 
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Problem 13.42 


Initial calculations 


Substituting values of E = 29,000 ksi, J = 1400 in‘, 
m = 100 kips/g and h = 12 ft in the solution for Problem 
13.12 gives 


@, =8.67rad/sec W, = 30.27rad/sec w, =57.251ad/sec 
T, = 0.725 sec T, = 0.207 sec T, = 0.109 sec 


From the design spectrum of Fig. 6.9.5, scaled to 
ii 99 = (1/3)g, the spectral ordinates are 


D, = 4.25 in. D, = 0.381 in. D, = 0.096 in. 


bik = 0.828 car) = 0.903 4s = 0.819 
g & & 


Part a: Floor displacements 


Substituting numerical values for T, and @¢, from 
Problem 13.12 and D, values above in Eq. (13.8.1a) gives 
the peak displacements due to each of the three modes: 


0.273 1.608 
uy =1¢, Dy, =1.386; 0.698 + (4.25) = { 4.112 } in. 
1 5.89 
— 0.706 0.146 
uz =14@)D> = -0.542 5 - 0.441} (0.381) = + 0.091 } in. 
1 ~ 0.206 
1.529 0.022 
u3 =1363D3 =0.156 5 -1.315 } (0.096) = {-0.019+ in. 
1 0.015 


Combining modal displacements by the SRSS rule gives 


u, = (1.608)? +(0.146)? +(0.022)? =1615 
uy = (4.112)? +(0.091)? +(-0.019)? = 4.117 
uy ~ (5.89)? +(-0.206)?+(0.015)? = 5.893 


Observe that the first mode contributes essentially the 
entire floor displacements. 


Part b: Element forces 


To compute the element forces use the results from 
Problem 13.12 and replace A,(t) by the spectral values 
A,- 
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The bending moments in a first-story column due to 
the first mode are 


M ,, = 9.697mhA, = 0.697(100/ g)(12)0.828 9 
= 692.5 kip — ft 
M,, = 0.15 1mhA, = 0.151(100/ g)(12)0.828g 
= 150.0 kip — ft 
The bending moments due to the second mode are 
M = 0.102mhA, = 0.102(100/ g)(12)0.903g 
= 1105 kip - ft 
M2 =0.073mhA, =0.073(100/ g)(12)0.903 2 
=79.10 kip—ft 
Due to the third mode the bending moments are 
M ,3 = 0.026mhA, = 0.026(100/ g)(12)0.819 2 
= 2555 kip — ft 
M,3 = 0.029mhA, = 0.029(100/ g)(12)0.819 g 
= 28.50 kip — ft 


Combining modal responses by the SRSS rule gives 


M,, = ¥(692.5)?+(110.5)? +(25.55)? = 7018 kip - ft 
M, = ¥(150.0)? +(79.10)? +(28.5)? = 169.6 kip — ft 


The bending moments in the second-story beam due to 
each of the three modes are computed similarly to obtain 


M, = My, = -973.7 kip - ft 
M2 = M,2 = 44.43 kip-ft 
M3 = My; = -9.63 kip - ft 


Combining modal displacements by the SRSS rule gives 


M, = M, = y(-973.7)?+(44.43)? +(-9.63)? = 974.8 kip - ft 
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Problem 13.43 


Initial calculations 


Substituting values of E = 29,000 ksi, J = 1400 in’, 
m = 100 kips/g and A = 12 ft in the solution for Problem 
13.13 gives 


W, = 9.63 rad/sec W., = 25.46 rad /sec W, = 4754rad / sec 
T, = 0.653 sec T, = 0.247 sec T, = 0.132 sec 


From the design spectrum of Fig. 6.9.5, scaled to 
U,o=(1/3)g , the spectral ordinates are 


D,=376lin. D,=0538in. D, = 0.154 in. 


As 


iil = 0.903 fo = 0.903 = 0.903 
& & & 


Part a: Floor displacements 


Substituting numerical values for [, and ¢, from 
Problem 13.13 and D, values above in Eq. (13.8.1a) gives 
the peak displacements due to each of the three modes: 


0.234 1.255 

u, =1,¢,D, = 1426, 0.639 }(3.761) = 3.427 bin 
1 5363 
-0512 0.15 

u, =1,¢,D, = -0543{ -0591 }(0538) =4 0.173 Sin. 
1 ~0.292 
3324 0.058 

u,=I3¢;D, = 0.1144 -2.032 $(0.154) = {-0.036} in. 
1 0.018 


Combining modal displacements by the SRSS rule gives 


u, = ¥(1.255)*+(0.15)?+(0.058)? = 1.265 
ly = 4 (3.427)?+(0.173)2+(—0.036)2 = 3.432 
uy = (5.363)*+(—0.292)?+(0.018)? = 5.371 


Observe that the first mode contributes essentially the 
entire floor displacements. 


Part b: Element forces 


To compute the element forces use the results from 
Problem 13.13 and replace A,(t) by the spectral values 


A 


n 
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The bending moments in a first-story column due to 
the first mode are 


M,, =1555mhA, = 1555(100/ g)(12)0.903g 
= 1685 kip - ft 
M,, = 0.243mhA, = 0.243(100/ g)(12)0.9032 
= 263.3 kip — ft 
The bending moments due to the second mode are 
M = O.lmhA, = 0.1(100/ g)(12)0.903g 
= 108.4 kip — ft 
M2 = 0.064 mhA, =0.064(100/ g)(12)0.903 2 
= 69.35 kip-ft 
Due to the third mode the bending moments are 
M3 = 0.041mhA, = 0.041(100/ g)(12)0.903 2 
= 44.43 kip - ft 
M,3 = 0.050mhA, = 0.050(100/ g)(12)0.903g 
= 54.18 kip — ft 


Combining modal responses by the SRSS rule gives 


M,, = ¥(1685)?+(108.4)? +(44.43)? = 1689.1 kip - ft 
M, = (263.3)? +(69.35)?+(54.18)? = 277.6 kip - ft 


The bending moments in the second-story beam due to 
each of the three modes are computed similarly to 
obtain 


M,, = M,, =-715.2 kip - ft 
M2 =My = 54.18 kip—tt 
M4 = Myq = —22.76 kip ~ ft 
Combining modal displacements by the SRSS rule gives 
M, = M, =~(-715.2)? +(54.18)? +(-22.76)? = 717.6 kip - ft 
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Problem 13.44 M_,, = 0.844mhA ,= 0.844(100/ g)(12)0.722g 


Initial calculations = 730.81 kip —ft 
M,, = 0.094mhA = 0.094(100/ g)(12)0.722¢ 

Substituting values of E = 29,000 ksi, I = 1400 in* ,m eS aot 

= 100 kips/g and h = 12 ft in the solution for Problem eas 

13.14 gives w,, in rad/sec and T,, in sec: Bending moments due to the second mode are 
@, =7.558 W7 =22.320 w3 =45.740 M ,2 = 0.132mhA 2 = 0.132(100/ g)(12)0.903 2 
T; =0.831 TT, =0.282 T3 =0.137 =143.47 kip ~ft 

ar foie: saint cack Mo = 0.068mhA , = 0.068(100/ g)(12)0.9032 

rom the e€sign spectrum oO 1g. 22, Scale to = 73.50 kip ft 


ii = (1/3)g, the spectral ordinates are 


Bending moments due to the third mode are 
D, = 4.877 in. D,=0.700 in. D; =0.167 in. 


AL 0.722 Ay 0.903 Ag 0.903 M3= tala = 0.057(100/ g)(12)0.903 g 
8 8 8 = 62.15 kip-—ft 
Part a: Floor displacements. M,,; = 0.055mhA, = 0.055(100/ g)(12)0.903g 
mo, = 59.13 kip-ft 
Substituting numerical values for IT, and ¢, from 
Problem 13.14 and D, values above in Eq. (13.8.1a) gives Combining modal responses by the SRSS rule gives 
the peak displacements due to each of the three modes: ; 
M q = y (730.81) + (143.47)? + (62.15)* =747.35 kip-ft 
oe oe M, = (81-51) +(73.50)" + (59.13) =124.67 kip-ft 
u, =T,6,D, = 1.4473 0.597 (4.877) =1 4.211} in. a ch 
1 7.058 The bending moments in the second-story beam due to 
each of the three modes are computed similarly to obtain 
| eee salle M 91 =My, =-417.50 kip —ft 
uy, =1,¢,D, = -0.5715-0.656 +(0.700) =< 0.262 } in. Mao =My = 32.65 kip—ft 
I uon M3=M,3= 12.36 kip-ft 
3.220 0.067 Combining modal displacements by the SRSS rule gives 
u3 =1;¢,;D, = 0.124;-—1.916 -(0.167) = {—0.040} in. 
4 0.021 M, ~\(-417.50) + (32.65)? + (12.36? = 418.96 kip—ft 


Combining modal displacements by the SRSS rule gives 


u, = (1.410)2 +( 0.218)2 +( 0.067)? =1.428 
u, = (4.211)? +( 0.262) +(-0.040)2 = 4.219 
uy = (7.058)? +(-0.400)2 +( 0.021)2 = 7.069 


Observe that the first mode contributes essentially the 
entire floor displacements. 


Part b: Element forces 


To compute the element forces use the results from 
Problem 13.14 and replace A,(t) by the spectral values 


An « 


The bending moments in a first-story column due to 
the first mode are 
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Problem 13.45 


Initial calculations 
From Problem 13.7, the modal properties are 


05 ~1 05 
¢, = 10866$ ¢, =40 ¢, = {-0866 
1 1 1 


I, = 1.244 Yr, = —0.3333 T, = 0.0893 


Part a: Spectral ordinates 
From Problem 13.7, the peak values of D,(t) and 


A,,(t) are 
D, = 0.8859in. D, = 0.1096in. D, = 0.0498 in. 
A, = 0.7746g A, = 0.7153g A, = 0.60652 


Part b: Peak modal responses 

Substituting numerical values for [,, ¢,, and D, in 
Eq. (13.8.1a) gives the peak displacements due to each of 
the three modes: 


05 0551 
u, = 1244,+0.866> (0.8859) = {0.954> in. 
1 1.102 
| 0.037 
u, = —0.33334 07 (0.1096) = 0 in. 
1 ~ 0.037 
05 0.0022 
u;, = 0.0893 { — 0.866? (0.0498) = <—- 0.0039} in. 
1 0.0044. 


Substituting I, m;, g, and A, in Eq. (13.8.2) gives 
the equivalent static forces due to each of the three modes: 


1(05) 48.18 

f, = 1244 (2) 1 (0.866) $ (0.7746g) = 483.45} kips 
57) 05 (1) 48.18 
ete D 2384 

f, = -0s333( 1) 1(0) $(0.7153g) = 1 0 Skips 
05 (1) -1192 
en) 271 

f; = 0.0893 (22) 1(— 0866) } (0.6065g) = 4— 4.695 kips 
S/T 951) 2.71 


These forces are shown in the following figure. 
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@ m2 48.18 11.92 2.71 
12’ 
@m 83.45 0 4.69 
12’ 
@ m 48.18 23.84 2.71 
12’ 
f, f, f, 


Static analysis of the structure subjected to forces 
f, gives the responses due to each mode. These 
computations give Table P13.45a for story shears (in 
kips) and Table P13.45b for story overturning moments 
(in kip-ft). 
Table P13.45a 


Story shear Mode 1 Mode 2 Mode 3 

V3 48.18 — 11.92 2.71 

V5 131.63 — 11.92 — 1.98 

YUW=V 179.81 11.92 0.73 
Table P13.45b 

Floor moments Mode 1 Mode 2 Mode 3 

M, 578.2 — 143.0 3252 

M, 2157.7 — 286.1 8.76 

M, 4315.5 — 143.0 17.52 


The above-determined responses due to each mode should 
be identical to those determined in Problem 13.7 by RHA; 
the slight differences are due to numerical truncation errors 
in the computations for this problem whereas more 
significant digits were used in the computer work for 
Problem 13.7. 


Part c 


The peak modal responses are combined by the 
SRSS rule: 


3 
r= D> re 
n=1 


For each response quantity 7, available in Part b are 
substituted to obtain the total response (Tables P13.45c-d). 
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Table P13.45c 


Floor or story,j 4» in. V;, kips 
3 1.103 49.71 
2 0.954 132.15 
1 0.552 180.21 


Table P13.45d 


Overturning moment, 


Floor or story, j M. ot M, (kip-ft) 
ei b . 


2 596.5 
1 2176.6 
Base, b 4317.9 


Part d: Comments 


Comparison of the RSA results in Tables P13.23c-d 
with RHA results from Problem 13.9 is summarized in 
Tables P13.45e-f. 


Table P13.45e 


Shear V; 
(in.) (kips) 


Floor or 
story, j 


1.103. 1.103 49.71 52.22 
0.954 0.957 132.15 138.08 
0.552 0.580 180.21 189.29 


Table P13.45f 


Overturning moment 
_ M; or M, (kip-ft) 


Floor or 
story, j 


For this particular problem, the RSA method gives results 
that are very close to the RHA results, in part, because 
most of the response is due to one mode, the first mode. 
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Problem 13.46 | These forces are shown in the following figure. 


Initial calculations = 
§1.99 22.17 3.67 
From Problem 13.6, the modal properties are 
71.34 22.17 16.06 
0.314 —1/2 3.189 32.63 22.17 23.40 
¢, =| 0.686 |; @, =| -1/2 |; @ =| — 2.186 
1 1 1 
f, f, f, 


=1.4 =~ =0. 
Bie ade “Eanes Static analysis of the structure subjected to forces f, gives 


Part a: Spectral ordinates the responses due to each mode. These computations give 
Table 13.46a for story shears (in kips) and Table 13.46b 


From Problem 13.8, the peak values of D,(t) and for story overturning moments (in kip-ft). 


A, (t) are 
D, =1.086in. D,=0.272in. D3 =0.109in. Table 13.46a 
A=O.741g — A,=O.887g —Ay=0.756g _Story Shear 


Part b: Peak modal responses 5 

Substituting numerical values for T’,, ¢,, and D, in 
Eq. (13.8.1a) gives the peak displacements due to each of 
the three modes: 


0.314 0.478 Table 13.46b 
u, = 1.403; 0.686 }(1.086) = 41.045; in Floor 
1 1.523 Moments 
-1/2 0.068 
u, =—0.5;—-1/2 (0.272) = 4 0.068; in 
1 —0.136 
3.189 0.034 The above-determined responses due to each mode should 


be identical to those determined in Problem 13.8 by RHA; 
the slight differences are due to numerical truncation errors 
in the computations for this problem whereas more 
significant digits were used in the computer work for 
Problem 13.8. 


u, = 0.0972; — 2.186 (0.109) = {0.023} in 
1 0.011 


Substituting T,, m;, 9, and A, in Eq. (13.8.2) gives the 


equivalent static forces due to each of the three modes: 


Part c . 
1(0.314) 32.63 
d . 
f,=1. wo) 1(0.686) $(0.741g) = 171.34 kips tue peak modal reponses are combined by the SRSS 
7 | 0.50) 51.99 
3 
= 2 
oo oO 22.17 ray ttn 
fh --0f 0] ae) O88 72)", 22h 77 Ips For each response quantity r, available in Part b are 
row) reed substituted to obtain the total response (Tables 13.46c-d). 
1(3.189) 23.40 
f, = 0057 1(—2.186) -(0.756g) = {—16.06 + kips 
0.5(1) 3.67 
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Table 13.46c 


Table 13.46d 
Overturning moment, 


M, or M, (kip-ft) 


Part d: Comments 


Comparison of the RSA results with RHA results from 
Problem 13.8 is summarized in Tables 13.46e-f. 


Table 13.46e 


Shear V; (kips) 


56.64 
1.047 1.1085 123.95 126.17 
157.92 


Table 13.46f 


Overturning moment, 


M, or M, (kip-ft) 


For this problem, the RSA method gives results that are 
close to the RHA results, in part, because most of the 
response is due to one mode, the first mode. 
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Problem 13.47 


L 
1. Data. 
L= 120 in. E = 29000 ksi 
1 = 28.1 in‘ m=1.5 kips/g 


2. Natural frequencies and modes. 


ki «s? 
AS es Hos 
g 386.4 in 

-1 


[EP (29000) (28.1) seas 
mL? (0.00388) (120)? 


From Example 13.1: 


@, = 0.6987 [ee £999 a a0 85s 
mL s 


Wy =1.874 a8 = 20.654 = 7, = 0304s 
mL s 
Tl) = 0.406 Yr, = 0.594 


i ap Si 
ae 2.097 on ~1.431 


3. Determine correlation coefficient. 


Use both the SRSS and CQC modal combination 


rules. For CQC, we require 0): 


¢ =0.05 
a, _ 7.70 
=—1 = = 0,373 
Pro @, 20.65 


. From Eq. (13.7.10): 


8 (0.05) 7 (1+ 0.373) (0.373) !> 


M2 71 (0.373)? ]2 + 4(0.05)2(0.373) (14 0.373)? 


= 0.00836 
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4. Determine spectral ordinates. 


From Fig. 6.9.5: 


Model: JT, = 0.815s 
Ap3-620| =e ouee =e i 
0.815 52 
A 
D=—> = =e = 2.88 in 
@; (7.70) 
Mode 2: T, = 0.304s 
A, = 0.20(2.71) = 054g = 209— 
S 
A 
Dz = — = oe = 0.49 in 


5. Determine peak displacements. 


. 
2 st sto n 
u, = u, A, u, _ 2 ?,, 
On 
u, = V,OnDn 


SRSS estimates of the peak displacements: 


uy, = (1.169)? +(0.291)? = 1.205in 
uy = (2.452)? +(-0.417)? 


CQC estimates of the peak displacements: 


V(.. 169)? +2 (0.00836) (1.169) (0.291) + (0.291)? 


2.487 in 


uy = 
= 1.207 in 

uo = (2.452)? +2 (0.00836) (2.452) (-0.417) + (-0.417)? 
= 2.484 in 


6. Determine peak bending moments. 
Peak modal responses: . 


M on, =M;,A 


n 
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From Figure E13.1: 


Mj, = 2.069mL = 2.069 (0.00388) (120) 
= 0.964k-s” 
Mj, = 0.931mL = 0.931(0.00388) (120) 
= 0.434k-s? 
Hence, 
My, = 0.964(171) = 164.8k-in 
My. = 0.434(209) = 90.8k-in 


SRSS estimate of the peak bending moment: 


M, = (164.8)? + (90.8)? = 188.2 k-in 


CQC estimate of the peak bending moment: 


M, = y(l 64.8)” +2 (0.00836)(164.8)(90.8) + (90.8)* 


= 188.8 k-in 


7. Comments 


The CQC estimate of the peak response is close to the 
SRSS result because @ and a are well separated resulting 
in (2 close to zero. 
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Problem 13.48 


ia 
1. Data. 
L=120in. E=29000ksi 
1=28.1in‘ m=1.5 kips/g 


2. Natural frequencies and modes. 


2 
(1S eS = ponte 
zg 386.4 in 


ee = (29000) Sy = 110257 
mL (0.00388) (120) 
From Problem 13.15: 


@, = 0.6987 i= 
mL 


- 7.704 = 7, = 0815s 
S 


fi B74 Ps 0969 8 a =O S0As 
mL} s 
T, = 0.2834 T, =-0.2834 


fe 1 {1 
1 |2.097 O2 = ~1.431 


3. Determine correlation coefficient. 


Use both the SRSS and CQC modal combination 
rules. For CQC, we require (2: 


5 = 0.05 
@, _ 7.70 
= 1 =~ =0,373 
Bo @, 20.65 


“. From Eq. (13.7.10): 
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= 0.00836 


4. Determine spectral ordinates. 


From Fig. 6.9.5: 


Model: T, = 0.815s 
A, = i | Soa in = 
0.815 5? 
A 
D, = —> = a = 2.88 in 
o; (7.70) 
Mode 2: T, = 0.3045 
in 
A, = 0.20(2.71) = 0.54g = 209— 
S 
A 
2 = 2 = 2 _ ogi 
wo; (20.65) 
5. Determine peak displacements: 
Tr 
u, = uA, un =—>%, 
QO, 
.u, = 1,9,D, 
0.816 
u, = 0.2834 2.88 = 
097 1.712 


1 -0.139 
u, = —0.2834 0.49 = 
-1.431 0.199 
SRSS estimates of the peak displacements: 
u, = ¥ (0.816)? +(-0.139)? = 0.828in 
5S (1.712)? +(0.199)? = 1.724 in 


CQC estimates of the peak displacements: 


(0.816)? +2 (0.00836) (0.816) (0.139) + (-0.139)? 


u, = 
= 0.827 in 

iS 4.712)? +2 (0.00836) (1.712) (0.199) + (0.199) 
= 1.725 in 
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6. Determine peak bending moments. 
Peak modal responses: 
Moy = MELA, 

From the figure in the solution to Problem 13.15: 

Mj, = 1.443mL = 1.443 (0.00388) (120) 
= 0.672k-s” 
M35 = -0.443mL = —0.443 (0.00388) (120) 
= -0.206 k-s* 
Hence, 
M,, = 0.672(171) = 114.9 k-in 
My. = —0.206(209) = -—43.1k-in 


SRSS estimate of the peak bending moment: 


M, = y(114.9)? +(-43.)2 = 122.7k-in 


CQC estimate of the peak bending moment: 


M, = (114.9)? +2(0.00836)(114.9)(—43.1) + (-43.1)? 
= 122.4k-in 


7. Comments: 


The CQC estimate of the peak response is close to the 
SRSS result because @ and @ are well separated resulting 
in (2 Close to zero. 
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Problem 13.49 


L 
1. Data. 
L=120in. E=29000ksi 
1=28.1iné m=1.5 kips/g 


2. Natural frequencies and modes. 


2 
Kips _ _15_ _ 9 00388 ts 
g 386.4 in 


[Er (29000) (28-1) _ 44 99-1 
mL? (0.00388) (120)? 


From Problem 13.16: 


m= 1.5 


@, = 0.6987 2 = 7.7074 2» 7 = 0815s 
mL S 

@, = 1.874 = = 20,6584 = 7, = 0304s 
mL S 

T, = 0.0863 T, = 0.6206 


_f{ 1 | 4 
A= 2.097 02 = —1.431 


3. Determine correlation coefficient. 


Use both the SRSS and CQC modal combination 
rules. For CQC, we require (2: 


¢ =0.05 
@, _ 7.70 
=—1 =—— =0.373 
Bo @, 20.65 


“. From Eq. (13.7.10): 


8 (0.05)? (1+ 0.373) (0.373)! 


a= [1—(0.373)2]? + 4(0.05)2 (0.373) (1+ 0.373)2 


= 0.00836 


4. Determine spectral ordinates. 


From Fig. 6.9.5: 


Model: 7, = 0.815s 
2000) |e Oa eri 
0.815 5? 
A 
D, =—> = as = 2.88 in 
ao; (7.70) 
Mode 2: 7, = 0.304s 
in 
A, = 0.20(2.71) = 0.54g = 209—> 
S 
A 
D, =—> = een = 0.49 in 
ow; (20.65) 
5. Determine peak displacements. 
Uu, = ur A, ur = 5 ?,, 
oO, 
.u, =1,¢,D, 
1 0.249 
u, = 0.0863 2.88 = 
2.097 0.521 
1 0.304 
u, = 0.6206 0.49 = 
~1.431 ~0.435 


SRSS estimates of the peak displacements: 


u, = (0.249)? +(0.304)2 = 0.393in 
u, = (0.521)? +(-0.435)? = 0.679 in 


CQC estimates of the peak displacements: 


(0.249)? +2 (0.00836) (0.249) (0.304) + (0.304) 


uy, = 
= 0.395 in 

uy, = (0.521)? +2 (0.00836) (0.521) (-0.435) + (-0.435)? 
= 0.676 in 
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6. Determine peak bending moments. 


Peak modal responses: 
Mon = MinAn 


From the figure in the solution to Problem 13.16: 


M;, = 0.440mL = 0.440(0.00388) (120) 
= 0.205 k-s* 
M35 = 0.974mL = 0.974 (0.00388) (120) 


0.453 k-s” 


i 


Hence, 
M,, = 0.205(171) = 35.1k-in 


M 42 


I 


0.453 (209) = 94.7 k-in 


SRSS estimate of the peak bending moment: 


M, = (35.1)? +(94.7)? = 101.0k-in 


CQC estimate of the peak bending moment: 


M, = (35.1)? +2 (0.00836)(35.1)(94.7) + (94.7)? 
= 101.3k-in 


7. Comments. 


The CQC estimate of the peak response is close to the 
SRSS result because @, and @, are well separated resulting 
in 12 Close to zero. 
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Problem 13.50 0 
1. Determine effect of weight of pipe. u(t) = 40;D3(t) 
Pipe weight equals3x10x18.97 =569 Ibs. This is ° 
negligible compared to the lumped weights equals Substituting numerical values for D, and D,, the peak 
5Smg= 7.5kips. 
me PS values of D,(t) and D,(t), gives the peak values of the 
2. Determine design spectrum ordinates. modal responses: 
From Problem 10.23, 1.517 
= 0.5259, HL EI u, = — 2.970 > in. 
Ee 2.970 
EL 0.399 
i aa |e u,={ 0.512} in. 
—0.512 
= 1.7321, /— = 
wa * nie Substituting numerical values for T,, m, and ¢, 


sat (available from Problem 13.17) in Eq. (13.8.2) gives the 
Substituting the given values of E,J,m,andL: equivalent static forces (in kips) shown in the 
accompanying figure. 
29x10? x28.1 a 
(1.5/386.4)x(10x12)° 0.386 


= 0.5259 x11.022 = 5.798 rad/s 


@, = 0.5259 


T, = 1.084 secs 0.989 
@z =17.79 rad/s 0.386 
T, = 0.353 secs f, (kips) 


@3 =19.09 rad/s 
vo 
T3 = 0.329 secs 


For these 7, , the design spectrum of Fig. 6.9.5 gives rs 2.451 


A, =0.2x+308 -9.332g ——-D, = 3.82in. 0.629 
1.084 ; 
f, (kips) 
A, =0.2x2.7lg = 0.542g D, =0.661in. 
Ay = 0.2x2.71g = 0.542g D, = 0.574 in. ‘ ; 
3. Determine peak modal responses. 
The modal displacements, available from Problem 0 
13.17, are 
0.397 
u, (t) = 4— 0.774 tD, (t) f; (Kips) 
0.774 
te 
0.603 
u,(t)=4 0.774$D,(t) 
~ 0.774 
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Static analysis of the structure subjected to forces f,, gives 


the peak values of the bending moments (kip-ft.) due to 
each mode (Table P13.50a). 


Table P13.50a: Bending Moments (kip-ft.) 


Mode 1 Mode 2 
6.29 


11.93 


Mode 3 


4. Combine modal responses. 


The correlation coefficients, ;,, in the CQC rule 
depend on the frequency ratios £,, =@;,/@, , computed 
from the known natural frequencies. 


Table P13.50b: Natural Frequency Ratios, £,, 


n=3 @; (rad/sec) 


1.0 0.3259 0.3037 5.798 
3.0683 1.0 0.9319 17.79 
3.2925 1.0731 1.0 19.09 


Correlation coefficients, 9,,, are calculated from Eq. 
(13.7.10): 


Table P13.50c: Correlation Coefficients, 9;, 


n= 1 n= 2 n= 3 
1.0 0.00613 0.00526 
0.00613 1.0 0.66731 
0.00526 0.66731 1.0 


Substituting the peak modal responses in Eq. (13.7.3) with 
N =3 gives the SRSS estimate of the total response, and, 
in addition, using the p,, values in Eq. (13.7.5) 
with N =3 gives the CQC estimate of the total response. 
Tables P13.50d and P13.50e summarize the results for u, , 
u, and u;,and M, and M,. 


Table P13.50d: Displacements (in.) 


uy uy uy 
SRSS 1.569 3.014 3.014 
CC 1.571 3.014 3.011 


Table P13.50e: Bending Moments (kip-ft.) 


5. Comments. 


The cross-correlation coefficients 9,, and 3 are 
negligible, implying that the 1-2 and 1-3 cross-terms in Eq. 
(13.7.5) are insignificant. In contrast, 2, = 0.66731, 
which is large. Thus the 2-3 cross-term in Eq. (13.7.5) may 
be significant. However, this term turns out to be zero 
because the response due to the third mode is zero. Thus 
all the cross-terms are either zero or negligible, which 


explains why the CQC estimate is very close to the SRSS 
estimate. 
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Problem 13.51 


1. Determine design spectrum ordinates. 
From the values obtained in Problem 13.50, we have 
A, = 0.332g D, =3.82 in. 


A, =0.542g Dy, =0.661in. 


A, =0.542g D, = 0.574 in. f, (kips) 
2. Determine peak modal responses. 
(a) The modal displacements, available from Problem 
13.18, are 
0 
0 0 
u,(t) =u, (t) = 40 
2 0 
0 
u3(t) = 11 /D3(¢) 
1 f, (kips) 
Substituting numerical values for D,, the peak value of Mt 
D,(t) , gives the peak values of the modal responses: 
0 0 0 
u,=40- u,=40- uz =40.574> in. 
0 0 0.574 0.813 0.813 


(b) Substituting numerical values for T,,, m, and @, 


(available from Problem 13.18) in Eq. (13.8.2) gives the 
equivalent . static forces (in kips) shown in_ the f, (kips) 
accompanying figure. 


Mt 


Static analysis of the structure subjected to forces f,, gives 


the peak values of the bending moments (kip-ft.) due to 
each mode (Table P13.51a) 


Table P13.51a: Bending Moments (kip-ft.) 
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3. Combine modal responses. 


Because the entire response is due to the third mode, 
we do not need to combine modal responses. The total 
response is he same as the third mode response: 

u, = Oin. 

uy =0.574 in. 

uz =0.574 in. 


M, =8.13 kip - ft. 
M, = O kip - ft. 
4. Comments. 


In this case, since only one mode contributes to the 
response, the peak value of the total response is identical to 
the peak response in the third mode. Consequently, SRSS 
and CQC rules give identical results. 
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Problem 13.52 
1. Determine design spectrum ordinates. 
From the values obtained in Problem 13.50, we have 
A, = 0.332g D, = 3.82 in. 
A, =0.542g D, = 0.661 in. 
A, = 0.542g D, = 0.574 in. 
2. Determine peak modal responses. 
(a) The modal displacements, available from Problem 
13.19, are 
0.281 
u, (ft) = 4 — 0.547 ¢D, (t) 
0.547 


0.426 
u,(t)= 4 0.547;D, (t) 
—0.547 


0 
u(t) = 40.707 $D;(t) 
: 0.707 


Substituting numerical values for D,, D,and D,, the 
peak values of D,(t), D,(t)and D,(t), gives the peak 
values of the modal responses: 


1.073 
u, = 4—2.090} in. 
2.090 


0.282 
u, =}; 0.362;in. 
— 0.362 


0 
u; = 40.403 }in. 
0.403 


(b) Substituting numerical values for T.,, m, and @, 
(available from Problem 13.19) in Eq. (13.8.2) gives the 
equivalent static forces (in kips) shown in_ the 
accompanying figure. 
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0.272 
1.050 
0.272 
f, (kips) 
a 
0.445 
1.732 
0.445 f, (kips) 
We 
0.575 0.575 


f; (kips) 


Ws 


Static analysis of the structure subjected to forces f, gives 


the peak values of the bending moments (kip-ft.) due to 
each mode (Table P13.52a) 


Table P13.52a: Bending Moments (kip-ft.) 


Mode 3 
M, -2.724 4.447 5.748 
M, 12.445 8.423 0 


3. Combine modal responses. 


The correlation coefficients, 9;,, in the CQC rule 
depend on the frequency ratios £,, =@;/@, , computed 
from the known natural frequencies. 
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Table P13.52b: Natural Frequency Ratios, £,, is negligible because the response due to the second and 

third modes are much smaller than due to the first mode; 
ee aa hence the SRSS and CQC estimates of peak response are 
1.0 0.3259 | 0.3037 


close. 
3.0683 | 1.0 0.9319 
3.2925 | 1.0731 | 1.0 


n=1 


Mode, i @, (rad/sec) 


Correlation coefficients, ;,, are calculated from Eq. 
(13.7.10): 


Table P13.52: Correlation Coefficients, 0,, 


n=2 n=3 
0.00613 0.00526 
0.00613 1.0 0.66731 
0.00526 0.66731 1.0 


Substituting the peak modal responses in Eq. (13.7.3) with 
N =3 gives the SRSS estimate of the total response, and, 
in addition, using the ,, values in Eq. (13.7.5) 
with N =3 gives the CQC estimate of the total response. © 
Tables P13.52d and P13.52e summarize the results for u, , 


u, and u,,and M, and M,. 


Table P13.52d: Displacements (in.) 


4. Comments. 


The cross-correlation coefficients 9,, and (0,3 are 
negligible, implying that the 1-2 and 1-3 cross-terms in Eq. 
(13.7.5) are insignificant. In contrast, 9 , = 0.66731, 


which is large. Thus the 2-3 cross-term in Eq. (13.7.5) may 
be significant. This is indeed the case for M, because the 
second and third mode contributions are significant. 
Because the cross-term is positive, the CQC estimate for 
M , is significantly larger than its SRSS estimate. For u, 


and M, the 2-3 cross-term is zero because the third mode 


a 


response is zero; hence the SRSS and CQC estimates of 
peak response are close. For uz and u, the 2-3 cross-term 
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Problem 13.53 
1. Determine design spectrum ordinates. 


From the values obtained in Problem 13.50, we have 


A, =0.332g  ——D, =3.82in. 
A, =0.542g =D, =0.661in. 
A; =0.542g  ——dD,; = 0.574 in. 


2. Determine peak modal responses. 


(a) The modal displacements, available from Problem 
13.20, are 
—0.281 
0.547 +D, (t) 
—0.547 


u,(t)= 


—0.426 
~ 0.547 }D, (t) 
0.547 


u,(t)= 


0 
u(t) = {0.707 }D,(t) 
0.707 


Substituting numerical values for D,, D,and D,, the 
peak values of D,(t), D,(t)and D,(t), gives the peak 
values of the modal responses: 


-1.073 


2.090 } in. 
— 2.090 


u, = 


— 0.282 
— 0.362 } in. 
0.362 


Un = 


0 
0.403 ; in. 
0.403 


u3= 


(b) Substituting numerical values for I,, m, and @, 
(available from Problem 13.20) in Eq. (13.8.2) gives the 
equivalent static forces (in kips) shown in_ the 
accompanying figure. 
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0.272 
1.050 
0.272 
f, (kips) 
he 
0.445 
1,732 
’ 
0.445 
f, (kips) 
ie 
0.575 0.575 
0 
f; (kips) 
Ve 


Static analysis of the structure subjected to forces f, gives 


the peak values of the bending moments (kip-ft.) due to 
each mode (Table P13.53a) 


Table P13.53a: —— Moments (kip-ft.) 


|_Mode1_| 


2.724 —4.447 
—12.445 —8.423 


3. Combine modal responses. 


The correlation coefficients, p,,, in the CQC rule 
depend on the frequency ratios £,, =@;/@, , computed 


from the known natural frequencies. 
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Table P13.53b: Natural Frequency Ratios, £,, much smaller than due to the first mode; hence the SRSS 


————_————_nnenennn nnn — — nn — wee and CQC estimates of peak response are close. 
Mode, i n=1 n=2 n=3 @, (rad/sec) 
1 1.0 0.3259 0.3037 5.798 
2 3.0683 1.0 0.9319 17.79 
3 3.2925 1.0731 1.0 19.09 


Correlation coefficients, p;,, are calculated from Eq. 
(13.7.10): 


Table P13.53c: Correlation Coefficients, 0,, 


Mode, i n=1 n=2 n=3 
1 1.0 0.00613 0.00526 
2 0.00613 1.0 0.66731 
3 0.00526 0.66731 1.0 


Substituting the peak modal responses in Eq. (13.7.3) with 
N =3 gives the SRSS estimate of the total response, and, 
in addition, using the p,, values in Eq. (13.7.5) 
with N =3 gives the CQC estimate of the total response. 
Tables P13.53d and P13.53e summarize the results for u, , 


u, and u,,and M, and M,. 


Table P13.53d: Displacements (in.) 


1.110 2.159 
1.112 2.113 


Table P13.53e: Bending Moments (kip-ft.) 


4. Comments. 


The cross-correlation coefficients ,, and (3 are 
negligible, implying that the 1-2 and 1-3 cross-terms in Eq. 
(13.7.5) are insignificant. In contrast, 0,3 = 0.66731, 
which is large. Thus the 2-3 cross-term in Eq. (13.7.5) may 
be significant. This is indeed the case for M, because the 
second and third mode contributions are significant. 
Because the cross-term is negative, the CQC estimate for 
M , is smaller than its SRSS estimate. For u, and M, the 
2-3 cross-term is zero because the third mode response is 
zero; hence the SRSS and CQC estimates of peak response 
are close. For u, and u, the 2-3 cross-term is negligible 


a 


because the response due to the second and third modes are 
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Problem 13.54 
1. Determine design spectrum ordinates. 
From Problem 13.22, 
T, = 1.027sec T, = 0.974sec 7, = 0.1503 sec 


For these T,,, the design spectrum of Fig. 6.9.5 gives 


1 1.80g 
A, = —~——= = 0.584 = 6.02 in. 
* 3 1.027 e 4 
i AEE erpicigg aye 570i, 
3 0.974 
Ay = 527g = 0.903g  D, = 0.2in. 


2. Determine peak modal responses. 
The appendage displacement is 
U3, = DL n 3, D, 


Substituting numerical values for I, 
from Problem 13.22 gives 


uy, = (— 0.6296) (— 32.34) 6.02 = 122.57 
uz, = (0.6104) (— 31.80) 5.70 = — 110.6 
uy, = (0.4511) (0.0773) 0.2 = 0.007 


and @;, available 


Substituting numerical values for [\,, m, and @, (available 


from Problem 13.22) in Eq. (13.8.2) gives the equivalent 
static forces shown in the accompanying figure. 


2.2295 2.2366 0.0059 
66.015 68.500 Pee 
21.036 22.086 104.62 

f, f, f, 


Static analysis of the structure subjected to forces f, 
gives the peak value of modal response 7,. These results 
for the appendage shear and base shear are (in kips): 

Vy, = 2.2295 Vj. = —2.2366 V3 = 0.0059 


Vi, = 89.281 Vi. = 88.349 (a) 


Vig = 71.089 
3. Combine modal responses. 


Correlation coefficients, 9,,, are calculated from Eq. 
(13.7.10) using known values of £,, = @;/@,: 
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Table P13.54a: Correlation Coefficients ¢,, 


Mode, i 
1 1.0 0.7847. 0.0013 
2 0.7847 1.0 0.0015 
0.0013 0.0015 1.0 


Substituting the peak modal responses in Eq. (13.7.3) 
with N =3 gives the SRSS estimate of the total response 
and, in addition, using the 9,, values in Eq. (13.7.5) with 
N=3 gives the CQC estimate of the total response. Table 
P13.54b summarizes the results for u,, V, and Y,. 


Table P13.54b 
U3, in. V,, kips 
165.0 3.158 
TT24 1.465 


V,, kips 
144.3 
182.3 


SRSS 


4. Comments. 


The cross correlation coefficient for the first two 
modes is 0.7847 which is significant. Therefore, neglecting 
the 1-2 cross term in the SRSS procedure introduces 
significant error. The CQC method is more accurate. 
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125.04 in. 


Problem 13.55 Uzg = 
Part a: Response spectrum ordinates Vio = 2-405 kips 
From Problem 13.23, the peak values of D,(t) and Vyo = 112.1 kips 
A, (t) are Part e: Comments 
D, = 4.3041 in. A, = 0.42378 Summarized in Table P13.55b are the CQC and 
D, = 4.5312 in. A, = 0.4884 SRSS results from Parts c and d and the RHA results 
from Problem 13.23. 
D, = 0.1649 in. A, = 0.7460g 
Table P13.55b 
Part b: Peak modal responses U3, in. Vao» Kips _Vgo, kips 
The peak values of the appendage displacement w,, SRSS 125.04 2.405 112.1 
appendage shear V, and tower base shear V, are CQC 58.02 1.125 140.5 
RHA 44.58 0.879 159.8 


U3, = U3, A, Vad ae Vin A, Ven = Von A, (a) 


where the modal static responses ae are available from the Clearly the peak response from the CQC method is 


solution to Problem 13.22. Substituting for r*‘ and A, in much closer to that from RHA because the CQC method 
Eq. (a) gives the results in Table P13.55a. considers the correlation between modes. The SRSS 
method should not be used when frequencies are closely 
Table P13.55a spaced. 

Mode, n u3, in. V,, kips V,, kips 

1 88.90 1.619 64.83 

2 — 87.93 — 1.778 70.23 

3 0.0058 0.0049 58.61 


These peak modal responses are essentially identical to 
those determined in Problem 13.23 by RHA. 


Part c 


For each response quantity, the peak modal responses 
(from Table P13.55a) and the correlation coefficients 
(from Table P13.54a) are substituted in Eq. (13.7.4) with 
N = 3 to obtain peak values of the total response: 


U3, = 58.02 in. 
Vio = 1.125 kips 
Vp. = 140.5 kips 


The cross-correlation coefficient for the first two 
modes is 0.7847 (see Problem 13.54), which is significant 
and contributes importantly to the response. The 
correlation coefficient between modes 1 and 3 and between 
2 and 3 is insignificant because the frequencies are well 
separated. 


Part d 


Substituting the peak modal responses (from Table 
P13.55a) in Eq. (13.7.3) with N=3 gives the SRSS 
estimate of peak response: 
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Problem 13.56 
From Problem 13.24, m, ¢,, and I", are available. 


Part a: Spectral ordinates 


From Problem 13.26, 


D, = 4.291 in. A, = 0.30472 

D, = 4.354 in. A, = 0.43548 

D, = 2.604 in. A, = 0.8020g 
Part b: Peak modal responses 
Displacements: 

u=T, ¢% D, (a) 
Equivalent static forces: 

f, = Tm ¢, A, (b) 
Base shear and torque: 

Vin = Son Ton = Son (c) 


Substituting m, ¢,, and I), from Problem 13.24 and 
D,, and A, from Part a in Eqs. (a)-(c) gives the peak modal 
responses in Table P13.56a. 


Table P13.56a 


Mode, n uy (b/2) ug V, T, 
1 4.132 0.9931 34.21 822.2 
2 0 0 0 0 
3 0.0966 — 0.6027 2.677 —1671 
Part c 


The correlation coefficients p,, are calculated from 
Eq. (13.7.10) using known values of 8, = @,/@,: 


Table P13.56b: Correlation Coefficients 9,, 


Mode, i n=1 n=2 n=3 
1 1.0 0.8513 0.0247 
2 0.8513 1.0 0.0287 
3 0.0247 0.0287 1.0 


The modal peaks 7, (or 7,,) and 9,, are substituted in 
SRSS and CQC formulas [Eqs. (13.7.3) and (13.7.4) with 
N = 3], specialized for each response quantity, to obtain 
estimates of the peak value of the total response. The exact 
values are available from RHA in Problem 13.26. 
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Table P13.56c 
uy,  (b/2) ug Vy i 
in. in. kips kip-ft 
SRSS 4.133 1.162 34.3 1862 
CQC 4.135 1.149 34.4 1844 
RHA 4.182 1.222 35.6 1899 


Part d: Comments 


The accuracy of both combination rules (SRSS and 
CQC) is good in this case because the two modes that 
contribute to the response have well separated frequencies. 
Both methods are similarly accurate in this case. 
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Problem 13.58 


Solution to this problem closely follows that to 
Problem 13.57; therefore many details are omitted. 


1. Spectral ordinates (from Problem 13.57). 


D, = 9.26in. D, = 8.89in. D; = 4.40in. (a) 
2. Determine peak modal responses. 
From Problem 13.25, 
T, = 0.3350 [, = 0.3414 Ty = -0.0658 (b) 
Displacements: 
Usp ban 
unt = Tn 4Pyn¢ Dn (c) 
Ug, Pen 
Base forces: 
Vorn = fn = 1, ™ On An 
Voyn = Syn = Tm Oyn An (d) 


Ton = fon = Tn (mr*) Bon An 
In Eqs. (c) and (d), substituting for m, r, $,,, 9,, and Og, 
from Problem 13.24, I, from Eq. (b), D, from Eq. (a), and 
w D,, gives the results in Table P13.58a. 


Table P13.58a 


Peak modal responses Peak total response 


6.286 


uy, in. 6.309 6.306 
(b/2)ug, 1.662 1.678 
in. 
V,, kips 56.6 56.6 
V,, kips 52.4 52.3 
T , kip-in - 1996.2 | 2331.4 2357.8 


3. Combine peak modal responses. 


The modal peaks (from Table P13.58a) and 
correlation coefficients p,, (from Table P13.56b) are 


substituted in Eqs. (13.7.3) and (13.7.4) for each response 
quantity to obtain estimates of the peak value of the total 
response. The results obtained by SRSS and CQC methods 
are presented in Table P13.58a. 


4. Determine bending moments in columns. 


Following the solution of Problem 13.57 for each (x 
and y) component of bending moment in each column, the 
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peak values of modal responses and the peak value of total 
response are calculated. The results are summarized in 
Table P13.58b. 


Table P13.58b: Column Moments in kip-in. 


Peak total 
response 


Response Peak modal responses 


-327.4 1357.8 155.5 


1108.1 1405.4 


Mx 1034.5 180.5 | 1054.5 1050.1 
My - 163.7 77.8 | 554.0 702.7 
M,, 844.6 -65.3 | 845.5 847.1 
M., 163.7 -77.8 | 824.2 702.7 
Mx 844.6 -65.3 |} 845.5 847.1 
My, 327.4 1357.8  -155.5 | 1648.4 1405.4 


1034.5 0 180.5 | 1054.5 1050.1 


It is interesting to note that the differences between the 
SRSS and CQC methods only show up in those bending 
moments that have contributions of the first and second 
modes. These modes have closely spaced frequencies and, 
hence, the cross correlation term for these two modes is 
significant. Thus, all moments about the y-axis will be in 
significant error if estimated using the SRSS method. 


Therefore, we conclude that, depending on the 
response quantity selected, the cross-correlation terms may 
or may not be important. 
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Problem 13.59 


L 

1. Data. 
L = 36 in. m = 1.0 kips/g 
E = 30000 ksi I =3.017 in’ 
G = 12000 ksi J = 6.034 in* 


Note: GJ = = El 


2. Natural frequencies and modes. 


y 2 
= = 1° _ 9.00259 KS 
386.4 


[er (30000)(3.017) _ 
mL (0.00259)(36)? 


From Problems 10.28 and 13.27: 


m = 1.0— 


Q, = 0.4834 ce = 54 tae = T, =0.475s 
mL? S 
0.7767 
¢, = +—0.4923 I, = 0.7767 
— 0.3928 
@, = 0.4990 aoe = 13. 66 =e = T, =0.460s 
mL? 
— 0.2084 
@, =4 0.3875 I, = —-0.2084 
— 0.8980 
@, = 1.4827 ae = 40. some = T;=0.155s 
mL? 
0.5943 
3 = 4 0.7794 I’; =0.5943 
0.1984 
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3. Determine correlation coefficients. 


Use Eq. (13.7.10) to compute , for ¢= 0.05: 


By. = = 0.969 P12 = 9.9089 
oP) 
fi = = 0.326 P13 = 0.0061 
Boy = —2- = 0.336 Po3 = 0.0066 
3 
4. Determine spectral ordinates. 
From Fig. 6.9.5: 
Mode 1: 7, =0.475s 
in 


A, = 0.20(2.7lg) = 0.54g = 209— 


Mode 2: T, = 0.460s 


Ay = 0.20(2.71g) = 0.54g = 209— 


a; (13.66)? 
T, =0.155s 


A; = 0.20(2.71g) = 0.54g = 209— 


5. Determine peak modal displacements. 


r 


u, = uy An uy = 5 Pn 
O, 
u, =l,¢,D, (a) 
0.7767 0.7212 
u, = 0.7767 5-0.4923;1.20 = 4-0.4572 
— 0.3928 — 0.3647 
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— 0.2084 0.0488 
u, = —0.20844 0.3975;-1.12 =  +-0.0906 
— 0.8980 0.2100 
0.5943 0.0449 
uz = 0.5943; 0.779470.127 = 0.0589 
0.1984 0.0150 


6. Combine peak modal displacements. 


Using Eqs. (13.7.3) and (13.7.4), the SRSS and CQC 
estimates for the peak displacements of the mass can be 


calculated. These estimates are summarized in the 
following table. 
Displacement CQC rule 


|__ (inches) 


7. Determine peak modal responses. 


(inches) 
0.767 


M xp =M;,A, 


T, =T," A, (b) 


M,, =MS,A 


yn**n 


where M<,, M5, and T," are given in the solution to 
Problem 13.27 as: 


M* =|-0.0773mL, -0.2679mL, 0.3453mL| 
M*, =[-0.9084mL, 0.1437mL, -0.2353mL| 
TS =| 0.9858mL, 0.1242mL, -0.1100mL] 


Substituting numerical values for M"), M ad , T; and A, 


in Eq. (b) gives: 

M , =—1.509 k-in 
M 2. = —-5.228 k-in 
M,;= 6.737 k-in 


My, =-17.725 k-in 
My. = 2.804k-in 
My; =-4.591k-in 


T, = 19.234k-in 
T, = 2.424k-in 
T; =~-2.146k-in 


8. Combine peak modal responses. 


Using Eqs. (13.7.3) and (13.7.4), the SRSS and CQC 
estimates for the peak values of these responses can be 
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calculated. These estimates are summarized in the 
following table. 


CQC rule 
(k - in) 


Response 


SRSS rule 
(k - in) 


18.52 
19.50 


9. Comments. 


Modes 1 and 2 are strongly correlated with each other 
(012=0.9089), but weakly correlated with mode 3. 
Consequently, significant differences between the SRSS 
and CQC estimates should result only when both modes 1 
and 2 contribute significantly to the total response. 
Examining the above results, we see that this is the case. 
Only the SRSS and CQC estimates for the displacement u, 
differ significantly. The effect of modal correlation is less 
pronounced for the other displacements and responses 
either because (1) the contribution from mode 3 is larger 
than that of modes 1 and 2 (e.g. M,) or (2) the 
contributions from modes 1 and 2 are not comparable (e.g. 
Ux, Uy, My and T). 
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Problem 13.60 


L 
1. Data. 
L= 36 in. m = 1.0 kips/g 
E = 30000 ksi I =3.017 in’* 
G = 12000 ksi J = 6.034 in* 


Note: GJ = = EI 


2. Natural frequencies and modes. 


o Kips 1.0 k-s? 
g 38 


~ 6. in 
| a = SEE = 27.3857 
mL (0.00259)(36) 


From Problems 10.28 and 13.28: 


O, = oes4 | EL = 13.24 tad => T, =0.475s 
mL S 
0.7767 
9, = +— 0.4923 T, = -0.4923 
~ 0.3928 
QO, = 0950 | EL = 13.66 724 = T, =0.460s 
mL S 
— 0.2084 
?, = 4 0.3875 I, = 0.3875 
— 0.8980 
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6, aT. S059 es 7 201853 
‘ mL} s 


0.5943 
3 =4 0.7794 
0.1984 


T, =0.7794 


3. Determine correlation coefficients. 
Use Eq. (13.7.10) to compute p,; for ¢= 0.05: 


Bi =—+ = 0.969 (rz, = 0.9089 
QW 

By; =—» = 0.326 (13 = 0.0061 
Q, 

Bu= <2 = 0.336 Dr; = 0.0066 


4. Determine spectral ordinates. 
From Fig. 6.9.5: 
Mode 1: T, =0.475s 


A, = 0.20(2.7lg) = 0.54g = 209— 
S 
— = = 1.12in 
w2 (13.66) 
Mode 3: T3 =0.155s 
in 
A; = 0.20(2.71g) = 0.54g = 209— 
S 
D,= 42 = 7 _ = on27in 
3 (40.59) 
5. Determine peak modal displacements. 
u, =uy A, uy =—* 9, 
son o; (a) 
u, =T 9D, 
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0.7767 ~ 0.4572 
u, = —0.4923 ,-0.492371.20 = 0.2898 
— 0.3928 0.2312 
— 0.2084 — 0.0906 
u, = 0.38754 0.397571.12 = 0.1685 
— 0.8980 — 0.3905 
0.5943 0.0589 
u; = 0.77944 0.7794;0.127 = 0.0772 
0.1984 0.0197 


6. Combine peak modal displacements. 


Using Egs. (13.7.3) and (13.7.4), the SRSS and CQC 
estimates for the peak displacements of the mass can be 


calculated. These estimates are summarized in the 
following table. 
Displacement CQC rule 

! (inches) _| (inches) 

lx 0.544 

u 0.456 

My 0.205 


7. Determine peak modal responses. 


M,, =MSA, My, =My,An T, =T, A, (b) 


where Mx, M5, and T," are given in the solution to 
Problem 13.28 as: 


M* =[ 0.0490mL, 0.4982mL, 0.4528mL] 
M*, =[ 0.5758mL, -0.2672mL, - 0.3086mL] 
T,' =[-0.6248mL, -0.2310mL, -0.1442mL] 


Substituting numerical values for M%, M Fe , T;* and A, 


in Eq. (b) gives: 


M,,= 0.956k-in My, = 11.235 k-in 
M,.= 9.721k-in M y, = 5.214 k-in 
M ,, = 8.835k-in My; =—6.021 k-in 
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T, = -12.191k-in 
T, = -4.507k-in 
T; = —2.814k-in 


8. Combine peak modal responses. 


Using Eqs. (13.7.3) and (13.7.4), the SRSS and CQC 
estimates for the peak values of these responses can be 
calculated. These estimates are summarized in the 


following table. 
SRSS rule 
(kin) 


Response CQC rule 


(k - in) 


13.17 | 
13.77 
13.30 


9. Comments. 


Modes 1 and 2 are strongly correlated with each other 
(012=0.9089), but weakly correlated with mode 3. 
Consequently, significant differences between the SRSS 
and CQC estimates should result only when both modes 1 
and 2 contribute significantly to the total response. 
Examining the above results, we see that this is the case. 
The SRSS and CQC estimates for the displacements u, and 
u, and responses M, and T differ significantly. The effect 
of modal correlation is less pronounced for u, and M, 
because the contributions from modes 1 and 2 are not 
comparable. 
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Problem 13.61 
@, = 1.4827 er = 40.5984 _, 7, =0.155s 
mL S 
0.5943 
¢; =4 0.7794 T; =0.1984 
0.1984 
3. Determine correlation coefficients. 
L 
Use Eq. (13.7.10) to compute p,; for ¢= 0.05: 
a, 
Bx -__= 0.969 Sos P12 = 0.9089 
se) 
1. Data. By; =—+ = 0.326 Pz = 0.0061 
L=36 in. m = 1.0 kips/g 3 
. - 4 
E = 30000 ksi I =3.017 in Boy = —% = 0.336 Po3 = 0.0066 
G = 12000 ksi J = 6.034 in’ 3 


4. Determine spectral ordinates. 
Note: GJ = 4 From Fig. 6.9.5: 
5 


Mode 1: T, =0.475s 
2. Natural frequencies and modes. 


in 
. ae A, = 0.20 (2.71g) = 0.54g = 209 — 
“gees calls uenonsg = s? 
g 386.4 in 
A 209 
D,= —- = ———— = 1.20in 
| EI _ |(30000)3.017) _ .7 3, 1 : @? (13.24)? 
mL? (0.00259)(36)? 
From Problems 10.28 and 13.29: Mode 2: T, =0.460s 
@, = 0.4834 = 4554S ss T, =0.475s A, = 0.20 (2.71g) = 0.54g = 209 < 
mL S s 
0.7767 A 
D, = ele 2 — _ 209 = 1.12in 
g, = 4—0.4923 I, = 0.3928 w? (13.66)? 
eee Mode 3: T; =0.155s 
A; = 0.20(2.71g) = 0.54 = 209 
EI rad s 
@, = 0.4990 ee 13.66— => T,=0.460s ; ; 
S 
i Pees 0 btn 
~ 0.2084 w@} (40.59)? 
¢, =4 0.3875 I, =-0.8980 
— 0.8980 
5. Determine peak modal displacements. 
u,=u%A, ut 29, 
On, (a) 
u, =T,0,D, 
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0.7767 — 0.3647 
u, = —0.3928 ;-0.492371.20 = 0.2312 
— 0.3928 0.1844 
— 0.2084 0.2100 
u, = —0.89804 0.3975-1.12 = 4-0.3905 
— 0.8980 0.9049 
0.5943 0.0150 
u, = 0.1984, 0.7794;0.127 = 0.0197 
0.1984 0.0050 


6. Combine peak modal displacements. 


Using Egs. (13.7.3) and (13.7.4), the SRSS and CQC 
estimates for the peak displacements of the mass can be 
calculated. These estimates are summarized in the 


following table. 
SRSS rule 
(inches) 


0.421 | 


CQC rule 
(inches) 


Displacement 


0.454 
0.923 


7. Determine peak modal responses. 


M,, =MSA 


xn‘*n My, =My,An T,, =T," A, (b) 


where M>,, M5, and T," are given in the solution to 
Problem 13.29 as: 


M* =[ 0.0391mL, -1.1544mL, 0.1153mL] 


M$ =| 0.4594mL, 0.6192mL, —0.0786mL] 


TS =[-0.4985mL, 0.5352mL, —0.0367mL] 


Substituting numerical values for Mz, M),, 7," and A, 


in Eq. (b) gives: 


M,,= 0.763k-in M,y,= 8.963k-in 
M ,2 = —22.524k-in My. = 12.082 k-in 
M,3,= 2.249k-in M,;= ~1.533k-in 
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T, = -9.726k-in 
T, = 10.442k-in 
T; = -0.716k-in 


8. Combine peak modal responses. 


Using Eqs. (13.7.3) and (13.7.4), the SRSS and CQC 
estimates for the peak values of these responses can be 
calculated. These estimates are summarized in the 
following table. 


SRSS rule 
(k-in) 


22.65 


15.12 
14.29 


CQC rule 
(k - in) 


Response 


9. Comments. 


Modes 1 and 2 are strongly correlated with each other 
(012=0.9089), but weakly correlated with mode 3. 
Consequently, significant differences between the SRSS 
and CQC estimates should result only when both modes 1 
and 2 contribute significantly to the total response. 
Examining the above results, we see that this is the case. 
The SRSS and CQC estimates for the displacements u, and 
uy and responses M, and T differ significantly. The effect 
of modal correlation is less pronounced for u, and M, 
because the contributions from modes 1 and 2 are not 
comparable. 
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Problem 13.62 3. Determine correlation coefficients. 


Use Eq. (13.7.10) to compute 9, for ¢= 0.05: 


@ 
By. =—- = 0.969 “Py = 0.9089 
0) 
B, = + =0.326 Pr, = 0.0061 
L 13 0, 5 ie 13 : 
QW 
Bo; =— = 0.336 ats P23 = 0.0066 
QD, 
1. Data. 4. Determine spectral ordinates. 
: ; From Fig. 6.9.5: 
L= 36 in. m= 1.0 kips/g 
Mode 1: T, =0.475s 
E = 30000 ksi I =3.017 in’ 
in 
G = 12000 ksi J = 6.034 in’ P= ee Netee hs = OE ae 
A 209 
Nets: Gy = Br D, = > = —— > = 1.20in 
5 w? (13.24) 
2. Natural frequencies and modes. Mode 2: T, =0.460s 
: 2 
sf QPS ee tO. = 00756 in 
g 386.4 in A, = 0.20(2.71g) = 0.548 = 209 — 
S 
ee ee 
a eee) * @2 (13.66)? 
From Problems 10.28 and 13.30: 
Mode 3: T; =0.155s 
@, = 0.4834 — = 13.24 = 7 =0475s _ 
mL : A; = 0.20(2.71g) = 0.54g = 209— 
0.7767 s 
= {—0.4923 I, =-0.0626 A 
? 1 D; = 3 = gn Oe = 0.127 in 
— 0.3928 w? (40.59)? 
@, = 0.4990 | = = 3.66 rad = T, =0.460s 5. Determine peak modal displacements. 
te zak 
— 0.2084 u, =u, A, Un =—>n 
0.3875 ae: 
¢,=4 0. Tr, =-0.4150 ion aD. 
— 0.8980 
@, = 1.4827 — = 40.5984 _, T; =0.155s ie paviaaa 
mL s u, = —0.0626 }-0.4923+1.20 = { 0.0368 
0.5943 — 0.3928 0.0294 
¢; =4 0.7794 IT; = 0.9077 
0.1984 
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— 0.2084 0.0971 
u, = —0.41504 0.3975;1.12 = 4-0.1805 
— 0.8980 0.4182 
0.5943 0.0686 
u; = 0.90774 0.7794;0.127 = 0.0899 
0.1984 0.0229 


6. Combine peak modal displacements. 


Using Eggs. (13.7.3) and (13.7.4), the SRSS and CQC 
estimates for the peak displacements of the mass can be 
calculated. These estimates are summarized in the 


following table. 
SRSS rule 
(inches) —s {|__ 


0.132 


CQC rule 
(inches) 


Displacement 


0.205 
0.420 


7. Determine peak modal responses. 


Mj, =MiA 


xn‘*n M,, =M jn An ce aT A. (b) 


where M*,, My, and T," are given in the solution to 
Problem 13.30 as: 


M* =[ 0.0062mL, -0.5335mL, 0.5273mL] 


M* =| 0.0732mL, 0.0262mL, —0.03594mL] 

T' =[-0.0794mL, 0.2474mL, -0.1680mL] 
Substituting numerical values for My,, Mj,, T,' and A, 
in Eq. (b) gives: 

My= 0.122k-in M,, = 1.428k-in 


M,. =-10.410k- in 
M,3 = 10.289k-in 


My. = 5.584k-in 
M,3; =-7.012k-in 


T, = -1.549k-in 
T, = 4.826k-in 
T; = -3.277k-in 


8. Combine peak modal responses. 


Using Eqs. (13.7.3) and (13.7.4), the SRSS and CQC 
estimates for the peak values of these responses can be 
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14.64 


9.08 


calculated. These estimates are summarized in the 
following table. 
Response SRSS rule CQC rule 
(k - in) | _(k-in) 


14.51 


9. Comments. 


Modes 1 and 2 are strongly correlated with each other 
(A\2=0.9089), but weakly correlated with mode 3. 
Consequently, significant differences between the SRSS 
and CQC estimates should result only when both modes 1 
and 2 contribute significantly to the total response. 
Examining the above results, we see that this is the case. 
The SRSS and CQC estimates for the displacement u, and 
response T differ significantly. The effect of modal 
correlation is less pronounced for the other displacements 
and responses either because (1) the contribution from 
mode 3 is larger than that of modes 1 and 2 (e.g. M,) or (2) 
the contributions from modes 1 and 2 are not comparable 
(e.g. uy, u, and M, ). 
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Problem 13.63 


1. Data. 
L= 36 in. 
E = 30000 ksi 
G = 12000 ksi 


Note: GJ = = El 


m= 1.0 kips/g 
I =3.017 in* 
J = 6.034 in* 


2. Natural frequencies and modes. 


one. = 


m= 


1.0 
g 386.4 


k-s? 


In 


= 0.00259 


| EL __ |(30000)3.017) _ 47.35 -1 
mL? (0.00259)(36)? 


From Problems 10.28 and 13.27: 


Q, = 0.4834 peas 
mL? 


0.7767 
¢, = 4-0.4923 
~ 0.3928 


@, = 0.4990 — 
mL 


0.2084 
¢, =4 0.3875 
~ 0.8980 


ow, = 1.4827 |e 
mL? 


0.5943 
3; =4 0.7794 


rad 


= 13.24— = T,=0475s 
S 


T, = 0.7767 


rad 


= 13.66—— = T, =0.460s 
S 


I, = -0.2084 


rad 


= 4059-— = T,=0.155s 
S 


T; =0.5943 
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3. Determine correlation coefficients. 


Use Eq. (13.7.10) to compute ;, for ¢= 0.05: 


Biz = — + = 0.969 frp = 0.9089 
D2 
@ 

Biz =— = 0.326 P13 = 0.0061 
QM 
@ 

Bo3 = —- = 0.336 Po, = 0.0066 


3 


4. Determine spectral ordinates. 
From Fig. 6.9.5: 
Mode 1: T, =0.475s 


A, = 0.20(2.71g) = 0.54g = 209 — 
S 


Ay 209 


D=— = ——. 
‘ @2 (13.24)? 


= 1.20in 


Mode 2: T, =0.460s 


A, = 0.20(2.71g) = 0.54g = 209 — 


Mode 3: T; =0.155s 


A, = 0.20(2.71g) = 054g = 209— 
S 
A 
Dee eee = 0.127 in 
03 (40.59) 


5. Determine modal static responses for Mz. 


The bending moment, M,,, about an axis oriented at an 
angle @=30° counterclockwise from the x-axis can be 
expressed in terms of the bending moments, M, and M, , 
about the x and y axes as: 
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M, =(M2,+M2,+M2,)2 
= 11.21k-in 


(b) CQC rule 


Using Eq. (13.7.4), the CQC estimate for the peak 
value of M, can be calculated : 


Mg = (Ma + Man + M G3 +20 1.M aM an 
M,=M, cosa+M, sing 
4 0.866M , +0.500M , +20,3M MQ; +20 03M aoM 93)” 
Therefore, = 13.52 k-in 


8. Comments. 
M a» = 0.866M ,,, +0.500M on 


Because modes 1 and 2 are strongly correlated 
= (0.866M es +0.500M vn )A, (a) (012 = 0.9089) and both contribute significantly to the total 
response, the SRSS and CQC estimates differ significantly. 

=MSA, 


Thus, 


M op, = 0.866M ¥, +0.500M 5, where M2 and M5, 


are given in the solution to Problem 13.27: 


MS =-0.0773mL = M “i, =-0.9085mL 


M yo =—0.2680mL = M35 = 0.1438mL (b) 
M 33 = 0.3453mL = M 53 = -0.2353mL 


Equation (a), after substituting Eq. (b) becomes 
M3 =-0.5212mL 
M %, =-0.1602mL 
M 3, = 0.1814mL 


6. Determine peak modal responses M on, 


The peak values, Ma, of the modal contributions 
M,,(t) to response M, are determined next 


M gy = —0.5212 mLA,; =~-10.17 k-in 

M a2 = —0.1602 mLA, =-3.13k-in 

M g3 = 0.1814 mLA, = 3.54k-in 
7. Combine peak modal responses. 


(a) SRSS rule 


Using Eq. (13.7.3), the SRSS estimate for the peak 
value of Mz, can be calculated: 
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Problem 13.64 


1. Data. 
L= 36 in. m = 1.0 kips/g 
E = 30000 ksi I =3.017 in‘ 
G = 12000 ksi 


J = 6.034 in* 
4 
Note: GJ = a 


2. Natural frequencies and modes. 


3 2 
eee eo tO = pose 
g 386.4 in 


| EI __ |(30000)(3.017) _ eee 
mL (0.00259)(36)? 


From Problems 10.28 and 13.28: 
EI rad 


Q, = 0.4834 ss 13.244——- => T, =0.475s 
mL S 
0.7767 
P, = 4 —0.4923 T, = 0.4923 
— 0.3928 
QO, = 0.4990 = = 13.66 2° = T, =0.460s 
mL S 
— 0.2084 
$, =4 0.3875 I, = 0.3875 
— 0.8980 
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@; = 1.4827 a = 40.5984  7,=0.155s 
m S 


0.5943 
3 =4 0.7794 
0.1984 


I, =0.7794 


3. Determine correlation coefficients. 


Use Eq. (13.7.10) to compute ,, for ¢= 0.05: 


Qo 

By. =—> = 0.969 Py = 0.9089 
np) 
0) 

By; =—- = 0.326 P13 = 0.0061 
; 
“3 | 

Boy =—* = 0.336 Po3 = 0.0066 


3 


4. Determine spectral ordinates. 
From Fig. 6.9.5: 


Mode 1: T, =0.475s 


A = 0.20(2.71g) = 0.54g = 209— 
S 
A 
Dj=—> = — = 1.20in 
w? (13.24) 
Mode 2: T, =0.460s 
Ay = 0.20(2.71g) = 0.54g = 209 — 
S 
A 2 
2=— = as = 1.12in 
w2 (13.66) 
Mode 3: 7; =0.155s 
A, = 0.20(2.71g) = 0.54g = 209— 
S 
A 
;=— = ew 5 0 7 in 


5. Determine modal static responses for Mg. 


The bending moment, M,, about an axis oriented at an 
angle a@=30° counterclockwise from the x-axis can be 
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expressed in terms of the bending moments, M, and M, , 7. Combine peak modal responses. 
about the x and y axes as: (a) SRSS rule 


Using Eq. (13.7.3), the SRSS estimate for the peak 
value of M, can be calculated: 


2 2 
M, = (u2,+M2,+M2, 


= 9.84k-in 
(b) CQC rule 


Using Eq. (13.7.4), the CQC estimate for the peak 
Mg =M,cosa+My sina value of M, can be calculated : 


= 0.866M , +0.500M , Mg = (Mi, +My + M35 4+202.M gM gy 

Therefore, +20..M..M 2 A 
P13M gM 93 + 223M aM g3) 

M om, = 0.866M yp, +0.500M yy = 12.87 k-in 


os! st st 
= (0.866M ,,, + 0.500M ,,, )A, 8. Comments. 


=M< A, Because modes 1 and 2 are strongly correlated 

(012 = 0.9089) and both contribute significantly to the total 

Thus, response, the SRSS and CQC estimates differ significantly. 
M %, =0.866M = +0.500M ad (a) 


where M* and M a are given in the solution to Problem 
13.28: 


M3 = 0.0490mL My = 0.5758mL 
M yo = 0.4982mL = =-M yy =-0.2672mL (b) 


M33 = 0.4528mL = M*, = -0.3086mL 
Equation (a), after substituting Eq. (b) becomes 


M = 0.3303mL 


M & = 0.2978mL 
M 3 = 0.2378mL 


6. Determine peak modal responses M an, 


The peak values, Mg, of the modal contributions 
M,,(t) to response M, are determined next 


M q = 0.3303 mLA, = 6.45k-in 
M 


0.2978 mLA, = 5.81k-in 


a2 


M 


a3 


0.2378 mLA, = 4.64k-in 
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Problem 13.65 


1. Data. 
L = 36 in. m = 1.0 kips/g 
E = 30000 ksi I =3.017 in* 
G = 12000 ksi J = 6.034 in’ 
4 
Note: GJ = 3 EI 


2. Natural frequencies and modes. 


. 2 
kips _ 1.0 = 0.00259 k-s 
g 386.4 in 


EI (30000)(3.017) 
a ee 7 
mL? (0.00259)(36)? 


From Problems 10.28 and 13.29: 


@, = 94934 JA. 213.94 = 7 20478 
mL? s 


m = 1.0 


3857 


0.7767 
g, = 1— 0.4923 IT, =—0.3928 
— 0.3928 
QO, = 0550 | = i966 = T,=0.460s 
mL S 
— 0.2084 
$, = 5 0.3875 I’, = -0.8980 
— 0.8980 
03 = .asar [BL = 40.59 tad => T;=0.155s 
mL s 
0.5943 
93 = 4 0.7794 I, = 0.1984 
0.1984 
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3. Determine correlation coefficients. 


Use Eq. (13.7.10) to compute , for ¢= 0.05: 


a) 
Biz =—- = 0.969 P12 = 0.9089 
D2 
Qo 
B,3 =—> = 0.326 P13 = 0.0061 
QD; 
D2 
B23 =——~ = 0.336 P23 = 0.0066 
QD; 
4. Determine spectral ordinates. 
From Fig. 6.9.5: 
Mode 1: 7, = 0.475 s 
in 


Mode 2: T, =0.460s 


Ay = 0.20(2.7lg) = 054g = 209— 
S 


5. Determine modal static responses for My. 


The bending moment, M,, about an axis oriented at an 
angle @=30° counterclockwise from the x-axis can be 
expressed in terms of the bending moments, M, and M,, 
about the x and y axes as: 
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7. Combine peak modal responses. 
(a) SRSS rule 


Using Eq. (13.7.3), the SRSS estimate for the peak 
value of M, can be calculated: 


M, =(M2,+M2,+M2,V? 


M, 
= 14.46 k-in 
M,=M,cosa+M, sina (b) CQC rule 
= 0.866M , +0.500M , Using Eq. (13.7.4), the CQC estimate for the peak 
value of M, can be calculated : 


Therefore, . 2 2 2 
M, =(Ma +M og +M ay +2P12M aM a2 


M om = 0.866M 4, +0.500M ,, y 
+ 213M aM 93 +2923M a.M g3)/* 
= (0.866M “ +0.500M *1)A, 


=9.12k-in 
=M>A, 
om 8. Comments. 
Thus, Because modes 1 and 2 are strongly correlated 
(012 = 0.9089) and both contribute significantly to the total 
f t 
M om = 0.866M ;, +0.500M ts (a) response, the SRSS and CQC estimates differ significantly. 


where Mi and M oe are given in the solution to Problem 
13.29: 


My = 0.0392mL My = 0.4593mL 
My. =-1.1544mL = My, 
Ms 


il 
It 


0.6192mL (b) 
O.1152mL My; =-0.0785mL 


Equation (a), after substituting Eq. (b) becomes 
Mx, = 0.2635mL 
M & = —0.6901mL 


st 
M a3 


0.0605mL 


6. Determine peak modal responses M an. 


The peak values, Ma,, of the modal contributions 
M,.(t) to response M,, are determined next 


My = 0.2635 mLA, = 5.14k-in 
M a2 = —0.6901mLA, =-13.47k-in 
Ma, = 0.0605 mLA, = 1.18k-in 
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Problem 13.66 @, = 1.4827 FI _ ggso tt T; =0.155s 
mL s 
0.5943 
g, =4 0.7794 I; = 0.9077 
0.1984 


3. Determine correlation coefficients. 


Use Eq. (13.7.10) to compute p, for ¢= 0.05: 


By =—- = 0.969 “Piz = 0.9089 
W2 
1. Data. 
@ 
L=36 in. m = 1.0 kips/g : Bae om = 0.326 “P13 = 0.0061 
3 
= 30000 ksi I =3.017 in’ 
° By, =—> = 0.336 *. Pyy = 0.0066 
@ 
G = 12000 ksi J = 6.034 in’ 3 


4. Determine spectral ordinates. 


4 
Note: GJ = eos From Fig. 6.9.5: 


2. Natural frequencies and modes. Mode 1: T, =0.475s 


‘ 2 
m = 10828 = 19 ~ ooors9 £3 


g 386.4 in 
ee _ |(30000)(3.017) _ 4739.41 D, = 2 = os = 1.20in 
mL? (0.00259)(36)° O; (13.24) | 


Mode 2: T, =0.460s 


A, = 0.20(2.71g) = 0.54g = 209— 
S 


From Problems 10.28 and 13:30: 


in 
A, = 0.20(2.7lg) = 0.54g = 209 — 
@, = 0.4834 EE Sao ey T, =0.475s : 52 
mL? S 
0.7767 yk PE ee Sa is 
wo (13.66)? 
¢, = 1—-0.4923 T, = 0.0626 2 
—0.3928 
7 d Mode 3: 7; =0.155s 
W, = 0.4990 | AL = 13.66-— = T, =0.460s | 
m S in 
A, = 0.20(2.7lg) = 0.54g = 209 — 
0.2084 3 . a 
¢, =4 0.3875 T, =-0.4150 
; — 0.8980 D;= Biya > = 0.127 in 
w? = (40.59) 


5. Determine modal static responses for Mg 


The bending moment, M,, about an axis oriented at an 
angle @=30° counterclockwise from the x-axis can be 
expressed in terms of the bending moments, M, and M,, 
about the x and y axes as: 
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M,=M,cosa@+M, sing 
= 0.866M , + 0.500M , 
Therefore, 
M ~», = 0.866M ,,, + 0.500M ,, 


= (0.866M % +0.500M *)A, 


nm 


=MaA, 
Thus, 
M @, = 0.866M 5, + 0.500M 5, (a) 


where M*, and M5, are given in the solution to Problem 
13.30: 


My = 0.0062mL My = 0.0731mL 
M 5 =-0.5335mL = M% = 0.2862mL (b) 
My, = 0.5273mL M5; =-0.3593mL 


Equation (a), after substituting Eq. (b) becomes 

M3 = 0.0420mL 
M % = —0.3190mL 
MX, = 0.2770mL 


6. Determine peak modal responses Mn. 


The peak values, Mj, of the modal contributions 
Mona(t) to response M, are determined next 


Ma, = 0.0420 mLA, = 0.82k-in 
M gy = —0.3190 mLA, =-6.22k-in 
Ma; = 0.2770mLA, = 5.40k-in 
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7. Combine peak modal responses. 
(a) SRSS rule 


Using Eq. (13.7.3), the SRSS estimate for the peak 
value of M, can be calculated: 


2 2 2 
Ma =(v2,+M ,+M3,)? 


a 


= 8.28 k-in 


(b) CQC rule 


Using Eq. (13.7.4), the CQC estimate for the peak 
value of M,, can be calculated : 


M,= (Md, +Mé, +M 3; +2012M aM ao 


+2013M Ma; + 2005M a2M os) 
= 7.68 k-in 


8. Comments. 


The contributions to the total response from modes 2 
and 3 are much larger than the contribution from mode 1. 
Because modes 2 and 3 are only weakly correlated (03 = 
0.0066), the SRSS and CQC estimates do not differ 
significantly. 
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Problem 13.67 


1. Data. 
L = 36 in. m= 1.0 kips/g 
E = 30000 ksi I =3.017 in’ 
G = 12000 ksi J = 6.034 in* 
4 
Note: GJ = = EI 
2. Natural frequencies and modes. 
2 
wo o<10 goose: 
g 386.4 in 
-1 


a _ (30000)(3.017) = 2738s 
V mL (0.00259)(36)? 
From Problems 10.28 and 13.27: 


@, = 0.4834 ee aaa: ov eos: 
mL S 


0.7767 
?, = 4-0.4923 
~ 0.3928 


T, = 0.7767 


@, = 0.4990 j= 19 66 es. FeO aS 
mL S 


0.2084 
I, =-0.2084 
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E 
o, = 14927 |£L. = 405074 2 7, =0.155s 
mL S : 


0.5943 
3 =4 0.7794 
0.1984 


T; =0.5943 


3. Determine correlation coefficients. 


Use Eq. (13.7.10) to compute , for ¢= 0.05: 


@ 

By, =—- = 0.969 Py =0.9089 
QW 
@ 

By; =—- = 0.326 P13 = 0.0061 
QW, 
@ 

Boy = = 0.336 P23 = 0.0066 


3 


4. Determine spectral ordinates. 
From Fig. 6.9.5: 
Mode 1: T, =0.475s 


A, = 0.20(2.7lg) = 0.54g = 209 
S 
A 
(poe = = 1.20in 
@; (13.24) 
Mode 2: T, =0.460s 
in 
A, = 0.20(2.71g) = 0.54g = 209— 
S 
A 
2=—% ae = 1.12in 
w; — (13.66) 
Mode 3: T; =0.155s 
in 
As = 0.20(2.71g) = 0.54g = 209 — 


Az; _ 2090 | 
w; (40.59)? 


3 = 


5. Determine modal static responses for Mg. 


The bending moment, M,, about an axis oriented at 
an angle @ counterclockwise from the x-axis can be 
expressed in terms of the bending moments, M, and M,, 
about the x and y axes as: 
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My 


My, =M,cosa+M, sing 
Therefore, 
M on = M x, COSa+M y, sina 


= st St a: 
= (M,,, cosa+M ,, sina@)A, 


ro St 
= M.A, 
Thus, 
st st st _- 
Mg, = My, cosa+My, sina (a) 


where M ¢, and M 5) are given in the solution to Problem 
13.27: 


M$ =-0.0773mL  M* =-0.9085mL 
M*, = 0.1438mL (b) 


M 5; = —0.2353mL 


M %, =-0.2680mL 

M*, = 0.3453mL 
Equation (a), after substituting Eq. (b) becomes 

M &, = (-0.0773 cos @ — 0.9085 sin a)mL 

M 3, = (-0.2680cos @ + 0.1438 sin @)mL 

M 3, = (0.3453cos @—0.2353 sin @)mL 
6. Determine peak modal responses M on, 


The peak values, M,,, of the modal contributions 
M,,\t) to response M, are determined next 


M q =[(-0.0773 cos & — 0.9085 sin @) mL]A, 
=-1.51lcos@-17.73sina@ 

M a2 ={(-0.2680 cos a + 0.1438 sin @) mL]A, 
=-5.23cos@+2.80sin a 

M a3 =[(0.3453 cos & — 0.2353 sin @) mL]A; 


=6.74cos@—4.59 sina 
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7. Combine peak modal responses. 
(a) SRSS rule 
Using Eq. (13.7.3), the SRSS estimate for the peak 


value of M, can be calculated: 
Ma = (Md +Mi +MY? 
= [(-1.51cos@-17.73sin a)’ 
+(-5.23cos @ +2.80sin a)? (c) 
+ (6.74 cos a — 4.59 sin a)? 2 
= (4 sin* a+ Bsina@cosa+C cos” ay 
where 
A=343.12k-in B=-37.70k-in C=75.00k:in 
(b) CQC rule 


Using Eq. (13.7.4), the CQC estimate for the peak 
value of M,, can be calculated : 


Mg = (Ma + Mon + M3 +2012M aM a2 
+2013M gM g3 + 223M a2M as)” (d) 
= (Asin? a@+Bsinacosa@+C cos? oy 
where 
A=253.59k-in B=122.25k-in C=88.75k-in 
8. Determine maximum of M, over a. 


To find the value of @ corresponding to the maximum 
value of M, , solve 

dM , 

da 


=0 for @ 


dM _ 1 2(A—C)sinacosa+ B(cos* asin? @) 
da 2 V Asin? w+Bsinacosa+Ccos? @ 
1 (A-C)sin2@~+ Bcos2a@ 


2 V Asin? a+Bsinacosa+Ccos* a 


Therefore, the maximum value of M, occurs for @ that 
satisfies 


(A-—C)sin2@ + Bcos2a =0 
Hence, 


tan Tr ee (e) 
A-C 
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(a) SRSS rule 
Substituting A, B and C from Eq. (c) into Eq. (e) gives 


tan 2@ = 0.1406 


a= : tan 1(0.1406) = 0.0698 rad, —1.5010 rad 


The two values of @ obtained correspond to the maximum 
and minimum values of M,. The value of a corresponding 
to the maximum value of M,. can be ascertained by 
substituting each value of @ into Eq. (c) 


for @= 0.0698 rad, M,= 858k-in 
for @ =—1.5010 rad, M, =18.56k-in 


Thus, the peak value of M, estimated by the SRSS 
combination rule is M,= 18.56 k-in about an axis oriented 
1.5010 rad (86.0°) clockwise from the x-axis. 


(b) CQC rule 
Substituting A, B and C from Eq. (d) into Eq. (e) gives 
tan 2a = —0.7416 


a == tan" (-0.7416) =—-0.3191 rad, 1.2517 rad 


for @ =— 0.3191 rad, M,= 8.28k-in 
for @= 1.2517 rad, M, =16.55k-in 


Thus, the peak value of M, estimated by the CQC 
combination rule is M,= 16.55 k-in about an axis oriented 
1.2517 rad (71.7°) counterclockwise from the x-axis. 


9. Comments. 


Modes 1 and 2 are strongly correlated (0,2 = 0.9089); 
hence, the CQC estimate, which accounts for this 
correlation, is expected to be more accurate than the SRSS 
estimate. Note that the SRSS and CQC estimates for the 
peak value of M, differ by 11.4%. The values of a 
predicted by the two combination rules differ by 14.3°. 
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Problem 13.68 


1. Data. 
L = 36 in. m = 1.0 kips/g 
E = 30000 ksi I =3.017 in‘ 
G = 12000 ksi J = 6.034 in‘ 


Note: GJ = 4 
5 
2. Natural frequencies and modes. 


2 
= = 1° _ goors9 *:3 
~ 386.4 


[ EI (30000)(3.017) _ 
me (0. (0.00259)(36)? 


From Problems 10.28 and 13.28: 


m = 1.0—— 


ET rad 


Q@, = 0.4834 = 13.244— = T, =0475s 
mL? S 
0.7767 
g, = 1-0.4923 T, =-0.4923 
— 0.3928 
@, = 0.4990 os sipeg ee ts T> = 0.460 s 
m ) 
— 0.2084 
¢, =4 0.3875 Ty = 0.3875 
- 0.8980 
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@3, = 1.4827 vee = = 40.598 => T,=0.155s 
mL 
0.5943 
Q, = 4 0.7794 I; =0.7794 
0.1984 


3. Determine correlation coefficients. 


Use Eq. (13.7.10) to compute p,; for ¢= 0.05: 


@ 
By, =— = 0.969 P12 = 0.9089 
QM 
fy, =— = 0.326 3 = 0.0061 
3 


7 


4. Determine spectral ordinates. 


From Fig. 6.9.5: 


Mode 1: 7, =0.475s 
A; = 0.20(2.71g) = 054g = 209 
s 
A 
A 1 =. __209 = 1.20in 


Mode 2: T, =0.460s 


Ay = 0.20(2.7lg) = 0.54g = 209% 
wo? (13.66)? 
Mode 3: T; =0.155s 


A; = 0.20(2.71g) = 054g = 209-—— 


5. Determine modal static responses for Mg. 


The bending moment, M,,, about an axis oriented at an 
angle @ counterclockwise from the x-axis can be expressed 
in terms of the bending moments, M, and M,, about the x 
and y axes as: 
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M,=M,cosa+M, sing 
Therefore, 
M om, = M ,, cosa+M ,, sing 


= st Sto: 
= (M ,, cosa+M,, sin @)A, 


can St 
A M on An 
Thus, 
Ma, = Mz, cosa@+M >, sina (a) 


where My, and M >, are given in the solution to Problem 
13.28: 


My, = 0.0490mL MS = 0.5758mL 
M yy = 0.4982mL = -M%, =-0.2672mL 


M<, = 0.4528mL 


(b) 
M 5, = —0.3086mL 


Equation (a) after substituting Eq. (b) becomes 
M & = (0.0490 cos a@ + 0.5758 sin @)mL 
M Sp = (0.4982 cos a — 0.2672 sin @) mL 


M 3; = (0.4528 cos @ — 0.3086 sin @) mL 


6. Determine peak modal responses Mom, 


The peak values, Mon, of the modal contributions 
M,,\t) to response M,, are determined next 


M q =[(0.0490 cos a + 0.5758 sin @) mLJA, 
= 0.96 cos @+11.23 sing 

M a2 ={(0.4982 cos a — 0.2672 sin @) mL]A, 
=9.72cosa@—5.21sina@ 

M a3 ={(0.4528 cos a — 0.3086 sin @) mLI]A, 
= 8.83cos @—-6.02 sina 


7. Combine peak modal responses. 
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(a) SRSS rule 
Using Eq. (13.7.3), the SRSS estimate for the peak 
value of M, can be calculated: 
Ma = (M2 +Mz,+M3) 
= [(0.96 cos @+11.23sin a)? 
+ (9.72 cos @—5.21sin a)” (c) 
+ (8.83 cos @—6.02 sin ay V2 


= (4 sin? a+Bsinacosa@+Ccos” ay? 


where 
A=189.66k-in B=-186.27k-in C=173.46k-in 
(b) CQC rule 


Using Eq. (13.7.4), the CQC estimate for the peak 
value of M, can be calculated : 


Ma = (Mn+ Min + M3, +202MaM or 
+ 223MM 93 + 2023M 2M wa? (d) 
= (Asin?a@ + Bsinacosa@ + Ccos? oy? 
where 
A=82.75k-in B=2.97k-in C=191.60k-in 
8. Determine maximum of Mg over i. 


To find the value of @ corresponding to the maximum 
value of M, , solve 


dM 


—=(0 for a 

da 

dM. _ 1 2(A—C)sin @cos a+ B(cos” a—sin? a) 
da 2 V Asin? a+ Bsinacosa+Ccos? a 


(A-C)sin 2@+ Bcos 2a 


1 
2. 2 : 2 
V Asin a+Bsina@cosa+Ccos* a 


Therefore, the maximum value of M, occurs for @ that 
satisfies 


(A-C)sin2@ + Bcos2a =0 


Hence, 


—-B 
tan2@ =———- e 
Fi (e) 
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(a) SRSS rule 
Substituting A, B and C from Eq. (c) into Eq. (e) gives 
tan 2@ =11.5000 


a= : tan (11.5000) = 0.7420 rad, -0.8288 rad 


The two values of q@ obtained correspond to the 
maximum and minimum values of M,. The value of @ 
corresponding to the maximum value of M, can be 
ascertained by substituting each value of @ into Eq. (c) 


for @= 0.7420 rad, M,= 9.38k-in 
for a = —0.8288 rad, M, =16.58 k-in 


Thus, the peak value of M, estimated by the SRSS 
combination rule is M,,= 16.58 k-in about an axis oriented 
0.8288 rad (47.5°) clockwise from the x-axis. 


(b) CQC rule 
Substituting A, B and C from Eq. (d) into Eq. (e) gives 
tan 2a = 0.0273 


a= : tan! (0.0273) =0.0136 rad, -—1.5572 rad 


for @= 0.0136 rad, M, = 13.84k-in 
for @ =—1.5572 rad, M,= 9.10k-in 


Thus, the peak value of M, estimated by the CQC 
combination rule is M,= 13.84 k-in about an axis oriented 
0.0136 rad (0.78°) counterclockwise from the x-axis. 


9. Comments. 


Modes 1 and 2 are strongly correlated (0,2 = 0.9089); 
hence, the CQC estimate, which accounts for this 
correlation, is expected to be more accurate than the SRSS 
estimate. Note that the SRSS and CQC estimates for the 
peak value of M, differ by 18.0%. The values of o 
predicted by the two combination rules differ by 46.7°. 
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Problem 13.69 3. Determine correlation coefficients. 


Use Eq. (13.7.10) to compute p, for ¢= 0.05: 


o 
Bi. =—+ = 0.969 “ P1_ = 0.9089 
2 
L Q 
fy; =—- = 0.326 “P13 = 0.0061 
3 
@ 
Bo, =—* = 0.336 ". Po3 = 0.0066 
1. Data. o: 
L= 36 in. m = 1.0 kips/g 4. Determine spectral ordinates. 
E = 30000 ksi I =3.017 in* iacaaee eee, 
Mode 1: T, =0.475s 
G = 12000 ksi J = 6.034 in‘ 
A; = 0.20(2.71g) = 0.54g = 209 12 
Note: GJ = = El : s? 
A 209 ' 
2. Natural frequencies and modes. D, = el = (13.24) = 1.20in — 
ki : : 
moe Ee pomss 
g 386.4 in Mode 2: T, =0.460s 
EI | (30000)(3.017) “1 
—- = | -——_——_ = 27.385 = = = cao 
ee (0.00259)(36)3 A, = 0.20(2.71g) = 0.54g = 209 2 
From Problems 10.28 and 13.29: Ay 209 
D,=—> = 5 = 1.12in 
Ei a > (13.66) 
@, = 0.4834 ee 13.24—— => T, =0.475s 
mL 7 Mode 3: T; =0.155s 
0.7767 
o, = 4— 0.4923 T’, = —0.3928 A, = 0.20(2.7lg) = 0.54g = 209 12 
~ 0.3928 s” 
A3 209 
EI D3 = —> = —— = 0.127 i 
@, = 0.4990 _s 295660 <3 T, =0.460s > @? (40.59)? = 
mL S 
— 0.2084 5. Determine modal static responses for Mg 
$2 =) 0.3875 DP, = —0.8980 The bending moment, M,,, about an axis oriented at an 
— 0.8980 angle @ counterclockwise from the x-axis can be expressed 
in terms of the bending moments, M, and M,, about the x 
@, = 1.4827 eee = 405984 = 7, =0.155s aa 
mL S 
0.5943 
?; =4 0.7794 I; = 0.1984 
0.1984 
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My, =M,cosa+M, sina 


Therefore, 


M om, = M ,, Cosa+M y, sina 


n 


= (My, cosa+M 5, sina)A, 


~— st 
=MoAn 
Thus, 
st st Stas 
M om = M;, cosa+My, sina (a) 


where M* and M ea are given in the solution to Problem 


13.29: 
My = 0.0392mL M>, = 0.4593mL 
My, =-1.1544mL M3, = 0.6192mL (b) 


0.1152mL 


M* M 53 = -0.0785mL 


Equation (a) after substituting Eq. (b) becomes 
M &, = (0.0392 cos @ + 0.4593 sin a) mL 
M & = (-1.1544 cos @+ 0.6192 sin @)mL 
M 3, = (0.1152 cos @ — 0.0785 sin @)mL 


6. Determine peak modal responses M on, 


The peak values, Ma,, of the modal contributions 
M(t) to response M,, are determined next 


M q =[(0.0392 cos @ + 0.4593 sin @) mL]A, 
= 0.76 cos a@+8.96sin a 

M a2 =[(-1.1544 cos @ + 0.6192 sin @) mL]A, 
= —22.52. cos @+12.08 sin a 

M a3 =[(0.1152 cos @ - 0.0785 sin @) mL]A, 


=2.25cosa—1.53sina 


147 


7. Combine peak modal responses. 
(a) SRSS rule 
Using Eq. (13.7.3), the SRSS estimate for the peak 


value of M, can be calculated: 
Ma =(M2,+M2,+M2,/? 
= [(0.76 cos @ +8.96 sin a)” 
+ (-22.52 cos @ +12.08 sin a)” (c) 
+ (2.25 cos a@—1.53sin a)? Va 


= (4 sin? a+Bsinacosa@+Ccos” ay? 


where 
A=228.65k-in B=-537.47k-in C=512.97 k:in 
(b) CQC rule 


Using Eq. (13.7.4), the CQC estimate for the peak 
value of M, can be calculated: 


Mg = (My +M 2 +M G3 +202M aM ar 
+2013M aM 4g; + 2005M aM as)? (d) 


= (Asin? a+ Bsinacosa+C cos” oy 


where 


A=425.09k-in B=-—886.66k-in C=481.09k-in 


8. Determine maximum of Mz over a. 


To find the value of @ corresponding to the maximum 
value of M,, solve 


dM , 
da 


=0 for a@ 


dM, _ 1 2(A-C)sinacosa+ B(cos* a-sin? a) 


da 2 Asin? @+Bsinacosa+Ccos* a 


(A-—C)sin2@+ Bcos2a@ 


1 
2, - 2 : 2 
¥ Asin a+Bsina@cosa+Ccos’ a 


Therefore, the maximum value of M, occurs for @ that 
satisfies 


(A-C)sin2a@ + Bcos2a@ =0 
Hence, 


nee - (e) 
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(a) SRSS rule 
Substituting A, B and C from Eq. (c) into Eq. (e) gives 


tan 2@ = —1.8904 


a= : tan! (—1.8904) =~0.5421 rad, 1.0287 rad 


The two values of q@ obtained correspond to the maximum 
and minimum values of M,. The value of @ corresponding 
to the maximum value of M, can be ascertained by 
substituting each value of @ into Eq. (c) 


for @= —0.5421 rad, M, = 25.98 k-in 
for @= 1.0287 rad, M, = 8.17 k-in 


Thus, the peak value of M, estimated by the SRSS 
combination rule is M,= 25.98 k-in about an axis oriented 
0.5421 rad (31.1°) clockwise from the x-axis. 


(b) CQC rule 
Substituting A, B and C from Eq. (d) into Eq. (e) gives 


tan 2@ = ~15.8335 


a == tan ~! (-1.8335) =-0.7539 rad, 0.8169 rad 


for @= —0.7539 rad, M, = 29.96 k-in 


for @= 0.8169 rad, M,= 2.98k-in 


Thus, the peak value of M, estimated by the CQC 
combination rule is M,= 29.96 k-in about an axis oriented 
0.7539 rad (43.2°) clockwise from the x-axis. 


9. Comments. 


Modes 1 and 2 are strongly correlated (9,2 = 0.9089); 
hence, the CQC estimate, which accounts for this 
correlation, is expected to be more accurate than the SRSS 
estimate. Note that the SRSS and CQC estimates for the 
peak value of M, differ by 14.2%. The values of a 
predicted by the two combination rules differ by 12.1°. 
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Problem 13.70 EI rad 


@; = 1.4827 = 40.59 — => T;=0.155s 
mL? 
0.5943 
3 =4 0.7794 I; = 0.9077 
0.1984 
L 3. Determine correlation coefficients. 
Use Eq. (13.7.10) to compute p, for ¢= 0.05: 
By = + = 0.969 “Py = 0.9089 
0) 
1. Data. 
L= 36 in. m = 1.0 kips/g Ps = las Peano 
E = 30000 ksi = 3.017 in* @ 
i F = 3.017 in Bx ak = 0.336 “Py = 0.0066 
3 
G = 12000 ksi J = 6.034 in‘ 


; 4. Determine spectral ordinates. 
Note: GJ = eet From Fig. 6.9.5: 


2. Natural frequencies and modes. Mode 1: 7, =0.475s 


. 2 . 
Sea = 1058 - 10 | poons9 £8 A, = 0.20(2.71g) = 0.54g = 209 
386.4 in : 
[zr _ [(0000)3.017) _ D, = 2h eae ~ = 1.20in 
me (0.00259)(36)? a; (13.24) 
From Problems 10.28 and 13.30: Modes: Ta 0400s 
| El = z = 209 2 
@, = 0.4834 |—— = 13.24 rad, T, =0.475s A, = 0.20(2.71g) = 0.54g = 209 
mL S S 
A 209 
ee D, = —> = —— = 112in 
¢, = +—-0.4923 T, =-0.0626 Ws (13.66) 
~ 0.3928 
Mode 3: T, =0.155s 
in 
ra A; = 0.20(2.71g) = 0.54g = 209-—— 
@, = 0.4990 | = 13.6655 = T, =0.460s s 
on A 209 
— 0.2084 3= > = > = 0127in 
$, =4 0.3875 T, =~0.4150 a3 (40.59)? 
— 0.8980 


5. Determine modal static responses for Mg. 


The bending moment, M,, about an axis oriented at 
an angle q@ counterclockwise from the x-axis can be 
expressed in terms of the bending moments, M, and M,, 
about the x and y axes as: 
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7. Combine peak modal responses. 


My 
My (a) SRSS rule 
Using Eq. (13.7.3), the SRSS estimate for the peak 
a value of M, can be calculated: 
M, M, =(M2,+M2,+M2, : 
= [(0.12 cos @ +1.43sin a)? 
M,=M, cosa+M, sina | +(-10.41 cos @+5.58sin a)" (c) 
Therefore f (10.29 cos @ — 7.01 sin a)’ Va 


= Pane ‘ 2 2 
= = (4 sin a+ Bsin @cosa@+C cos ay? 
M om =M,, cosa+M,, sind 


t where 


= (Mz, cosa+M > sina)A, 
A=82.38k-in B=-260.20k-in C=214.25k-in 


= MEA, 
(b) CQC rule 
Thus, Using Eq. (13.7.4), the CQC estimate for the peak 
M st -M st ea st ree (a) value of M, can be calculated : 


7 2 Z 
; : M a = (Ma + M gn +M 93 +2012M gM gy 
where M;, and M >, are given in the solution to Problem 


13.30: +203M gM g; +2/095M aoM 3)” (d) 


= (Asin? w+ Bsinacosa@+Ccos2 on 
MS = 0.0062mL M 1 = 0.073 1mL 


M3, =-0.5335mL  M‘ = 0.2862mL _—(b) where 
Mi, = 05273mL = M*, =-0,3593mL A=96.24k-in B=-284.10k-in C=210.56k-in 


tl 


Equation (a) after substituting Eq. (b) becomes 


; 8. Determine maximum of M, over @. 
M xn = (0.0062 cos @ + 0.073 1sin @)mL 
To find the value of @ corresponding to the maximum 


M gp = (0.5335 cos @ + 0.2862 sin a) mL value of M, , solve 
M5, = (0.5273cos @—0.3593sin @)mL aha 9 fe 
da 


6. Determine peak modal responses M om, 
The peak values, M,,, of the modal contributions dM, _ 1 2(A—C)sinacosa@+ B(cos” a-sin? a) 


1 
M,,(t) to response M,, are determined next da 2 | Asin? a+ Bsinacosa+ Ccos? @ 


M ~ =[(0.0062 cos @ + 0.0731 sin @) mL]A, (A-C) sin 2a@+ Bcos2a 


1 
= 0.12cos @ +1.43 sin a 2 V Asin? a@+Bsin acosa+C cos? a 


M a2 =[(-0.5335 cos & + 0.2862 sin @) mL]A, 


=-10.41 8 si 
0.41 cos a + 5.58 sin io Therefore, the maximum value of M,, occurs for @ that 
M a3 =[(0.5273 cos a — 0.3593 sin @) mL]A, satisfies 


=10.29cos@~-7.0lsina 


(A-C) sin 2a+ Bcos2a@ =0 
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Hence, 
tan 2@ = — (e) 
(a) SRSS rule 


Substituting A, B and C from Eq. (c) into Eq. (e) gives 
tan 2a = —1.9732 


a= ; tan! (-1.9732) = -0.5509 rad, 1.0199 rad 


The two values of @ obtained correspond to the maximum 
and minimum values of M,. The value of @ corresponding 
to the maximum value of M, can be ascertained by 
substituting each value of @ into Eq. (c) 


for @= —0.5509 rad, M, =17.15k-in 
for @= 1.0199 rad, M, = 1.57k-in 


Thus, the peak value of M, estimated by the SRSS 
combination rule is M,= 17.15 k-in about an axis oriented 
0.5509 rad (31.6°) clockwise from the x-axis. 


(b) CQC rule 
Substituting A, B and C from Eq. (d) into Eq. (e) gives 


tan 2a = —2.4851 


= ; tan (—2.4851) = —-0.5941 rad, 0.9767 rad 


for @= —0.5941 rad, = 17.51k-in 


M , 
for @= 0.9767rad, My= 0.53k-in 


Thus, the peak value of M, estimated by the CQC 
combination rule is M,= 17.51 k-in about an axis oriented 
0.5941 rad (34.0°) clockwise from the x-axis. 


9. Comments. 


Modes 1 and 2 are strongly correlated (0,2 = 0.9089); 
hence, the CQC estimate, which accounts for this 
correlation, is expected to be more accurate than the SRSS 
estimate. Note that the SRSS and CQC estimates for the 
peak value of M, differ by 2.1%. The values of a 
predicted by the two combination rules differ by 2.4°. 
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Problem 14.1 Comparing these @, and @, with the approximate 
results of Example 14.1 and the exact results in Section 
12.8, we note that the selection of Ritz vectors has little 


Story influence on the two vibration frequencies or the first 
Stiffness m ; ; mode but affects considerably the second mode. 
0.9 0.5 
0.8 —0.5 
0.6 -1 
0.3 -1 
¥, ¥, 
03 -1 
06 -1 
w=ly, w,] =|08 -05 
09 OS 
1.0 1 


1. Determine mass and stiffness matrices. 


Available in Example 14.1. 


2. Compute k and m. 


a . 0.24 -0.05 
k=W'kKVP=k 
- 0.05 25 
_ 7 2.9 O15 
m= Yi m¥Y=m 
0.15 35 


3. Determine approximate frequencies and modes. 


= 0.8474 fe 
m 
0.9996 — 0.0853 
0.0282 0.9964 
0.3101 -12091 
0.6524 —1.2394 
® = Yz = | 08966 —- 0.6702 


1.0428 0.4986 
1.1730 1.0780 


(i - & m)z = 0 


& 

| 

©o 
dO 

co 

[on 

fon 

31>] 

= 

| 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 14.2 5. Compute natural vibration modes. 
The k and mare available in Example 14.1 and 0.330 0560 
s=(0 00 0 hia 7 0.636 0910 
® = ¥z=/0895 0838 
1. Determine the first Ritz vector. 1082 0.134 
Solve 1173 —1414 
0.2649 We note that this selection of s gives essentially the 
0.5298 same values for @, and ¢, as from s=m1 (Example 
ky, =s> = —_—_.. = 40.7948 14.2) and both are close to the exact results. However, 
(yr m y;] 1.0597 this selection of s gives less accurate values for w, and 
13246 ¢, than from s = m1 (Example 14.2). 


2. Determine the second Ritz vector. 


Solve 


— 
Nv 

Hl 
tea 
Nv 

l 
— 
ems | 
5 
te 
Soleo 
= 
\ 


3. Compute k and m. 
Y= [My Wr] 


11075 —- 4 


k= Y'KY = 
—~10.64 103.932 


1.0 
0 


0 
m= Y'my = 
1.0 


| erennrmacnag | 


4. Solve (i z wm) z = 0. 


@, = 3.1418 rads/sec @, = 10.2536 rads/sec 


0.9937 —~ 0.1124 
Z; = Z2 = 
0.1124 0.9937 
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Problem 14.3 3. Solve eigenvalue problem. 
Story kz = ®' mz 
Stiffness m/2 


@, = 8.389 rads/sec @, = 23.59 rads/sec 


es —> Hu, 1 1 
0.2425 
e9) —> uu, 0.8 0 Z; = 0.9979 Z = 
soy as — 0.0647 0.9702 
: (de "3 06 -05 4. Determine natural vibration modes. 
3k/4 
OQ —-u, 04 -1 0.2319 —0.4366 
k Loe 0.4639 — 08732 
ea, 0.2 - 0.5 ® = Yz = | 06311 -—0.3396 
. 0.7983 0.1940 
¥y ¥ 


0.9332 1.2126 


k = 200 kips/in. 5. Compare with exact values. 


m = 100/386 = 0.259 kip - sec” /in @, = 8.262 rads/sec @, = 22.347 rads/sec 


0.2319 - 0.4366 


02 -05 
04 -1 0.4433 - 05908 
w=/06 -05 © = |06728 - 02868 
08 . 0 08231 0.2646 
1.0 1 0.9029 0.7493 


1. Determine mass and Stiffness matrices. 


400 -200 0 0 0 
350 -150 0 0 


k = 300 -150 0 
(sym) 250 -100 
100 
0.259 
0.259 
m = 0.259 
0.259 
0.1295 


2. Compute k and m. 
rs S 32 10 
k=W KY = 


10 275 


0.4404 -0.0777 
— 0.0777 05181 


a =v my =| 
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Problem 14.4 


The k and m are available in the solution to 


Problem 14.3 and 
s=(1 11 1 05)" 


1. Determine the first Ritz vector. 


Solve 
0.3982 
0.7078 
ky, =s > yw, = —2—, = 110027 
T 
(yi » y:) 1.1797 
1.2682 
2. Determine the second Ritz vector. 
Solve ky, =my, => jy, 
— 0.7396 
— 0.7016 
Wi = y2 - (vi my2) yy = {-01490 
0.3965 
0.7456 
— 11879 
a — 11269 
Wo 2 
Wo = jaa ee — 0.2393 
(w mm. W2) 0.6368 
1.1976 


3. Compute k and m. 
P=l[m Ww] 


~ 


69.413 — 23333 
k= ¥7kY = 


23.333 547.737 


m 


T 
+e 
a 
=| 
a 
l 
retical 


4. Solve (ic ~ @° i) z a0); 


@, = 8.263 rads/sec @, = 23.428 rads/sec 


0.9988 — 0.04861 
Z, = Z, = 
0.04861 0.9988 


5. Compute natural vibration modes. 


0.2319 
0.4449 
® = Wz = | 0.6753 
0.8249 
0.9038 


6. Comment on accuracy. 


— 0.4366 
— 0.4200 
— 0.1042 
0.2095 
0.4108 


The results using force dependent Ritz vectors are 
better than those obtained using the vectors guessed in 


Problem 14.3. 
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Problem 14.5 


The k and m are given in the solution to Problem 14.3 
and 


s=(0 000 1) 
1. Determine the first Ritz vector, W,. 


Solve ky, =S to obtain 


y, = (0.0050 0.0100 0.0167 0.0233 0.0333)" 


De T 2 : 
Divide y, by (y7my,) = 0.0197 to obtain the 


normalized vector: 
Y, = (0.2534 0.5068 0.8447 1.1826 1.6894)" 
2. Determine the second Ritz vector, W,. 
Solve ky, =my, to obtain: 
y,= (0.0047 0.0091 0.0140 0.0175 0.0197)" 
Orthogonalize y, with respect to y,: 
a, =wimy,= 0.0143 


Wr, =, - 0.0143 y, 
=1077 (0.1089 0.1851 0.1991 0.0672 0.4370)" 


ee a min. so Ne 
Divide W, by (Wjmy,) =0.0022 to get the 


normalized vector: 


y, =(0.4967 0.8438 0.9076 0.3064 -1.9918)’ 


3. Compute k and ia. 


Y= [v, VW] 
x 85.619 —100.948 
k='kY = 
—100.948 656.450 
10 0 
m= P' mY = 
0 1.0 


4. Solve the reduced eigenvalue problem, Eq. (14.3.11). 
&), = 8.2640 @), = 25.9572 


0.9856 — 0.1692 
q; = 22> 
0.1692 0.9856 


5. Determine the natural modes, ¢, =¥z,,n=1,2. 


6, = (0.3338 0.6422 0.9860 1.2173 1.3281)’ 


~ 


d, = (0.4467 0.7459 0.7516 0.1019 -2.2489)" 


6. Compare with exact results: 


The exact values of the first two frequencies and 
modes are: 


w,=8.2619 , =22.3473 


¢, = (0.3407 0.6513 0.9886 1.2093 1.3266)" 


@, = (0.8698 11769 0.5713 -05271 -1.4927)' 


The approximate values of the first frequency and mode 
from Problems 14.4 and 14.5 are similarly accurate, 


whereas the use of s=({1 1 1 1 Q5)7 in Problem 


14.4 provides better accuracy for the second frequency 
and mode than from Problem 14.5. 
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Problem 14.6 


The stiffness and mass matrices , k and m, are given in 
Problem 14.3 and 


s=(0 0 0-2 1) 
1. Determine the first Ritz vector, W,. 


Solve ky, =s to obtain 


y, =(-0.0050 -0.0100 -0.0167 -0.0233 -0.0133)’ 

ote T v2 : 
Divide y, by (yimy, | = 0.0164 to obtain the 
normalized vector: 

y, = (-0.3052 — 0.6104 -1.0173 -—1.4242 — 0.8138)" 
2. Determine the second Ritz vector, W,. 


Solve ky, =my, to obtain: 


y, =(—0.0049 -0.0094 -0.0143 —0.0174 -0.0185)' 
Orthogonalize y, with respect to y;: 
a), =W; my, = 0.0140 
Wo =y2 —0.0140y, 
=107(-0.0600 -0.0804 -0.0023 0.2515 -0.7090)" 
Divide w, by (wZmy,)” =4.7518-10% to get the 
normalized vector: 


W, =(-0.2068 -02774 -0.0079 0.8673 -2.4446)’ 


3. Compute k and i. 


v=[y, v| 
— 85.619 — 100.948 
k=¥7kY = 
-— 100.948 656.450 
10 0 
m= Y'mY¥ = 
0 10 


4. Solve the reduced eigenvalue problem, Eq. (14.3.11). 
®, = 8.2630 ®, = 35.8902 


0.9768 — 0.2141 
2; > z= 
0.2141 0.9768 


rad/sec 


5. Determine the natural modes, d, =VPz,,n=l1,2. 
@, = (0.3424 0.6556 0.9954 1.2055 1.3183)" 


G, =(-0.1367 -0.1403 0.2100 11921 —2.2137)" 


6. Compare with exact results. 


The first two exact modes and frequencies of the 
structure are: 


®,=8.2619  , =22.3473 


9, = (0.3407 0.6513 0.9886 1.2093 1.3266)’ 


@, = (0.8698 11769 0.5713 -05271 -1.4927)" 


Problems 14.4, 14.5 and 14.6 lead to almost the same 
accuracy for the first frequency and mode. The second 
frequency and mode differ among the three solutions, 
being the best from Problem 14.4 and the worst from 
Problem 14.6. 
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Problem 14.7 3. Comments. 
The stiffness and mass matrices , k and m, are given in The error norm, e,, computed using the above 
Problem 14.3. formula is plotted versus the number of Ritz vectors in Fig. 
P14.7. 


1. Compute the Ritz vectors following the steps in Table 
14.4.1 For a given force distribution, the error decreases 
as more Ritz vectors are included, and is zero when all 
five Ritz vectors are included. For a fixed number of 
Ww = [y, Wr Ws We ys | Ritz vectors, the error is smallest for the force 

BnSaa “04067” Rabe. SOSeie. “Aaese distribution s,, and is larger for force distributions s, 


e For the force distribution s,: 


and Sp. 
0.5068 0.8438 1.0229 0.3766 —1.3050 


=|0.8447 0.9076 0.0358 —-1.4282 0.5307 
11826 0.3064 —1.2992 0.8148 -0.1258 
1.6894 -1.9918 0.9178 -0.2364 0.0194 


e For the force distribution s,: 
Y=[V. Vr Vs Va Vs! 
— 0.3052 -0.2068 0.3007 1.2005 1.4807 
-0.6104 -0.2774 0.7990 11183 -—1.2335 
=| —1.0173  —0.0079 1.2630 -1.0426 0.3780 
—1.4242 0.8673 -1.0313 0.1138 -0.0552 
— 0.8138 -—2.4446 -0.9721 -0.3694 -0.0123 


e For the force distribution s,: 


Pal, Wy Vs Ve Wi) 


0.3981 -1.1878 1.2697 -0.796 0.2122 
0.7077 -1.1268 -0.3903 1.2493 -0.6136 
={ 1.0026 -0.2393 -1.0788 -0.5555 1.1511 
1.1796 0.6367 -0.0110 -—0.7105 —1.2483 
1.2680 1.1974 1.3650 1.3056 1.0538 


2. Compute e,. 


The error norm, e,, is defined as: 


s’e 
e; = ma 
Ss’ Ss 
where 
ae r T 
6, =s= XU, my, lr, =w,s 
n= 
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Problem 14.8 first J natural vibration frequencies and modes of the 


The stiff d : k and system. While this property indicates that Ritz vectors 
G SHLD SS ane, Mass MAN Iees, ane mare Even are preferable to natural modes, the latter leads to 


in Problem 14.3. uncoupled modal equations of motion, which have 


1. Determine the natural frequencies and modes. several advantages. In particular: (1) these uncoupled 


_ _ _ equations are easier to solve in response history 
a, = 8.2619 @, = 22.3473 @, = 32.9203 analysis; (2) they permit estimation of the peak value of 


O, = 41.7423 @; = 48.9507 rad /sec the earthquake response of a structure by response 
spectrum analysis. 
O= [d, p, 9; 0s 
0.3407 0.8698 0.9108 0.8706 1.1832 
0.6513 1.1769 05430 -0.2238 -—1.3061 
=|0.9886 0.5713 -0.9638 -1.0095 0.7800 
1.2093 -05271 -0.6666 1.2427 — 0.3620 
1.3266 -1.4927 1.6507 -0.9886 0.1721 


2. Compute eé,. 


The error e, is defined as: 


se 
e, = — 
ss 
where 
Jj 
=. —~ Al 
e,=s- >IT, mg, r=@s . 
n=] 


The error norm, e,, computed using the above 


formula is plotted versus the number of natural modes 
in Fig. P14.8. 


3. Comments. 


For a given force distribution, the error decreases 
as more modes are included, and is zero then all five 
modes are included. For a fixed number of modes, the 
error is smallest for the force distribution s,, largest for 


s,, and has an intermediate value for s, . 


Figure P14.8 also shows the error norm, e,, versus 


the number of Ritz vectors (from Problem 14.7). The 
error is smaller when Ritz vectors are used, because 
they are derived from the force distribution. Ritz vectors 
are useful for dynamic analysis of large systems with 
classical damping, since the vibration properties of the 
system can be obtained by solving, a smaller eigenvalue 
problem of order J, instead of original eigenvalue 
problem of size N. It must be noted that the resulting 
frequencies and mode shapes are approximations to the 
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Problem 14.9 


The stiffness and mass matrices , k and m, are 
given in Problem 14.3. From Problem 14.7 the first two 
Ritz vectors and approximate natural frequencies using 


the force distribution s=(1 111 0.5)" are: 


0.3981 -11878 
0.7077 1.1268 
v=[y, w,]=| 1.0026 -0.2393 
11796 0.6367 
1.2680 1.1974 


Part a: Rayleigh-Ritz analysis 


1. Compute, k, m and L. 


is és 69.3929  -—23.3226 
k=P7kY = (a) 
— 23.3226 547.6113 
10 0O 
m= "mY = (b) 
0 1.0 
x 1.0161 
L=¥'ml1= (c) 
~— 0.3416 


2. Set up equations in generalized coordinates, Eq. 
(14.3.3) is specialized for this problem. 


mz +kz = -Li, (t) (d) 


where m, k, and L are given by Eqs. (a)-(c), and 
u,(t)=0.2gsin@t, where w= 15 rad/sec. 


3. Determine steady-state response. 


Equation (d) is specialized for the steady-state part 
of the response. By substituting z(t)=z,sin@t and 


u,(t)=0.2gsin@t and canceling the sinwt terms on 
both sides: 


[k - (15)*#i] 25 = -02gL (e) 
Solving the two coupled algebraic equations gives 
0.4866 (f 
L,=—= 
° {0.1169 
The peak values of the displacements are 


Uy = FZ (g) 
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Substituting for ‘Y and Zz, gives 


u, =(0.0548 0.2126 0.4599 0.6484 0.7570)" 
(h) 
Part b: Modal analysis 
4. Determine frequencies and modes. 


From Problem 14.8 the natural frequencies and 
modes of the structure are: 
@,=8.2619 w,=22.3473 w, =32.9203 
@4 = 41.7423 ws = 48.9507 rad / sec 


=>, 6, 0, 0, os] 
0.3407 0.8698 0.9108 0.8706 1.1832 
0.6513 1.1769 0.5430 —0.2238 —-1.3061 
=] 0.9886 0.5713 -0.9638 —1.0095 0.7800 
1.2093 -—0.5271 -—0.6666 1.2427 -—0.3620 
1.3266 —1.4927 1.6507 —0.9886 0.1721 
(j) 


5. Determine the steady-state response. 


The response of the structure to ground motion 
u,(t)using first J modes of vibration is given by 


Eq.(13.1.15). 


J 
u(t)= ST, g, D, (t) (k) 
n=1 
where 
¢' m1 
=—2 l 
ts ¢;m ¢, " 


and D,(t) is governed by 


D, + D, = -ii, (t) 


(m) 
= -0.2g sinwt 
The steady state solution is 
D, (t) = -—2* sino (n) 
oO, -o 


n 


where w= 15 rad/sec and w, are given by Eq. (i). 
Substituting 6, and m into Eq. (1) gives 
I, = 0.9982, TV, =0.3483, YT, =0.1681, 


T, = 0.0999, I, =0.0988 (0) 
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Substituting I, from Eq. (0), >, from Eq. (j) and 
D,(t) from Eq. (n) into Eq. (k) gives the 
displacement response: 


u(t) =u, sinwt (p) 


where u, is given as follows. Considering two 
modes only, i.e., J =2: 


u, = (0.0823 0.2049 0.4301 0.6462 0.7985)" 
(q) 


Considering all five modes, i.e., J =5: 
T 
uy = (0.0599 0.2024 0.4470 0.6130 0.7780) 


(r) 
6. Comments. 


Comparison of Eqs. (h) and (q) with the exact 
solutions, Eq. (r), indicates that Rayleigh-Ritz method 
using two force-dependent Ritz vetors gives a roughly 
similar accuracy as modal analysis with two modes for 
responses uz, U3, ug, and us. However, the error in u; 
determined by modal analysis is large. This becomes 
obvious from the following table: 


Percentage Error 


Response Reyleigh-Ritz Modal 
Method, J = 2 Analysis, J = 2 

Us -2.7 % 2.6 % 

U4 5.8 % 5.4 % 

U3 2.9 % -3.8 % 

42 5.0 % 1.2 % 

uy 8.5 % 37.4 % 
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Problem 15.1 


First we set up modal equations. These are given by 2.0 Calculations for each time step i 
Eq. (15.2.3) with M, K and P(t) available from 


Example 15.1: For the parameters of this problem, computational 


steps 2.1 through 2.5 are specialized and implemented 


- 1 2895 QO 60.98 for each time step i as follows. 
~{ oo {0 1044 7 _ on 60.98 
2.1 P = 
(a) = ei 


The first two natural frequencies and modes are given 


by Eq. (c) of Example 15.1. We now implement the cen ale aT ae 


procedure of Table 15.2.1. 60.98 100g 197.10 
= : 1 lak 
1.0 Initial calculations 7 _ | - bese 7 95 hee 
i i-1 i 
1.1 Up = Uy = 0; therefore, qg = qo = 0 
100 0 P 
1.2 po = 0; therefore, P, = 0 2.3 Solve: ie = F| 
j 0 100;lat.. LA], 
1.3 qo _ 0 
1.4 At = 01sec ~ 2] 
15 q_, = 0 eis 


1.6 Substituting M, Ar and C = 0 in step 1.6 gives The resulting modal displacements q, are given in Table 


P15.1. 
~ [100 0 

~ | 0 100 | 0.0386 0.1727 

Uy 0.1391 0.4020 
1.7 Substituting M, K, At and C=0 in step 1.7 2.5 | u; = 1071]02796 0.3697 | 

gives . 04411 0.0041 |L92Ji+1 
_ [100 0 _ [-19710 0 us |. 0.6098 — 05502 
0 100 7 0 95.6 


These displacements are also presented in Table P15.1. 
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Table P15.1: Numerical solution of modal equations by the central difference method 


Time — q; 92 uy Uy Uy U4 Us 
0.10 0.6098 — 0.5502 — 0.0072 — 0.0136 — 0.0033 0.0267 0.0675 
0.20 1.8117 ~ 1.0762 — 0.0116 — 0.0181 0.0109 0.0795 0.1697 
0.30 3.5710 — 1.0288 — 0.0040 0.0083 0.0618 0.1571 0.2744 
0.40 5.8368 — 0.4576 0.0146 0.0628 0.1463 0.2573 0.3811 
0.50 8.5433 0.0412 0.0337 0.1205 0.2404 0.3769 0.5187 
0.60 11.6120 — 0.0532 0.0439 0.1594 0.3227 0.5122 0.7110 
0.70 14.9550 — 0.6423 0.0466 0.1822 0.3944 0.6594 0.9743 
0.80 18.4740 — 1.1110 0.0521 0.2123 0.4755 0.8145 1.1877 
0.90 22.0690 — 0.9700 0.0684 0.2680 0.5812 0.9731 1.3991 
1.00 25.6340 — 0.3665 0.0926 0.3418 0.7032 1.1306 1.5833 
1.10 29.0670 0.0694 0.1134 0.4071 0.8153 1.2822 1.7687 
1.20 32.2690 -— 0.1173 0.1225 0.4441 0.8979 1.4233 1.9742 
1.30 35.1460 - 0.7318 0.1230 0.4595 0.9556 1.5500 2.1834 
1.40 37.6150 -— 1.1324 0.1256 0.4777 1.0098 1.6587 2.3561 
1.50 39.6050 - 0.9011 0.1373 0.5147 1.0740 1.7466 2.4647 
1.60 41.0580 — 0.2792 0.1537 0.5599 1.1377 1.8110 2.5191 
1.70 41.9330 0.0840 0.1633 0.5867 1.1756 1.8497 2.5525 
1.80 42.2030 — 0.1908 0.1596 0.5794 1.1730 1.8615 2.5841 
1.90 41.8620 — 0.8165 0.1475 0.5495 1.1403 1.8462 2.5977 
2.00 40.9180 -— 1.1401 0.1382 0.5233 1.1019 1.8044 2.5579 
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Problem 15.2 2.2 BR =P - aq,_, — bq, 
: a pies data are ee as sas to 60.98 400g, ~ 797.109, 
AL. a ce m 4 = = = 
roblem e same procedure is implemente -5502 40042 |,_, - 695.64, | 
1.0 Initial calculations 
Se ese a ae 400 0 P 
1.1 ug = Up = 0; therefore, qg = qo = 0 23 Solve: ; P| Be _ H 
1.2 po = 0; therefore, P) = 0 92 1:41 P, F 
1.3 do = 0 ba 
=> . 
1.4 At = 0.05 sec 925 541 
1.5 q,=0 The resulting modal displacements gq, are given in 
1.6 Substituting M, At and C = 0 in step 1.6 gives Table P15.2a. 
x 400 0 | 0.0386 0.1727 
“10 400 Uy 0.1391 0.4020 
2.5 | u = 101/02796 0.3697 i 
si uy 0.4411 0.0041 |L?2Ji+1 
1.7 Substituting M, K, At and C = 0 in step 1.7 gives : 0.6098 - 05502 
i+] 
400 0 — 797.1 0 
-> 0 400 = 0 ~ 695.6 These displacements are also presented in Table 
P15.2a. 


2.0 Calculations for each time step i Oo nenite 


For the parameters of this problem, computational 
steps 2.1 through 2.5 are specialized and implemented 
for each time step 7 as follows. 


60.98 
— 55.02 


The solutions to Problems 15.1 and 15.2 are 
compared in Table P15.2b which shows that the smaller 
time step leads to more accurate results. 


2a =| 


Table P15.2a: Numerical solution of modal equations by the central difference method 


Time q q2 uy uy u, u, Us 
0.10 0.4563 — 0.3767 — 0.0047 — 0.0088 ~ 0.0012 0.0200 0.0486 
0.20 1.5080 - 0.9001 —- 0.0097 — 0.0152 0.0089 0.0661 0.1415 
0.30 3.1249 — 1.0594 — 0.0062 0.0009 0.0482 0.1374 0.2488 
0.40 5.2602 - 0.6991 0.0082 0.0451 0.1212 0.2317 0.3592 
0.50 7.8521 — 0.1709 0.0274 0.1023 0.2132 0.3463 0.4882 
0.60 10.8260 0.0098 0.0420 0.1510 0.3031 0.4775 0.6596 
0.70 14.0950 — 0.3334 0.0486 0.1827 0.3818 0.6216 0.8779 
0.80 17.5660 — 0.8655 0.0529 0.2096 0.4592 0.7745 1.1188 
0.90 21.1390 — 1.0673 0.0632 0.2511 0.5516 0.9320 1.3478 
1.00 24.7080 — 0.7419 0.0826 0.3139 0.6634 1.0896 1.5475 
1.10 28.1730 — 0.2067 0.1052 0.3836 0.7801 1.2426 1.7294 
1.20 31.4320 0.0159 0.1216 0.4379 0.8794 1.3865 1.9159 
1.30 34.3920 -— 0.2914 0.1277 0.4667 0.9508 1.5169 2.1132 
1.40 36.9660 — 0.8285 0.1284 0.4809 1.0029 1.6302 2.2998 
1.50 39.0810 - 1.0715 0.1323 0.5005 1.0531 1.7234 2.4421 
1.60 40.6750 — 0.7831 0.1435 0.5343 1.1083 1.7939 2.5235 
1.70 41.7030 — 0.2448 0.1567 0.5702 1.1570 1.8394 2.5565 
1.80 42.1340 0.0181 0.1629 0.5868 1.1787 1.8585 2.5683 
1.90 41.9560 -— 0.2510 0.1576 0.5735 1.1638 1.8506 2.5723 
2.00 41.1740 — 0.7894 0.1453 0.5410 1.1220 1.8159 2.5542 
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Table P15.2b 


Time us (At=0.1) us (At =0.05) u, (Theoretical) 
0.10 0.0675 0.0486 0.03747 
0.20 0.1697 0.1415 0.11710 
0.30 0.2744 0.2488 0.22582 
0.40 0.3811 0.3592 0.33496 
0.50 0.5187 0.4882 0.45697 
0.60 0.7110 0.6596 0.61781 
0.70 0.9743 0.8779 0.81922 
0.80 1.1877 1.1188 1.06098 
0.90 1.3991 1.3478 1.29169 
1.00 1.5833 1.5475 1.50588 
1.10 1.7687 1.7294 1.68850 
1.20 1.9742 1.9159 1.87169 
1.30 2.1834 2.1132 2.06365 
1.40 2.3561 2.2998 2.25139 
1.50 2.4647 2.4421 2.41334 
1.60 2.5191 2.5235 2.51023 
1.70 2.5525 2.5565 2.56092 
1.80 2.5841 2.5683 2.56900 
1.90 2.5977 2.5723 2.57275 
2.00 2.5579 2.5542 2.55760 
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Problem 15.3 1.6 Substituting M, Ar, C=0, 8 = 1/4, and y = 1/2 


in step 1.6 gives 
First we set up modal equations. These are given by ihe y é 


Eq. (15.2.3) with M, K and P(t) available from 40 O we 0 
Example 15.1: a= 0 40 7 0 2 
M = ' K = ea ° | P = | a 2.0 Calculations for each time step i 
0 1044 — 55.02 
(a) For the parameters of this problem, computational 
a 


steps 2.1 through 2.5 are specialized and implemented 
We now implement the procedure of Table 15.2.2. for each time step i as follows. 


1.0 Initial calculations Rates a 
1.1 uy = Uy = 0; therefore, qg = qo = 0 oe — 55,02 
1.2 po = 0; therefore, Py = 0 a F 60.98 
2.2 AP, = AP, + aq; + bq;; AP, = 5502 
1.3 do = 0 = ° 
0 
1.4 At = 0.1 sec | and AP, = Mae 1; and 
1.5 Substituting M, K, At, C=0, and # = 1/4 in : 
step 1.5 gives AF, es ie 2 404, BE a 
AP, |. AP, + 40g, + 242], 
ed es 0 
0 5044 4029 0 |fAq AP, 
2.3 Solve: = = 
0 504.4 )| Aq, |, AP, |, 
= Aq; 


Ag A 7 
Aq, i Aq, i 92 i 
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Table P15.3a: Numerical solution of modal equations by the average acceleration method 


Time q 92 uy uy u, u, Us 
0.10 0.1514 -— 0.1091 — 0.0013 — 0.0023 0.0002 0.0066 0.0152 
0.20 0.7524 ~ 0.4551 — 0.0050 ~ 0.0078 0.0042 0.0330 0.0709 
0.30 1.9373 — 0.8607 — 0.0074 — 0.0077 0.0224 0.0851 0.1655 
0.40 3.6719 - 0.9901 — 0.0030 0.0113 0.0661 0.1616 0.2784 
0.50 5.9064 — 0.7361 0.0101 0.0525 0.1379 0.2602 0.4007 
0.60 8.5765 -— 0.3091 0.0277 0.1068 0.2284 0.3782 0.5400 
0.70 11.6056 - 0.0625 0.0437 0.1589 0.3222 0.5119 0.7111 
0.80 14.9066 - 0.2005 0.0540 0.1992 0.4094 0.6575 0.9200 
0.90 18.3845 — 0.6088 0.0604 0.2312 0.4915 0.8107 1.1546 
1.00 21.9395 — 0.9494 0.0682 0.2669 0.5784 0.9674 1.3901 
1.10 25.4694 - 0.9404 0.0820 0.3164 0.6774 1.1231 1.6049 
1.20 28.8727 -— 0.5892 0.1012 0.3778 0.7855 1.2733 1.7931 
1.30 32.0516 ~ 0.1865 0.1204 0.4382 0.8893 1.4137 1.9648 
1.40 34.9147 — 0.0658 0.1335 0.4829 0.9738 1.5401 2.1327 
1.50 37.3798 — 0.3269 0.1385 0.5067 1.0331 1.6487 2.2974 
1.60 39.3760 — 0.7537 0.1388 0.5173 1.0732 1.7366 2.4426 
1.70 40.8459 — 0.9929 0.1403 0.5281 1.1054 1.8013 2.5454 
1.80 41.7473 — 0.8464 0.1464 0.5465 1.1360 1.8411 2.5923 
1.90 42.0543 — 0.4355 0.1546 0.5673 1.1598 1.8548 2.5884 
2.00 41.7581 — 0.1004 0.1593 0.5767 1.1639 1.8419 2.5519 
Ag, Aq, q ay Table P15.3b: Comparison of average acceleration and 
2.5 Adj = 400 " = ‘ol = 2|? | central difference methods 
924; 921; 924; 92]; 
Time us (At=0.1) us (Ar=0.1) u, (Theoretical) 
2.6 With Aq;, Aq; and Aq, known from steps 2.3, central diff. avg. accel. 
2.4 and 2.5, q;, q; and q, are updated to 0.10 0.0675 0.0152 0.03747 
determine the responses q;,,, Gj, and q,,; at 0.20 0.1697 0.0709 0.11710 
the end of the time step. The modal 0.30 0.2744 0.1655 0.22582 
displacements q, for the first twenty steps are 0.40 0.3811 0.2784 0.33496 
ghown in Table P15. 3a. 0.50 0.5187 0.4007 0.45697 
0.60 0.7110 0.5400 0.61781 
uy 0.0386 0.1727 0.70 0.9743 0.7111 0.81922 
Uy 0.1391 0.4020 0.80 1.1877 0.9200 1.06098 
Ba la = 107102796 0.3697 : 0.90 1.3991 1.1546 1.29169 
2 oe ee a ae ree 
Us | ig) DSO = 2202 1.20 1.9742 1.7931 1.87169 
1.30 2.1834 1.9648 2.06365 
These displacements are also presented in 1.40 2.3561 2.1327 2.25139 
Table P15.3. 1.50 2.4647 2.2974 2.41334 
a Conon 1.60 2.5191 2.4426 2.51023 
1.70 2.5525 2.5454 2.56092 
Because of different period elongations in the two 1.80 2.5841 2.5923 2.56900 
numerical methods, their comparison at each time 1.90 2.5977 2.5884. 2.57275 
instant is not especially meaningful. Table P15.3b 2.00 2.5579 2.5519 2.55760 


shows that the average acceleration method gives a 
more accurate value for the peak response. 
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Problem 15.4 


Equation (15.2.3) gives the modal equations with 
M, K and P(t) defined in the solution to Problem 15.3. 
We now implement the procedure of Table 15.2.2 as 
follows. 


1.0 Initial calculations. 
1.1 up = Up = 0; therefore, qg = qo = 0 
1.2 po = 0; therefore, P) = 0 
1.3 qo = 0 
1.4 At = 0.05 sec 


1.5 Substituting M, K, Ar, C=0, and # = 1/4 in 
step 1.5 gives 


P 1602.9 0 
K = 
0 1704.4 


1.6 Substituting M, Ar, C=0, B= 1/4 and 
y = 1/2 instep 1.6 gives 


80 0 200 
a= b = 
F a ff | 


2.0 Calculations for each time step i. 


For the parameters of this problem, computational 
steps 2.1 through 2.5 are specialized and implemented 
for each time step i as follows. 


60.98 
2.1 P = 
~ 55.02 


- : : 60.98 
2.2 AP, = AP, + aq, + bq,; AP, = 


— 55.02 


0 
and AP, = ope 1; and 
AP, -(a + 80g, i 


16029 O TTA ; 
2.3 Solve: cc ea bal 
0 17044|| Aq], | ad]. 


= Aq; 


eat A 

Aq |; Aq? |; 92]; 

a ‘ ; ; 
2.5 a = 600 | | = so] = 2] 

Aq, i Aq» i q2 i q2 i 


2.6 With Aq;, Aq; and Aq, known from steps 2.3, 
2.4 and 2.5, q;, q; and q; are updated to 
determine the responses q;,,, 4,41 and q,,, at 


the end of the time step. The modal 
displacements q, for the first twenty steps are 


shown in Table P15.4a. 


2.7 Wa, = PQs 
where ® is given in step 2.7 of Problem 15.3. 


These displacements are also presented in 
Table P15.4a. 


3. Comments. 


The solutions to Problems 15.3 and 15.4 are 
compared in Table P15.4b, which shows that the 
smaller time step leads to more accurate results. 


Table P15.4b 


Time us (At=0.1) us (Ar=0.05) u, (Theoretical) 
0.10 0.0152 0.0200 0.03747 
0.20 0.0709 0.0916 0.11710 
0.30 0.1655 0.1939 0.22582 
0.40 0.2784 0.3054 0.33496 
0.50 0.4007 0.4254 0.45697 
0.60 0.5400 0.5720 0.61781 
0.70 0.7111 0.7616 0.81922 
0.80 0.9200 0.9895 1.06098 
0.90 1.1546 1.2292 1.29169 
1.00 1.3901 1.4518 1.50588 
1.10 1.6049 1.6467 1.68850 
1.20 1.7931 1.8259 1.87169 
1.30 1.9648 2.0076 2.06365 
1.40 2.1327 2.1939 2.25139 
1.50 2.2974 2.3642 2.41334 
1.60 2.4426 2.4896 2.51023 
1.70 2.5454 2.5561 2.56092 
1.80 2.5923 2.5743 2.56900 
1.90 2.5884 2.5676 2.57275 
2.00 2.5519 2.5496 2.55760 
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Table P15.4a: Numerical solution of modal equations by the average acceleration method 


Time 1 92 uy A) u, u, Us 
0.05 0.0380 — 0.0323 — 0.0004 — 0.0008 ~ 0.0001 0.0017 0.0041 
0.10 0.1899 -— 0.1535 — 0.0019 - 0.0035 — 0.0004 0.0083 0.0200 
0.15 0.4927 — 0.3662 — 0.0044 — 0.0079 0.0002 0.0216 0.0502 
0.20 0.9440 — 0.6184 — 0.0070 - 0.0117 0.0035 0.0414 0.0916 
0.25 1.5406 — 0.8481 — 0.0087 — 0.0127 0.0117 0.0676 0.1406 
0.30 2.2784 ~ 0.9992 — 0.0085 — 0.0085 0.0268 0.1001 0.1939 
0.35 3.1518 — 1.0346 — 0.0057 0.0022 0.0499 0.1386 0.2491 
0.40 4.1546 — 0.9457 — 0.0003 0.0198 0.0812 0.1829 0.3054 
0.45 5.2796 — 0.7542 0.0073 0.0431 0.1198 0.2326 0.3634 
0.50 6.5187 — 0.5070 0.0164 0.0703 0.1635 0.2873 0.4254 
0.55 7.8628 — 0.2648 0.0257 0.0987 0.2101 0.3467 0.4940 
0.60 9.3023 — 0.0868 0.0344 0.1259 0.2569 0.4103 0.5720 
0.65 10.8268 — 0.0166 0.0415 - 0.1499 0.3021 0.4776 0.6611 
0.70 12.4252 - 0.0715 0.0467 0.1699 0.3448 0.5480 0.7616 
0.75 14.0861 — 0.2380 0.0502 0.1863 0.3851 0.6212 0.8721 
0.80 15.7973 — 0.4753 0.0527 0.2006 0.4241 0.6966 0.9895 
0.85 17.5466 — 0.7253 0.0551 0.2148 0.4638 0.7737 1.1099 
0.90 19.3214 ~— 0.9267 0.0585 0.2314 0.5060 0.8519 1.2292 
0.95 21.1087 - 1.0302 0.0636 0.2521 0.5522 0.9307 1.3439 
1.00 22.8957 — 1.0104 0.0708 0.2778 0.6029 1.0095 1.4518 
1.05 24.6695 — 0.8722 0.0801 0.3080 0.6575 1.0878 1.5523 
1.10 26.4173 — 0.6494 0.0906 0.3413 0.7147 1.1650 1.6467 
1.15 28.1264 - 0.3967 0.1016 0.3752 0.7718 1.2405 1.7370 
1.20 29.7844 — 0.1759 0.1118 0.4071 0.8263 1.3137 1.8259 
1.25 31.3795 - 0.0411 0.1203 0.4347 0.8759 1.3841 1.9158 
1.30 32.9001 — 0.0254 0.1264 0.4565 0.9190 1.4512 2.0076 
1.35 34.3352 — 0.1326 0.1301 0.4721 0.9552 1.5145 2.1011 
1.40 35.6744 — 0.3364 0.1318 0.4826 0.9851 1.5735 2.1939 
1.45 36.9081 — 0.5869 0.1322 0.4897 1.0103 1.6278 2.2829 
1.50 38.0273 — 0.8228 0.1324 0.4957 1.0329 1.6770 2.3642 
1.55 39.0240 — 0.9862 0.1334 0.5030 1.0547 1.7209 2.4339 
1.60 39.8910 ~ 1.0371 0.1359 0.5130 1.0771 1.7592 2.4896 
1.65 40.6219 ~ 0.9631 0.1400 0.5262 1.1003 1.7914 2.5301 
1.70. 41.2116 — 0.7822 0.1454 0.5417 1.1234 1.8175 2.5561 
1.75 41.6557 — 0.5388 0.1513 0.5576 1.1448 1.8372 2.5698 
1.80 41.9511 — 0.2925 0.1567 0.5716 1.1622 1.8503 2.5743 
1.85 42.0956 — 0.1037 0.1605 0.5812 1.1732 1.8568 2.5727 
1.90 42.0882 — 0.0186 0.1620 0.5845 1.1762 1.8565 2.5676 
1.95 41.9289 - 0.0581 0.1607 0.5807 1.1703 1.8495 2.5600 
2.00 41.6189 — 0.2124 0.1568 0.5702 1.1559 1.8357 2.5496 
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Problem 15.5 


Solution to this problem is available under Example 
15.1 in the book. Table P15.5 shows these results using 
the linear acceleration method, those from the average 
acceleration method (Problem 15.3), and theoretical 
results. 


Table P15.5 
Time us (At=0.1) u,(At=0.1) xu, (Theoretical) 
avg. accel.. linear accel. 


0.10 0.0152 0.0105 0.03747 
0.20 0.0709 0.0693 0.11710 
0.30 0.1655 0.1663 0.22582 
0.40 0.2784 0.2777 0.33496 
0.50 0.4007 0.3959 0.45697 
0.60 0.5400 0.5335 0.61781 
0.70 0.7111 0.7090 0.81922 
0.80 0.9200 0.9258 1.06098 
0.90 1.1546 1.1651 1.29169 
1.00 1.3901 1.3974 1.50588 
1.10 1.6049 1.6032 1.68850 
1.20 1.7931 1.7854 1.87169 
1.30 1.9648 1.9611 2.06365 
1.40 2.1327 2.1412 2.25139 
1.50 2.2974 2.3160 2.41334 
1.60 2.4426 2.4596 2.51023 
1.70 2.5454 2.5488 2.56092 
1.80 2.5923 2.5812 2.56900 
1.90 2.5884 2.5748 2.57275 
2.00 2.5519 2.5508 2.55760 
Comments. 


Because of different period elongations in the two 
numerical methods, their comparison at each time 
instant is not especially meaningful. Table P15.5 shows 
that the linear acceleration method gives a more 
accurate value for the peak response. 
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Problem 15.6 


Equation (15.2.3) gives the modal equations with 
M, K and P(t) defined in the solution to Problem 15.3. 
We now implement the procedure of Table 15.2.2 as 
follows. 


1.0 Initial calculations. 


1.1 ug = Up = 0; therefore, qg = qo = 0 
1.2 po = 0; therefore, Py = 0 

1.3 qo = 0 

1.4 At = 0.05 sec 


1.5 Substituting M, K, Ar, C=0, and # = 1/6 in 
step 1.5 gives 


ge 24029 0 
~ | 0 2504.4 


1.6 Substituting M, At, C=0, B= 1/6 
y = 1/2 in step 1.6 gives 
3 0 
0 3 


120 0O 
az b= 
0 ) 


2.0 Calculations for each time step i. 


and 


For the parameters of this problem, computational 
steps 2.1 through 2.5 are specialized and implemented 
for each time step i as follows. 


60.98 
2.1 P, = 
_ a 


22 AB, = AP + ad + bas AP, =| 


A 
,i>1; and 
0 


it > pe + 120g, + | 
i i 


60.98 
— 55.02 


and AP, = 


AP, AP, + 120g, + 3q, 


10 


2402.9 0) A p 
2.3 Solve: 1 = Pa 
0 2504.4 || Aq. AP, 
= Aq; 
2.4 
A : ‘ 
Aq i Aq, i q2 i q2 i 
2.5 


Ag A % 
Aq, j Aq, j 921; 924; 

2.6 With Aq,, Aq, and Aq, known from steps 2.3, 
2.4 and 2.5, q;, q; and q, are updated to 
determine the responses q,;,,, 4,4; and q,,, at 
the end of the time step. The modal 
displacements q, for the first twenty steps are 
shown in Table P15.6a. 


2.7 Uis1 = PQisi 


where @® is given in step 2.7 of Problem 15.3. 


These displacements are also presented in 
Table P15.6a. 


3. Comments 


The solutions to Problems 15.5 and 15.6 are 
compared in Table P15.6b, which shows that the 
smaller time step leads to more accurate results. 
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Table P15.6a: Numerical solution of modal equations by the linear acceleration method 


Time q, q2 u, U2 Us u, Us 
0.05 0.0254 — 0.0220 — 0.0003 — 0.0005 - 0.0001 0.0011 0.0028 
0.10 0.1775 — 0.1483 — 0.0019 ~ 0.0035 - 0.0005 0.0078 0.0190 
0.15 0.4805 -— 0.3693 — 0.0045 ~ 0.0082 — 0.0002 0.0210 0.0496 
0.20 0.9324 — 0.6298 — 0.0073 — 0.0124 0.0028 0.0409 0.0915 
0.25 1.5298 — 0.8646 — 0.0090 — 0.0135 0.0108 0.0671 0.1409 
0.30 2.2684 - 1.0150 — 0.0088 — 0.0093 0.0259 0.0996 0.1942 
0.35 3.1428 — 1.0433 — 0.0059 0.0018 0.0493 0.1382 0.2491 
0.40 4.1469 — 0.9425 — 0.0003 0.0198 0.0811 0.1825 0.3047 
0.45 5.2732 — 0.7378 0.0076 0.0437 0.1202 0.2323 0.3622 
0.50 6.5136 — 0.4804 0.0168 0.0713 0.1644 0.2871 0.4236 
0.55 7.8593 - 0.2347 0.0262 0.0999 0.2111 0.3466 0.4922 
0.60 9.3004 ~- 0.0620 0.0348 0.1268 0.2578 0.4102 0.5706 
0.65 10.8265 - 0.0057 0.0417 0.1503 0.3025 0.4775 0.6605 
0.70 12.4266 — 0.0798 0.0465 0.1696 0.3445 0.5481 0.7622 
0.75 14.0892 — 0.2657 0.0497 0.1852 0.3841 0.6214 0.8738 
0.80 15.8022 - 0.5170 0.0520 0.1990 0.4227 0.6968 0.9921 
0.85 17.5533 — 0.7708 0.0544 0.2131 0.4623 0.7740 1.1128 
0.90 19.3297 — 0.9636 0.0579 0.2301 0.5049 0.8522 1.2318 
0.95 21.1187 - 1.0473 0.0633 0.2516 0.5518 0.9311 1.3454 
1.00 22.9073 — 1.0008 0.0710 0.2783 0.6035 1.0100 1.4519 
1.05 24.6826 — 0.8359 0.0807 0.3096 0.6593 1.0884 1.5511 
1.10 26.4317 -— 0.5937 0.0917 0.3437 0.7171 1.1657 1.6445 
1.15 28.1420 — 0.3348 0.1027 0.3779 0.7745 1.2412 1.7345 
1.20 29.8012 — 0.1241 0.1128 0.4094 0.8287 1.3145 1.8241 
1.25 31.3973 - 0.0141 0.1208 0.4361 0.8774 1.3849 1.9154 
1.30 32.9186 — 0.0324 0.1264 0.4565 0.9193 1.4520 2.0092 
1.35 34.3543 — 0.1744 0.1295 0.4707 0.9542 1.5153 2.1045 
1.40 35.6939 — 0.4046 0.1306 0.4801 0.9831 1.5743 2.1989 
1.45 © 36.9277 ~ 0.6654 0.1309 0.4868 1.0079 1.6286 2.2885 
1.50 38.0470 — 0.8917 0.1313 0.4933 1.0309 1.6779 2.3692 
1.55 39.0434 - 1.0267 0.1328 0.5017 1.0538 1.7218 2.4374 
1.60 39.9099 — 1.0368 0.1360 0.5133 1.0776 1.7600 2.4908 
1.65 40.6402 -— 0.9194 0.1408 0.5282 1.1024 1.7923 2.5288 
1.70 41.2290 -— 0.7038 0.1468 0.5451 1.1268 1.8183 2.5529 
1.75 41.6720 — 0.4441 0.1530 0.5616 1.1488 1.8380 2.5656 
1.80 41.9661 - 0.2051 0.1583 0.5753 1.1659 1.8510 2.5704 
1.85 42.1091 — 0.0466 0.1616 0.5837 1.1757 1.8574 2.5704 
1.90 42.0999 — 0.0083 0.1622 0.5851 1.1769 1.8570 2.5677 
1.95 41.9388 — 0.0997 0.1600 0.5792 1.1690 1.8499 2.5629 
2.00 41.6267 — 0.2980 0.1554 0.5669 1.1529 1.8360 2.5548 
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Table P15.6b 
Time 4;(At=0.1)  u,(At=0.05) u, (Theoretical) 


Sp ST A 


0.10 0.0105 0.0190 0.03747 
0.20 0.0693 0.0915 0.11710 
0.30 0.1663 0.1942 0.22582 
0.40 0.2777 0.3047 0.33496 
0.50 0.3959 0.4236 0.45697 
0.60 0.5335 0.5706 0.61781 
0.70 0.7090 0.7622 0.81922 
0.80 0.9258 0.9921 1.06098 
0.90 1.1651 1.2318 1.29169 
1.00 1.3974 1.4519 1.50588 
1.10 1.6032 1.6445 1.68850 
1.20 1.7854 1.8241 1.87169 
1.30 1.9611 2.0092 2.06365 
1.40 2.1412 2.1989 2.25139 
1.50 2.3160 2.3692 2.41334 
1.60 2.4596 2.4908 2.51023 
1.70 2.5488 2.3029 2.56092 
1.80 2.5812 2.5704 2.56900 
1.90 2.5748 2.5677 257275 
2.00 2.5508 2.5548 2.55760 
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Problem 15.7 


Solution to this problem is available under Example 
15.2 in the textbook. 
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Problem 15.8 
The m and k of the system were defined in Example Table P15.8a: Numerical solution by the average 
15.1; ¢ is excluded because the system is undamped. acceleration method 


For the system starting from rest, Up = 0 and uy = 0. 
Because the system is linear, the computational steps of 
Table 15.3.1 are simplified in three ways: (1) Step 2.2 
is eliminated because k; = k. (2) Step 2.3 needs to be 


computed only once: 


Time u, u, U, U4 Us 
0.05 0.0000 -—0.0001 -—0.0003 0.0008 0.0051 
0.10 -—0.0002 -0.0010 -—0.0012 0.0055 0.0235 
0.15 —0.0013 -0.0041 -—0.0016 0.0179 0.0551 
0.20 ~—0.0044 -—0.0089 0.0020 0.0387 0.0952 


k a 2. 3 Wee 4 Hi 0.25 -—0.0082 -0.0117 0.0116 0.0662 0.1422 

At (At? (0.05) 0.30 -0.0087 -0.0079 0.0270 0.0991 0.1949 

= k + 1600m 0.35 -0.0039 0.0042 0.0489 0.1366 0.2518 

0.40 0.0030 0.0233 0.0794 0.1794 0.3101 

(3) In Step 2.4 no iteration is necessary and Au; is 0.45 0.0097 0.0464 0.1184 0.2291 0.3679 
determined by solving the algebraic equations 0.50 0.0172 0.0716 0.1631 0.2858 0.4273 
k Au, = Ap,. 0.55 0.0260 0.0990 0.2101 0.3462 0.4947 
0.60 0.0354 0.1276 0.2564 0.4083 0.5744 

We now implement the procedure of Table 15.3.1 0.65 0.0442 0.1533 0.3006 0.4740 0.6658 

as follows. 0.70 0.0499 0.1733 0.3429 0.5448 0.7661 


0.75 0.0515 0.1880 0.3844 0.6194 0.8744 
0.80 0.0524 0.2010 0.4245 0.6956 0.9905 
1.1 Solve miig = Py where po = 0 to obtain 0.85 0.0560 0.2161 0.4634 0.7722 1.1117 
ly = 0 0.90 0.0614 0.2345 0.5043 0.8490 1.2332 
pos sap ettnecee 0.95 0.0666 0.2558 0.5505 0.9269 1.3488 
1.00 0.0723 0.2799 0.6021 1.0071 1.4548 


1.0 Initial calculations. 


(aa ct Pe eae ie" Om-and 1.05 0.0804 0.3085 0.6574 1.0872 1.5531 

At 0.05 1.10 0.0912 0.3421 0.7145 1.1638 1.6481 

b = 2m ; 1.15 0.1036 0.3780 0.7707 1.2374 1.7409 

1.20 0.1151 0.4108 0.8244 1.3101 1.8308 

2.0 Calculations for each time step i. 1.25 0.1226 0.4371 0.8747 1.3817 ‘1.9191 
Computational steps 2.1, 2.4 (modified as above), 1.30 0.1265 0.4573 0.9191 1.4500 2.0089 
2.5, and 2.6 are implemented for i = 1, 2, 3,... to obtain 135 0.1302 0.4729 0.9552 1.5134 2.1022 
the displacements u,, uw, Uz, Ug, and Us presented in 1.40 0.1340 0.4849 0.9839 1.5711 2.1971 
Table P15.8a. 1.45 0.1354 0.4934 1.0085 1.6241 2.2878 
1.50 0.1345 0.4987 1.0317 1.6739 2.3682 

3. Comments. 1.55 0.1342 0.5040 1.0545 1.7198 2.4354 
The solutions to Problems 15.7 and 15.8 are 1.60 0.1361 0.5135 1.0770 1.7585 2.4904 
compared in Table P15.8b, which shows that the 1.65 0.1413) 0.5282 1.0996 1.7891 2.5330 


1.70 0.1485 0.5452 1.1217 1.8139 2.5609 
1.75 0.1543 0.5608 1.1431 1.8342 2.5739 
1.80 0.1576 0.5730 1.1618 1.8487 2.5763 
1.85 0.1603 0.5817 1.1736 1.8558 2.5736 
1.90 0.1633 0.5861 1.1754 1.8549 = 2.5697 
1.95 0.1637 0.5841 1.1685 1.8462 2.5644 
2.00 0.1596 0.5738 1.1544 1.8320 2.5544 


smaller time step leads to more accurate results. 
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Table P15.8b 


i 


Time 4; (At=0.1) us(Ar=0.05)  u, (Theoretical) 


ep LS 


0.10 0.0172 0.0235 0.03747 
0.20 0.0753 0.0952 0.11710 
0.30 0.1682 0.1949 0.22582 
0.40 0.2799 0.3101 0.33496 
0.50 0.4044 0.4273 0.45697 
0.60 0.5436 0.5744 0.61781 
0.70 0.7127 0.7661 0.81922 
0.80 0.9228 0.9905 1.06098 
0.90 1.1588 1.2332 1.29169 
1.00 1.3921 1.4548 1.50588 
1.10 1.6068 1.6481 1.68850 
1.20 1.7974 1.8308 1.87169 
1.30 1.9676 2.0089 2.06365 
1.40 2.1341 2.1971 2.25139 
1.50 2.3012 2.3682 2.41334 
1.60 2.4462 2.4904 2.51023 
1.70 2.5469 2.5609 2.56092 
1.80 2.5953 2.5763 2.56900 
1.90 2.5926 2.5697 2.57275 
2.00 2.5540 2.5544 2.55760 
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Problem 15.9 


Solution to this problem is available under Example 
15.3 in the textbook. 
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Problem 15.10 


The m and k of the system were defined in Example Table P15.10a: Numerical solution by Wilson’s method 
15.1; ¢ is excluded because the system is undamped. Tine us, lu, Us us, us 
For the system starting from rest, up = 0 and uy = 0. Neen ee en ee ee UE EEE SEEE LEENA 


0.05 0.0000 -0.0001 -0.0001 0.0004 0.0023 
0.10 -—0.0001 -—0.0007 -0.0008 0.0037 0.0161 
0.15 -0.0009 -0.0029 -0.0012 0.0132 0.0426 
0.20 -—0.0030 -0.0065 0.0011 0.0305 0.0789 
0.25 -0.0060 -0.0095 0.0083 0.0550 0.1227 


Because the system is linear, the computational steps of 
Table 15.3.3 are simplified in three ways: (1) Step 2.2 
is eliminated because k, = k. (2) Step 2.3 needs to be 


computed only once: 


eee 6 0.30 -0.0076 -0.0082 0.0213 0.0855 0.1728 
=k+—c + —m 

OAt (@At) 0.35 -0.0058 -0.0001 0.0408 0.1213 0.2274 

6 0.40 -0.0006 0.0151 0.0676 0.1623 0.2849 


HT 


k + ————___; m 0.45 0.0064 0.0358 0.1020 0.2090 0.3439 

(1.42 x 0.05) 0.50 0.0141 0.0602 0.1430 0.2618 0.4049 
k + 1190.24m 0.55 0.0223 0.0866 0.1882 0.3199 0.4704 
0.60 0.0308 0.1137 0.2348 0.3819 0.5441 
0.65 0.0391 0.1398 0.2808 0.4472 0.6283 


(3) In Step 2.4 no iteration is necessary and du; is 


determined by solving the algebraic equations (15.3.9). 0.70 0.0461 0.1631 0.3249 0.5156 0.7234 
We now implement the procedure of Table 15.3.1 0.75 0.0511 0.1825 0.3673 0.5874 0.8278 
as follows. 0.80 0.0542 0.1986 0.4083 0.6621 0.9397 


0.85 0.0566 0.2134 0.4489 0.7388 1.0566 


1.0 Initial calculations. 0.90 0.0597 0.2294 0.4904 0.8164 1.1756 


1.1 Solve mtiy = po where py = 0 to obtain 0.95 0.0642 0.2482 0.5341 0.8945 1.2932 

ii, = 0 1.00 0.0703 0.2707 0.5813 0.9729 1.4060 

1.05 0.0778 0.2970 0.6326 1.0513 1.5121 

1.2 At = 0.05 sec 1.10 0.0866 0.3266 0.6869 1.1291 1.6113 

6 6 1.15 0.0965 0.3583 0.7426 1.2054 1.7052 

1.3 a = —m + 3c = ———— m = 84.5lm 1.20 0.1068 0.3904 0.7974 1.2794 1.7958 
GAt E 1.42 (0.05) 1.25 0.1164 0.4204 0.8492 1.3507 1.8850 

and b= 3m GAL oS 1.30 0.1243 0.4463 0.8963 1.4190 1.9740 

2 1.35 0.1299 0.4668 0.9376 1.4840 2.0633 

2. Calculations for each time step i. 1.40 0.1334 0.4819 0.9728 1.5450 2.1523 
1.45 0.1353 0.4927 1.0022 1.6013 2.2397 

Computational steps 2.1, 2.4 (modified as above), 1.50 0.1363 0.5007 1.0271 1.6526 2.3225 
2.5, 2.6, and 2.7 are implemented for i= 1, 2; Le bee tg 20 1.55 0.1371 0.5076 1.0491 1.6987 2.3974 
to obtain the displacements m4, uw, 43, My, and us 1.60 0.1383 0.5149 1.0698 1.7393 2.4612 
presented in Table P15.10a. 1.65 0.1405 0.5239 1.0903 1.7743 2.5118 


1.70 0.1438 0.5350 1.1105 1.8031 2.5484 
1.75 0.1482 0.5477 1.1299 1.8256 2.5717 


3. Comments. 


The solutions to Problems 15.9 and 15.10 are 1.80 0.1530 0.5606 1.1471 1.8414 2.5832 
compared in Table P15.10b, which shows that the 1.85 0.1574 0.5717 1.1603 1.8508 2.5851 
smaller time step leads to more accurate results. 1.90 0.1604 0.5790 1.1680 1.8535 2.5799 


1.95 0.1614 0.5810 1.1687 1.8496 2.5695 
2.00 0.1602 _0.5772 1.1615 1.8390 2.5553 


nr een 


i? 
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Table P15.10b 


LD 


Time s(At=0.1) u,(At=0.05)  u, (Theoretical) 


————— 


0.10 0.0077 0.0161 0.03747 
0.20 0.0520 0.0789 0.11710 
0.30 0.1311 0.1728 0.22582 
0.40 0.2339 0.2849 0.33496 
0.50 0.3537 0.4049 0.45697 
0.60 0.4895 0.5441 0.61781 
0.70 0.6479 0.7234 0.81922 
0.80 0.8360 0.9397 1.06098 
0.90 1.0516 1.1756 1.29169 
1.00 1.2805 1.4060 1.50588 
1.10 1.5049 1.6113 1.68850 
1.20 1.7123 1.7958 1.87169 
1.30 1.8994 1.9740 2.06365 
1.40 2.0691 2.1523 2.25139 
1.50 2.2253 2.3225 2.41334 
1.60 2.3659 2.4612 2.51023 
1.70 2.4813 2.5484 2.56092 
1.80 2.5598 2.5832 2.56900 
1.90 2.5938 2.5799 2.57275 
2.00 2.5840 2.3553 2.55760 


LS 
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Problem 16.1 


9 (x) 
9 (x) ae ee 
, El 
mem X ae ee Seeeetrec ts” 


Ps) ne oO, = ty? EL 
Wx) = C,sin Bx + C, cos Bx + C, sinh Bx 
+ C, cosh Bx (a) 
coe ae > = 61.67 [ET 
u(0)=0 => 0) =0 = 2 2 an 


G+G=0 > GM4=-G (b) 
u(0) =0 + ¢(0)=0 = #50 <9, = IP 
BIC, + G)=0 > G=-G (c) 
u(L) = 0 = C,(sinfL — sinh BL) 
+ C,(cosBL - cosh BL) = 0 (d) 


u'(L) = 0 => G(cosBL - cosh BL) 
+ C,(-sinfL —- sinh BL) = 0 (e) 


Rewrite Eqs. (d) and (e) in matrix form: 


[ee BL - sinh BL) (cos BL — cosh oS 2 : ( 


(cos BL - cosh BL) (-sin BL - sinh BL)| |C, 0 
(f) 
Setting the determinant of the coefficient matrix to zero 
gives 
1 — cos BL cosh BL = 0 (g) 


Equation (g) is solved numerically to obtain 


B,L = 4.730, 7.853, and 10.996 


for n = 1, 2, and 3. Eq. (16.3.8) then gives the natural 
frequencies: 


a de 22.37 [Er i 2 61.67 El. ae 120.9 [El 
! ibs m’ 4 L m- : ity m 


To determine the natural vibration modes corresponding 
to each value of §,L, we express C, in terms of C 
from Eq. (e) and substitute in Eq. (a) together with Eqs. 
(b) and (c). The result is 


$, (x) = 
C; si B,x — sinh f,x + 


cos 8, L — cosh f,,L 


an BL + sink ot (os B,x — cosh f,x) 


where C, is an arbitrary constant. The first three natural 
vibration modes are shown in the accompanying figure. 


The natural vibration frequencies of the clamped 
beam are higher than for the simply supported beam. 
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Problem 16.2 ¢ i 
6 (x) x 
m, EI t L 
x ee a 
L 


| 
= 15.42 
A o, = ae SL 


Wx) = C,sinBx + C,cos Px + C, sinh Px 


+ C, cosh Bx (a) _ 49.97 [EI 
0,(x) 02 Em 

u0)=0 => K0)=0 > C+ G = 0 (db) 
m0) =0 => EI¢’(0) =0> ee) o, = 104.2 | El 
B(-GQ, + G) =0 (c) : Eye 


These two equations gives C, = C, = 0 and the 
general solution reduces to 


ox) = C,sin Bx + C, sinh Bx (d) 
u(L)=0 => AL)=0 > 
C, sin BL + C,sinh BL = 0 (e) 
u(L)=0 > ¢@(L)=0 => 
B(C, cos BL + C, cosh BL) = 0 (f) 


Rewrite Eqs. (e) and (f) in matrix form: 


Ee BL sinh - ie 2 (3 ®) 
cos BL cosh BL] {C, 0 
For a nontrivial solution, the determinant of the 
coefficient matrix must be zero. Thus 

sin BL cosh BL - cos BLsinh BL = 0 
or 

tan BL = tanh BL (h) 
Equation (g) is solved numerically to obtain 

B,L = 3.927, 7.069, and 10.210 


for n = 1, 2, and 3. Eq. (16.3.8) then gives the natural 
frequencies: 


ae 15.42 [Er — 49.97 Er. Hire 104.2 [zr 
: v m” 2 be m’ : L m 


Corresponding to each value of £,L, the natural 
vibration mode is obtained by expressing C, in terms of 
C, from Eq. (g) and substituting in Eq. (d): 


sin B,L 


0, (x) = C, [sin B,x - sinh BL 


sinh Bas] 


where C, is an arbitrary constant. The first three natural 
vibration modes are shown in the accompanying figure. 
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Problem 16.3 


(x) 


Wx) = C,sin Bx + C, cos Bx + C, sinh Bx 


+ Cy, cosh Bx (a) 
m0) =0 => EI¢’"(0)) =0 => 
B(-Q+tG)=0 > G=G (b) 
V(0) = 0 => &1¢”(0) =0 => 
B(-G+G)=0 > G=+G (c) 


mL) =0 => C, (sinh BL — sin BL) 

+ C, (cosh BL - cosBL) = 0 (d) 
V(L) = 0 = C, (cosh BL —- cos BL) 

+ C, (sinh BL + sinBL) =0 (e) 
For a nontrivial solution of C, or C,, the determinant of 
the coefficients must be zero. Thus 


1 — cos BL cosh BL = 0 (f) 
Equation (f) is identical to the frequency equation for 


the clamped beam, but now it also possesses a zero root. 
Substituting 8 = O in Eq. (16.3.7) gives 


d(x) = 0 (g) 
The general solution of Eq. (g) is 

Q(x) = D, + Dax + Dyx? + Dx? (h) 
Applying the boundary conditions at x = 0 and 
x = L, we get D; = D, = O, and 

Wx) = D, + Dax (i) 


Equation (i) in fact represents two eigenfunctions 
corresponding to two zero eigenvalues. We can select 
the two eigenfunctions as, say, D, and D,x, but any 
linear combination of these is also an eigenfunction. Let 
D, be the first eigenfunction and D, + D,x be the 
second. In order to satisfy the condition of modal 


othogonality, D, = - 2D,/L. Therefore, the two 
functions corresponding to &, = O and f, = Oare 
A(x) = D, G) 
6.00) = (1 - 2) (k) 
2 1 aL 


where D, is an arbitrary constant. 


The non-zero roots of Eq. (f) can be obtained 
numerically: 


B,L = 4.730, 7.853, and 10.996 
for n = 3, 4, and 5. Thus 


ote 22.37 [EL eek 61.67 [Er awe 120.9 [zl 
4 fig mn . v m- : E m 


To determine the natural vibration mode corresponding 
to each non-zero value of £,L, we express C, in terms 
of C, from Eq. (e) and substituted in Eq. (a) together 
with Eqs. (b) and (c) to obtain: 


Pn (x) a 


cos ,L — cosh f,,L 
sin 8, L + sinh f,L 
where C, is an arbitrary constant. 


C, sn B,x + sinh B,x + (cos 8,x + cosh pa) 


The natural vibration modes are shown in the 
accompanying figure. The first two modes, with zero 
natural frequencies, are rigid body translation and rigid 
body rotation, respectively. Modes 3 to 5 have the same 
vibration frequencies as the first three modes of the 
beam clamped at both ends, although the mode shapes 
are not identical. 


0 (x) } m, El 


a Dood 
(eae wo, = ae AL 

= 61.67 | EI 
¢,(x) ie wo = 2 ; _ 

= 120.9 
Op wo, = 7 ee 
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Problem 16.4 

1. Natural vibration frequencies and modes. 

_ na [EI 
7 


n 


0,(x) = sin = (a) 


2. Set up modal equations. 
n(t) + @ Gq(t) = 0 (b) 


where q,(0) and q,(0) are determined from u(x,0) and 
u(x,0), respectively. 


3. Initial conditions 


The initial displacements due to the weight W are 


2 L 
u(x,0) = (4x? - 31x); O< x <> (©) 
The initial velocities are 
u(x,0) = 0 
Determine q,(0) from u(x,0): 
N ; 
u(x,0) = >) ¢,(x) 4,(0) (d) 


r=] 


Multiplying both sides of Eq. (d) by m(x)@,(x) and 
integrating over the length of the beam: 


L N L 
J 26) @_ (2) ul,0) de = Y) 4, | mx) on(2) 9, (a) ax 
0 r=l 0 


Because of the modal othogonality relation of Eq. 
(16.4.6a), all terms in the summation on the right side 
vanish except the one for which r = n. Thus 


L L 

J m(2) 9, (x) u(x0) de = 9q(0) | m(x) 0, (1? ae 
0 . 0 

or 


L 
i m(x) @,(x) u(x,0) dx 
qn (0) = ———— (e) 


Substituting @g,(x) in Eqs. (16.5.3a) and (e) gives 


f mx \° L 
M, = | msin(") ax = SE (9 
0 


L 
] . {nmx 
q,(0) = wi) msn ; ) x0) a (g) 


The integral in Eq. (g) vanishes for n even because 
g,(x) is antisymmetric about x=L/2 but u(x,0) is 
symmetric. For n odd, Eq. (g) is 


L 
2 
AO | ele (4x3 -31?x) de 

M, 48EI 4 L 
9) 3 

a = n = 1,5,9,-:: 

ra n’EI n (h) 

2WL> 1 
a on = 3,7, 11+ 
n’EI n 


Because the initial velocity is zero, 


Gn(0) = 0 (1) 


4. Modal responses. 


Qn(t) = q,(0) cos @,t + sin @,t 


9n(0) 
QO, 
where q,(0) and q,(0) are given by Eqs. (h) and (i), 
respectively. Therefore, 
q,(t) = q,(0) cos @,t (j) 


5. Total response. 


u(x,t) = > @,(x) qn(t) 


n=l 


Substituting Eqs. (a) and () gives 


u(x,t) = 


L . Wx 1 . 37x 
; — sin-—— cos w,t + — sin —cos 3 
na EI :& 81 L 


1 . 52x 1. 7ax 
—- —sin—— coswst + sin —— COS @ t - - 
625 L 2401 L 
(k) 
6. Specialize for mid-span deflection. 
L L 1 
uj—,t}| = ~—7—|cosa@,t + —cos Wt 
2 a EI 81 dl) 


+ | cosargt ae COS @7t + +: 
625 2401 
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Problem 16.5 


1. Natural vibration frequencies and modes. 


2 
_ nm [El ¢,(x) = sin (a) 


@ 
v m L 


n 


2. Set up modal equations. 


44 
mL nm El 
weed Pw a 
L 0 n= 2,4,6,-:- 
Pt) = [ pe) e()de = 42pL 13... 
0 ni ? 9 od 
(b) 
The nth modal equation (where n is an odd number) is 
- 2pL 
Myiiy + Kndn = — (c) 
nt 
3. Determine dynamic response. 
The solution to Eq. (c) is: 
2pL 4pL’ 1 
t) = 1 — cos@,t) = ———-<(1 — cosa,t) 
ana % i PEI n . 
(d) 
u(x,t) =}! (x) an(t) (e) 
Lt 


where @,(x) and q,(t) are given in Eqs. (a) and (d). 
Note that the modes with antisymmetric mode shape 
(n = 2,4,6,---) do not contribute to the response. 


4. Specialize for x = L/2. 
L\ [1 n=1,5,9,- 
oa Nang 3,7,11,+° 


Substituting these in Eq. (e) and using Eqs. (a) and (d) 


gives 
(= 4pL* (+ —cos@,t 1 —- cosaszt 
uj —,t | = —— | —————— - ———— + 
2 1° EI 1 243 
1— cos@st 1 — cos@zyt a 
3125 16807 
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Problem 16.6 
1. Natural vibration frequencies and modes. 


nv [EI 


oO, = — 
v m 


n 


6,(x) = sin (a) 


2. Set up modal equations. 


44 
mL nm EI 
a ale baa si 


3¥ 
o—~ 
~ 

wa 
iT] 


L 
J Pen 6,2) dr 
0 


L/2 


L 
I. 
p sin dx + i (— p) sin ——~ dx 
L L 
L/2 


Oo 
= 
HW 


1, 3, 4,5, 7, 8, °°: 
= 2,6,10,:- (b) 


t 
ls 
xy 
ho 
= 
| 


nw 


For n=2,6,10,-:-, the modal equation is 


si 4pL 
M,9n m Kn a P (c) 
nz 


3. Determine dynamic response. 


The solution to Eq. (c) is 


_ 4pl a is Spl 1 = 
Ga ee ae 
(d) 
u(x,t) = DY (x) q,(t) (e) 


n = 2,6,10, + 


where @,(x) and q,(t) are given in Eqs. (a) and (d), 
respectively. 


Note that only modes n=2,6,10,--- contribute to 
the response. Modes n =1,3,5,:--, which are symmetric 
about x = L/2, do not respond because the applied force 
is antisymmetric about x= L/2. Antisymmetric modes 
n=4,8,12,-:-- do not respond because each half of the 
beam with constant force contains one or more 
complete sine waves, and thus provides zero 
contribution to P(t). 


4. Specialize for x = L/4. 


L lon 

(=) - es n 

Substituting these in Eq. (e) and using Eqs. (a) and (d) 
gives 


2, 10, 18, --- 
6, 14, 22,--- 


i. ; 
5.1] 8pL - COS Wt _ 1 - cosMgt | 


4 TEI 32 7716 
1 — cos Dot me tal 
100,000 
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Problem 16.7 
1. Determine the natural vibration frequencies and 
modes. 
220 
n°” |EI . nm 
Qo, = — x) =sin—— a 
ara 0, (x) = sin (a) 


2. Setup the modal equations. 
Substituting @, (x) in Eq. (16.5.3a) gives M,, which 
is substituted in Eq. (16.5.5) together with w? to get 


44 
Nee pee (b) 
2 py by 
From Problem 8.25, the applied force is 


Po OSxSvt OStSt, 
P(x%,th=,0 vw<xSLl OStSt, (c) 
Pp, OSxSL t2t, 


Substituting for p(x,t) in Eq. (16.5.3c) gives 
L 
P,(t)= | pst) d, (2) de 
0 


vt 
[P. sin(nax/L)dx OStSty 


L (d) 
[P6 sin(nm/L)dx t2t, 


L 
Pots ~cos 72s] O<tsSt, 
nt L 


Poh -(-"] t2ty 


Equation (d) is plotted next for n = 1, 2, and 3: 


2PoL 


L/v 


L/v 


L/v 


The nth modal equation of motion is 
M Gn (t) + Kady (t) = PF, @) | (e) 
with M,, K,,, and P,(t) as given above. 


3. Solve the modal equations. 


Response for 0<t<t,.The particular solution to 
Eq. (e) can be obtained by superposing the steady-state 
responses to the constant and the cosine term on the 
right-hand side of Eq. (d). The steady-state response to 
the constant term is (P,),/K,» where 


(P,), =P ,L/nmz, and that for the cosine term is 
adapted from Eqs. (3.2.3) and (3.2.26), noting that 
¢=0O and replacing p, and k by (P,), and K, 


respectively. The complete solution is obtained by 
adding the complementary solution, given by Eq. 
(3.1.4), to the particular solution, and determining the 
constants A and B by imposing zero initial conditions. 


The result is 


2p, 1 wo? nm 
(t) =—*+—| 1|- —+._,, cost 
Tamm o2| w2-(nm/LY  L 
2 
(nm/L) 5 COSW,t 
wo; -(nm/L) 
t<sL/v (ff 


Equation (g) is valid if @, #na/L; otherwise the 
particular solution to the cosine term should formulated 
similar to that in Eq. (3.1.12), noting that the forcing 


function is a cosine function instead of a sine function. 
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Response for t2t,. The motion is described by 


Eq. (4.5.3) with q, instead of u, t, instead of t,, and 


Gn(tq) and Gn (ta) determined from Eq. (f) 
2p, 1 w? 
alta) = | 1 -— ——  (-" 
ana nam w? | aw —(nm/ LY - 
_(nm/Ly ty 
a, —(nm/Ly 
2 
jae (nzv/L) + sin@,tg (h) 


nim @, 3 —(nm/L) 


Noting that P.(t)=2p,L/na for n=1,3,5,... and 
P,(t)=0 for n=2,4,6,..., 


(4.5.3), using trigonometric identities and manipulating 
the mathematical quantities, we obtain 


ee ee 1¢-— On ayn cos@, (t-ty) 
“nam @? wo? -(nm/LY 


(nm/L) 
w? —(nm/LY 


substituting these in Eq. 


cos oe 


n=13,5,...  t2L/v (i) 
and 
gyocees jn ny cosw, (t-t,) 
te nam w| | @? =(nm/LP —" 
2 
gM = sp 
w, -(na/L) 


n=2,4,6,... t>L/v (j) 


Thus, the modal response q, (t) is given by Eq. (f) while 


the moving load is on the bridge span and by Eqs. (i) 
and (j) after the load has crossed the span. 


4. Determine the displacement response. 
From Eq. (16.5.7) the displacement response is 
ust) =D, an = Van sine™ 
n=l n=l L 
where q,(t) is given by Eqs. (f), (i), and (j). 


5. Specialize for x= L/2. 


At midspan, x=L/2 and 


QO n=2,46,... 
sin 2H?) Z sine olf qetso5 “<¢) 
“1 resi. 


Substituting Eq. (1) into Eq. (k) gives the deflection at 
midspan: 


Ft) = 410-450 +4500 -(0 4 910—~ (m) 


where q,(t) is given by Eq. (f) for t<L/v and by Eq. 
(i) for > L/v. 
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Problem 16.8 


1. Determine the natural vibration frequencies and 
modes. 


_n?n* | EI 
re a |’ 


2. Setup the modal equations. 


@,, (x) = sin a (a) 


Substituting @, (x) in Eq. (16.5.3a) gives M,,, which 
is substituted in Eq. (16.5.5) together with w to get 


mL n“n4 EI 
ir a Ta ve 
From Problem 8.26, the applied force is 


p,cosat d(x—vt) OStSt, 


p(x,t)= | (c) 


0 t2ty 


where d(x—vt) is the Dirac delta function centered at 
x=vt. Substituting for p(x,t) in Eq. (16.5.3c) gives 


L 
P,(t) = { pl%t) by (2) dx 
0 


L 
2 [20 cos@t 0(x—-vt) sin(nax/L)dx O<stSty 


0 ae 
7 i: cost sin(nmx/L) OStSt, 

0 t>ty 
ee ii sin(n7/t,) OStSt, 

0 t>ty 


This can be re-written as 


a sin(w + nat/t,)-sin(@—nm/t,)] O<tSt, 
0 t>ty 


P, (t) = 


(d) 
The nth modal equation of motion is 
M n9n(t) + Kndn(t) = F(t) (e) 
with M,, K,,and P,(t) as given above. 
3. Solve the modal equations. 


Forced vibration phase. The response q,(t) can 


be obtained by superposing the responses due to the two 
sine terms in the right-hand side of Eq. (d). The 


individual responses are adapted from Eq. (3.1.6b) by 
changing the notation from u(t) to q,(t), substituting 


for @ with w+nat/t, in one case and with w-nat/t, 
in the other, and noting that 


The result is 


q, (t) = 22 ee orl | 
i mL| w? —(@+nm/LY L 


t<L/v (f) 
Based on Eq. (3.1.6b), Eq. (g) is valid if 
w, #@+nm/L and @, #@-nm/L; otherwise Eq. 
(3.1.13a) should be used instead of Eq. (3.1.6b). 
Free vibration phase. The motion is described by 
Eq. (4.7.3) with q,(t) instead of u(t), and q,(tq) and 
q, (tq) determined from Eq. (f) : 


Pp n L 
— Lo a | Sa a Ce PE Nn eg ae ah eae 
Qn (ta) mL t ) i= —(@+nm/L)* Oo, —(@-nm/L)’ 
xsin @L/v 


(@ —n7v/L) 
eae ea fp ER ETI eda REY SE Weer eg reer aN 2 eer nO er L 
0, |\@?-(wt+nm/L)? w2-(@—nm/L)? ji, | 


1 (o+nm/L) 


(g) 


A (@t+nm/L) __ (@—nz/L) 
are @? —(@+nm/L)* w? -(@-nm/L)* 


x {(-0" eae - cos a] 
y 


Vv 
(h) 


Substituting these in Eq. (4.7.3), using 
trigonometric identities, and manipulating the 
mathematical quantities, we obtain 
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P n : 
= =| (-1)° {;§ ————_—_—_ - — | 
q,{t) 2a ) |socna se 


. OL L 
xsin —cosa,| t-— 
v v 


“hf (o+nm/L)  ——— (@—nm/L) 


0, |w2-(w+nm/L)? w2-(@-nm/L)* 


x {-0" cos sina - - sian 
v v 


t>L/v (i) 


n 


Thus, the modal response q, (t) is given by Eq. (f) while 


the moving load is on the bridge span and by Eq. (i) 
after the load has crossed the span. 


4. Determine the displacement response. 


From Eq. (16.5.7), the displacement response is 
u(x,t) = s'4, (x)q,(t) = sa, ()sin—= 
n=] n=l L 


where q,(t) is given by Eqs. (f) and (i). 
5. Specialize for x = L/2 


At midspan, x = L/2 and 


(1, 2) O n=2,4,6,... 
fe) 2 OE) 4. person. 
L 2 
St Reo7 Ii. 


Substituting Eq. (k) into Eq. (j) gives the deflection at 
midspan: 


Ft a a310 + 4500-49491 —~ (1) 


where q,(t) is given by Eq. (f) for t<L/v and by Eq. 
(i) for t>L/v. 


10 
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Problem 16.9 
Equation (16.6.3) => 


m(x) = >) Ti, m(x) (x) (a) 


n=l 


Integrating over the length of the cantilever beam gives 


L co co 
[ maa = 0, | moe @a = YG 
0 n=l n=l 


or 


(b) 
By definition, T, ye = M. and Eq. (b) becomes 
co L 
> Mr = | me ax (c) 
n=l 0 


which is the same as Eq. (16.6.19). 


1] 
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Problem 16.10 
Equation (16.6.3) => 
m(x) = >) Ty, m(x) g(x) (a) 
n=1 


Multiplying both side by x and integrating over the 
length of the cantilever gives 


L oo L 0° 
J xm(x)dx = > TY, fame) O(a = > 7, 2 
n=1 0 n=1 


0 
(b) 
By definition, M7 = I, Lt and hy = 12/1> and Eq. (b) 
becomes 
co L 
> h. M, = J x m(x) dx (c) 
n=l 0 


which is the same as Eq. (16.6.20). 


12 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited ) 

reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 16.11 
1. Tower properties. 
L=200ft 
0.15 
m = #((12.5) — (11.25)? |—— 
[2.sy? - (11.25)? | ae 


0.4345 kip - sec” /tt 


EI 


(3600 x 144) (7/4) [a2.5)* a (11.25)4] 
3.4184 x 10° kip- ft” 


2. Natural vibration periods and modes. 


Equation (16.3.22) gives the natural vibration 
frequencies and the corresponding periods in seconds 


= 0.806 J = 0.129 


oa 
i} 


0.046,7, = 0.023, etc. 
3. Determine the modal static responses. 


The modal properties given in Table E16.2 are 
valid for a uniform cantilever. Substituting these in the 
equations of Table 16.6.1 gives Table P16.9a for the 
modal static responses. 


Table P16.1lla 


Mode = uy (L) Vin ‘on 
1 0.0258 53.274 7,740 
2 3.66 x 10°* 16.365 684.77 
3 2.73 x 107° 5.625 143.27 
4 -4.87 x 10°° 2.873 51.83 


rr LD 


4. Determine spectrum ordinates. 


From Fig. 6.9.5, scaled to u,, =1/3g, the design 
spectrum ordinates are 


1 
Bins 0.744 
g 3 
2.71 
Be 2 9.503 
g 3 
0.704 
Ag. TOE adie 
g 3 


13 


Ag ab = 0.333 
g 3 


5. Determine peak responses. 


For each response quantity r, substituting re and 


A, in 
st 
Tho = [n A, 


gives the peak modal responses for the first four modes. 


Table P16.11b 


Mode u,(L) Von M on 
(in.) (kips) (kip-ft) 
1 7.409 1,276.2 185,425 
2 — 0.128 475.8 19,911 
3 0.0047 80.8 2,057.5 
4 0.0006 30.8 555.8 


These peak modal responses are combined according to 
the SRSS rule to obtain: 
Top displacement u,(L) = 7.410 in. 
V yo = 1,365 kips 


M yo = 186,503 kip - ft 


Base shear 


Base overturning moment 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 
likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 17.1 


= ei) 
I(x) = 1(1- i 
L m(x) = m(1- 3 
x 


The shape functions selected are 


IX 
W(x) = 1 - cos— 
; 2L 
W(x) = 1 - eg 

pas 


1. Set up k and m. 


For the selected W(x), the stiffness 
are computed from Eq. (17.1.4a): 


m2 


0.363296 mL 


Thus 


mr 


EI eee a 


~ 73 | 27758 1877 


Br 


ee 0.13376 0.363296 
0.363296 1.2978 


2. Solve eigenvalue problem. 


EI . 
®, = 4.3178 |—~ a = 24.8415 | AE 
mL mL 
on - ee 
Z, = Z> = 
coefficients 0.0244 0.3396 


3. Determine natural modes from Eg. (17.1.8). 


L 2 2 
= MX 37x 
rae fer ieee) We Ax - EI Q(x) = 09997 (1 - cos = | + 024d 1 — cos—— 
Ul ( “ales COs aL dx = 259145 e 1 aL aL 
= 10241 — 0.9997 cos2% — 0.0244 cos 27% 
2L 2L 
r 30)? 3x | EI 
n~ x 
ba far(i = +) (3) cos | dx = 1877 — 
4 2L INO vB D e MX 37x 
Q(x) = —0.9406| 1 - cos——| + 0.3396 1 _ cos | 
2L 2L 


jer(s- 2) (4) 


cos 2*|1(32) 
2Li\\aL} ~° 


~ 0.6010 + 0.9406 cos ~ 03396 cos 22% 
2L 2L 


Similarly the mass coefficients are determined from 


Eq. (17.1.4b): 

L if 2 
Pe x x 
m, = {mil - —]i1- — = 

1 J "all cos 4 dx 

L 3 2 

= x x 
= 1--— 1 - paeeteee 

My J | cos me) dx 


0.13376 mL 


= 12978 mL 
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Problem 17.2 


m(x)=2m, + m(x)=2m, (i -+) 


1. Select shape functions. 


_ Wx 
W(x) = ra W(x) = sin-— 
u 1. 3 
W(x) = ~ cos — Wo(x) = ten 
L L 
2 
s Ms a 32 31x 
W(x) = -(2) sin W3(x) = -(2} 6 Nameergee: 
2. Set up k 
n\* & 1 
a x 
ki = (=) J EI sin* — 
0 
ao (=) mx/L _ sin(wx/L)cos(x/L) . 
L 2 2 - 


~ N 2 370 aN Nx 370 
kip = (=) (=) EI sin — sin = dr 


-o(S) Sea see 


— 22/L) 2 (42/L) 
= 0 
key ky = 0 
4L 
hog = (=) [ a Lae 
E 
0 
3 : L 
Z a (%) 3ax/L _ sin (67x/L) 
L 2 4 ; 


3 4 
L 2 2 7 


= 3945.07 > 


l 


likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Thus 
== EI | 48.705 0 
Bi 0 3945.07 
3. Set up m. 
L/2 
m, = | 2m, — sin? (=) a + 
L L 
0 
t 
i 2m,|1 - = sin? [= la 
L/2 : 
L/2 
2m, = | UX (=) & 
= — | —sin* | —]|d|—]| + 
ce a L L L 
2m 


seu (}2) 


_ 2m,L ee (x/L) sin (27x/L) 


eee PO rr 


id 4 4 


cos (2 a1)" 
8 


mm | Sle _ sin (27x/L) 7 
n/L| 2 4 


0 


L/2 


2 4 4 


2m, L foe _ (aex/L) sin (22x/L) _ 
N 


cos (2 zal) 
8 


L/2 
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_ m,L\ (2/2)? 1? te 
mba” tee, My = | 2m, * sin? (22) a 
0 
ie, a2): L 
MES. [ (-)se(*)a 
: Png i ‘s 
rane = 2 Lf 3a (= (=| 
= 0.3513m,L 3x 3a J OL L L 
; 2m, { si (=) (==) : 
i | (22) | (258) 3] L LIE 
Mm, = 2m, — sin F. sin} —— | dx 
0 
L 2my Lf 3x 2 (224) (222) 
| 2m, [1 = =) sin( =) sin 2a 3m 304 OL L L 
. L L L / 
i _ 2m,L | 3ax/L)* — (3ax/L) sin (62x/L) 
_ 2m, |S (2mx/L) _ sin fale 2 Bn?! 4 4 - 
L 2 (22/L) 2(4n/L) |, cos (6x/L) 12 
sin (27x/L) sin (47x/L) 8 0 
a + a + 
2 (2n/L) 2 (4n/L) 2m, [zt _ sin aed 
320/ L 2 4 7 
7 = (2mx/L) _ sin esl)) - a “a 
°| 2(2n/L) 2(4a/L) |i 2myL | (3mx/L)* _ (3mx/L)sin(6mx/L) _ 
(37)* 4 4 
L 
2m, | f sin(2x/L) 1 f sin (4rx/L) red 
L | 4, 2(a/L) 2 (4n/L) Me 
2 
_ 2m L (37/2) 1 1), 
L2 ip (37) 4 8 8 
_ 2m, [secasle _ aaa : 2m,L[ 3a 3 
L || 2(2a/L)* |, 2(4z/L)* |, 3n | 204 | 
2m, {0} - 2m, L [oe _ 1 _ (32/2)? j 
: iL) ed 
2m, al _ cos (47x/L) : (2) : ; : : : 
L 2 (2n/ L)? oe 2 (4x/L)? a 2 erat | cal bs 7 si Gay _ Gay" ae 
TT 
css (ae re Ce 
IE ca 2(2m/L)? a) <+ eae 
= -0.1013m,L es ee (e ze | 
(32)* | 8 2 
= 0.2613m,L 


My, > M> = — 0.1013m,L 
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Thus 


as 0.3513 -0.1013 
m = m,L 
— 0.1013 0.2613 


4. Solve reduced eigenvalue problem. 


kz = & mz 


~ _ 11.765 | EI » 130.467 | EI 
Oy Sega Op a ae 
L mM, L mM, 
1.0 0.2790 
—0.0036 0.9603 
5. Determine natural vibration modes from Eq. 
(17.1.8). 


Q; (x) = LOsin (=) ~ 0.0036 sin ( at 
L L 


G(x) = 0.2790 sin (=| + 0.9603 sin (22) 


Note that the first mode of this beam with nonuniform 
mass is only slightly different from that for a uniform 
beam; the second mode differs more between the two 
beams. 
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Problem 17.3 


1. Stiffness and mass matrices. 


5 2 1 
6 is 4 is 3 cy 
L? L?2 
Fig. P17.3a 
1 
4 - 3 oy 2 - 
Fig. P17.3b 


The 6x6 stiffness and mass matrices with 
reference to the DOFs in Fig. P17.3a are given in 
Example 17.2. Impose boundary conditions uy = 
us; = O by eliminating the corresponding rows and 
columns to obtain k and m with reference to the DOFs 
in Fig. P17.3b: 


24 | 3L 0 -3L 
Se a 
ser} 3L | P20 K, Kyo 
k= re) 2 2 = 
jean UR ee Sot ie) a bgt p> a 
-3L' 0 Ph BP 
312 -65L 0 65L 
_mL|-65L LV -0752 0 
~ 840} 0 -o752 222 3 ~07572 
65L 0 ~ 0.75? v 
2. Solve eigenvalue problem. 
(k-@'m)¢=0 
EI 
W, = 9.9086 ; @, = 43.818 = 
mL mL 
i 
@; = 110.14 all @, = 200.80 zl 


mL mL 


0.2196 0 


~ 0.0386 0 
— 0.6898/L -05774/L -0.7066/L -05774/L 
> O/L  05774/L 0/L -05774/L 


0.6898/L -05774/L  0.7066/L -05774/L 


3. Solution using lumped mass matrix 


05 


0 


Eliminate the three rotational DOFs by static 
condensation to obtain 


48 EI 


, -l 
Rigr = Ky - Kio Koo Ko, = B 


Natural frequency: 


k EI 

@, = |—#— = 9.798 |—, 
0.5mL mL 

Natural mode after using static condensation 


equations: 


@ = (0.2196 -0.6588/L 0/L 0.6588/L) 


4. Compare with exact frequencies. 


For a simply-supported beam, the exact values of 
the first four natural frequencies are 


EI E 
@, = 9.8696 |—- w= 39.478 | 
mL L 
EI E 
@, = 88.826 |—; aw, = 157.914 |= 
mL mL 


The finite element method using consistent mass 
provides an excellent result for the fundamental 
frequency, but the accuracy deteriorates for higher 
modes. The lumped mass approximation provides only 
the fundamental frequency and the result is less 
accurate. Note that the finite element method 
Overestimates the fundamental frequency whereas the 
lumped mass approximation provides an under 
estimate. 
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Problem 17.4 _ [a 1 
@, = 22.37 |— @, = 61.67 eo 
1. Stiffness and mass matrices. mL mL 


The finite element method using consistent mass 
1 provides an excellent result for the fundamental 


frequency, but the accuracy deteriorates for the second 
Dab mode. The lumped mass approximation provides only 
the fundamental frequency, but the result is less 


Fig. P17.4 accurate and lower than the exact value. 


The 6x6 stiffness and mass matrices are given in 
Example 17.2. Impose boundary conditions 4, = u, = 


Us = us = 0 by eliminating the corresponding rows 
and columns to obtain k and m with reference to the 
two DOFs in Fig. P17.4: 


x = SH 24 #0 mL {312 0 
=e mis--_ 
Blo 22 8s40/ 0 21? 


2. Solve eigenvalue problem. 


(k-@ m)¢=0 


EI 
a = 22.74 |, @, = 81.98 a 
1 ia 0 
0 2 YL 


3. Solution using lumped mass matrix. 


~ 


m = mL 
0 
Eliminate the DOF 2 by static condensation to 
obtain 
SEI 192 FI 


te ee a 


Natural frequency: 


k 
o, = ,|—“~ = 19.60 is 
0.5mL mL 


Natural mode after calculating rotations using static 
condensation equations: 


# = (1 0) 
4. Compare with exact frequencies. 


For a beam clamped at both ends, the exact values 
of the first two natural frequencies are 


Dynamics of Structures, Third Edition, by Anil Chopra. ISBN 0-13-156174-x. © 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. 
This publication is protected by Copyright and written permission should be obtained from the publisher prior to any prohibited 
reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording, or 


likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458. 


Problem 17.5 


1. Stiffness and mass matrices. 


1 
! zi 2 2 
Fig. P17.5 


The 6X6 stiffness and mass matrices are given in 
Example 17.2. Impose boundary conditions u4, = us = 
Us = 0 by eliminating the corresponding rows and 


columns to obtain k and m with reference to the three 
DOFs in Fig. 17.5: 


a Gea ata ay k, k 
k = = 3L' Po P| = ke «| 
 lolPh 2 Dee 7200 
. 312 -65L 0 
= ar ~65L Po -07572 
0 -075L7 ay ba 
2. Solve eigenvalue problem. 
(k-@'m)¢=0 
EI EI 
, = 15.56 @, = 58.41 _|—— 
: mL é mi 
EI 
@, = 155.64 7a 
0.2375 -0.0349  -—0.0205 
® = | -0.9370/L -07449/L -08516/L 


0256YL  0.6662/L —05237/L 


3. Solution using lumped mass matrix. 


Eliminate the two rotational DOFs by static 
condensation to obtain 


a -1 109.71E7 
Kia = Ky - Kio Koo Ko, = 3 
L 
Natural frequency: 
k, EI 
O, = eat 14.81 |—> 
0.5mL mL 


Natural mode after calculating rotation using static 
condensation equations: 


g = (0.2375 ~0.8143/L 0.2036/L) 


4. Compare with exact frequencies. 


For a beam clamped at one end and simply 
supported at the other, the exact values of the first 
three natural frequencies are 


EI | EI 

a, = 15.42 ;—— @, = 49.97 |—— 

: mi : mi 
EI 

@, = 104.2 mE 


The finite element method using consistent mass 
provides an excellent result for the fundamental 
frequency, but the accuracy deteriorates increasingly 
for the second and third modes. The lumped mass 
approximation provides only the fundamental 
frequency; the result is less accurate and lower than the 
exact value. 
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Problem 17.6 


2. Mass matrix. 


2 2m, 1/2 3 Va mh 7/420 
1 N\A 2m(2h) + 
h wey m,1 2(156 mh/420) 
2h ii) =1 
4mh*/420 
1. Stiffness matrix. eae vib —3(2 h)¥420 
—» 22mh7/420 
6EI 6EI 
h? 2 
24EI 
hn? ii,=1 
u=1 4mh*/420 + 
4(2 m)(2 h)*/420 
ae ee): 2E (1/2) ~ 3(2 m)(2 h)¥/420 / 
ho" 2k or: 
6EI 22 mh*/420 
he 
eal ii; = 1 
Thus 
4B AEWID) : 1992 22h 22h 
2802). Fae erry 68h? — 48h? 
2h 2 
GET (sym) 68h 
h? 3. Solve eigenvalue problem. 
(k- w'm)¢=0 
iS? EI 
EI 
@, = 1.5354 @, = 4.0365 
; mh‘ 2 mh‘ 
Thus 
w, = 10.7471 |= 
_ 24 6h 6h mh 
k = — Sh? hr? /2 
x) es a 05440 0 -0.0001 
4 ® = |-05933/h -YV2h 2h 


-05933/h W2h 2h 
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4. Plot modes. 


0.5440 
— 0.5933/h b> 


— 0.5933/h 


-Uf2h 1f/2h 


- 0.001 


\ 1A/2h 
WA/2h 
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Problem 17.7 
1. Determine lateral stiffness. 


Statically condense joint rotations in the stiffness 
matrix of Problem 17.6: 


Kia = Ky — Kyo koo Ko, 


sso ole STE 


10.9091 => 
h 


lt 


2. Calculate lumped mass. 
My = 2m(2h) + (1/2)(mh + mh) = Smh 
—- een ee pn ence 
beam columns 


3. Calculate natural frequency. 


k EI 
O, = | i = 1.477 | ; 
Mat mh 


The exact value is 


0544 


0544 
= [esi tasan| = [0554 
ae, — 0594/h 


4. Comment on accuracy. 


The accuracy of the lumped mass procedure is 
satisfactory; the fundamental frequency is estimated 
with approximately 4% error and the first mode is very 
accurate (less than 0.03% error). Using the lumped 
mass procedure we have reduced the order of the 
system to obtain only the fundamental frequency and 
mode. 
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Problem 17.8 


uy, 


U3 


1. Identify DOFs. 


The frame (assemblage) DOFs that correspond to 
the element DOFs are identified for each element in 


Table P17.8. 
Table P17.8 


Element 


@ @ ® 


1 0 1 
2 2 3 
0 0 0 
0 3 0 
2. Element stiffness matrix 
12 6L -12 6L| 1 0 1 
— EI] 6L 4’ -6L 217] 2 2 3 
i|-12 -6L 12 -6L!} 0 0 O 
6L 227 -6L 4217! 0 3 0 
1 2 0 0 
0 2 0 3 
1 3 0 0 
For elements ® and @), L=h; for element ®, 


L = 2h. 
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3. Assemble element stiffness matrices. 


12EI | 12EI GE 6EI 
h? h? h? ra 
— GEL 4EI | 4E (1/2) 2E (1/2) 
h? h h 2h 
6EI 2E (1/2) 4E (1/2) 4EI 
h? 2h hh 
24 6h 6h 
= a 6h 5h? h?/2 
lon n2/2 5h? 


This is the same as determined in Problem 17.6. 


4. Element mass matrix 


156 22L 54 -13L] 10 1 
Se hil 4 -6L -32| 22 3 
* 420 156 -22L/ 0 0 0 
(sym) 47} 0 3 0 

2 0 

0 2 #0 

3 0 


